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GENERALIZED  LIITEAR  ISOTROPIC  VISCOELASTIC 


STRESS-STRAIN  RELATIONS 


The  stress-strain  relations  for  a  linear  isotropic, 
viscoelastic  material  at  constant  temperature  can  be  decom¬ 
posed  into  volumetric  ones  and  deviatoric  (change  in  shape) 
ones,  which  raay  be  w'ritten  in  the  respective  forms 


P'f-]  =  q'H 
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The  a  ,  a' .  .  and  b'  are  related  to  the  material  pioperties 

n  n  n  r*  ft- 

and  the  r,  r  .  s.  and  s'  depend  upon  the  complexity  of  the 
ax-tual  material  behavior. 

The  relations  between  the  stress  ai-d  stiair  deviatois 
(  and  t  ^  ^  I  and  mean  stress  (^)  and  mea’’  sti-air  }  are 
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The  differential  time  operators  P,  P  ,  Q  and  Q  are  gener¬ 
ally  unequal  and  functions  of  the  material  properties. 

These  operators  are  also  related  to  the  complex  shear  and 
bulk  moduli  through  their  Fourier  transforms.  From  creep 
and  relaxation  experimental  data,  it  is  considerably  simpler 
to  compute  these  complex  moduli  rather  than  the  material 
property  constants  aj^ ,  ,  bj^ ,  and  b^-  Since  the  ultimate 

aim  is  to  use  the  rela!  ^ns  of  Equations  (1.1)  and  (1.2)  in 
stress  analysis,  it  matters  little  whether  the  operators  P 
through  Q  are  known  directly  or  if  the  corresponding  com¬ 
plex  moduli  are  determined.  Either  procedure  is  equivalent 
to  the  other  and  leads  to  identical  results.  Furthermore, 
in  many  problems  where  the  elastic-viscoelastic  analogy  can 
be  used} ’ ^ ^ ® ^ ® ^  only  the  complex  moduli  need  to  be 
known. 

Stress-strain  relations,  such  as  those  of  Equations 
(1.1)  and  (1.2),  are  fundamental  ones  since  they  represent 
the  separate,  basic  change^*  in  shape  and  in  volume.  Conse¬ 
quently,  it  is  mandatory  to  determine  both  deviatoric  and 
volumetric  behavior.  If  uniaxial  or  multiaxial  creep  and/or 
relaxation  experiments  are  conducted,  which  result  in 
neither  pure  deviatoric  nor  pure  volumetric  changes,  addi¬ 
tional  experimentation  under  either  hydrostatic  pressure  or 
pure  shear  must  be  undertaken.  As  it  will  be  shown  subse¬ 
quently,  all  pertinent  material  properties  can  be  determined 
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from  such  pairs  of  experimental  data,  i.e.  for  example 
hydrostatic  pressure  and  uniaxial  tension  or  pure  shear,  or 
pure  shear  and  uniaxial  tension,  etc.  Each  set  of  loading 
combinations  must,  however,  be  interpreted  in  terms  of  the 
fundamental  deviatoric  and  volumetric  stress-strain 
relations . 

Linear  viscoelastic  behavior  can  be  characterized  in 
terms  of  generalized  Kelvin  or  Maxwell  models  and  either 
representation  completely  duplicates  the  other.  Gross ^ ^  has 
discussed  in  detail  the  equivalence  of  these  various  repre¬ 
sentations  in  terms  of  both  differential  and  integral  stress- 
strain  equations  and  has  formulated  the  various  relations 
which  describe  the  interchangeability  of  the  various 
characterizations. 

As  a  matter  of  convenience  the  generalized  Kelvin  model 
is  chosen  for  the  purposes  of  this  paper.  Depending  on  the 
particular  material  behavior,  either  of  two  types  of  gener¬ 
alized  models  shown  in  Figures  1  and  2  may  be  used.  The 
number  of  constituent  elements  or  parameters  may  be  finite 
or  infinite.  In  Model  A  (Figure  1)  the  behavior  under  con¬ 
stant  load  is  characterized  by  an  initial  elastic  deforma¬ 
tion  corresponding  to  the  shear  modulus  (where  S  ^  (o)  = 

2  Gq  (o)  )  and  a  final  (t -♦  °°  )  finite  deformation  corre¬ 
sponding  to  a  final  shear  modulus  G  (whei’e  5^,  (.c>o  ,)  = 

2  G^  E^j  (°o))  given  by 

N 

i/s«,  =  Z 

n  =o 

The  initial  behavior  of  Model  B,  under  a  constant  load  is 
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identical  to  that  of  Model  A,  but  the  final  (t -*  oo  )  defor¬ 
mations  will  be  infinite.  If  the  material  is  known  to  creep 
indefinitely  then  Model  B  should  be  used  for  its  description. 
On  the  other  hand  if  the  material  creeps  only  to  a  finite 
strain,  then  its  behavior  can  be  represented  by  Model  A.  An 
equivalent  approach  in  terms  of  generalized  Maxwell  models 
can  also  be  used  and  will  lead  to  the  same  results.  The 
above  discussion  has  been  directed  toward  deviatoric  defor¬ 
mations  (changes  in  shape)  as  described  by  Equation  (1.2). 

A  parallel  approach  can  be  presented  for  volumetric  deiorma- 
tions  by  using  Models  A  and  B  and  replacing  Gj^  by  Kj^  (bulk 
moduli)  and  p  ^  P  vk  (volumetric  viscosity)  . 

2.  COMPLEX  MODULI  FOR  GENERALIZED  MODEL  A 

If 'a  stress  deviator  5  is  applied  to  Model  A  then 
each  individual  element  will  be  stressed  by  the  same  amount, 
but  the  corresponding  strain  deviators  E^j  in  each  element 
will  differ.  The  individual  stress-strain  relations  for 
each  element  with  time  independent  material  properties  can 
be  written  as  follows 

Elastic  element 


Kelvin  elements 


F ..  - 


where 


r 


e 


j 

o 


(2.2) 
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The  total  deviatoric:  strain  toi'  Model  A  is  given  by 


the  sum  of'  the  individual  components;  oi' 


t 


N 


I. 

n  =  o 


(2.4) 


and  can  be  obtained  directly  from  Equations  (2.1,>  and  (2.2). 

The  Laplace  transfoi’m  of  a  function  F(t)  will  be 
denoted  by  F  =  F(^j  and  is  defined  by 


F 


oo 


J 

o 


F(t) 


Jt 


(2. 5) 


Taking  the  Laplace  transform  of  Equation  (2.4)  yields 


(2.6) 


If  in  Equation  (2.7)  the  substitution  p  -  i  co  is  made  'hen 
G  (p)  becomes  G  (  i  )  ,  t  fie  complex  modulus.  Equation  (2.7) 
i.nii  b(=  pm  in  a  more  convenient  f oim  by  reducing  it  to  a 
common  denominatoi’  and  factoi’ing  the  resulti'ig  numerator 
in  terms  of  the  I'oots  of  the  numeraioi’  polynomial.  It 

can  then  further  be  reduced  by  partial  fractions,  so  that 
Equation  (2.7)  becomes 


previous  section  except  that  the  relation  for  the  viscous 
element  must  be  added  to  Equations  (2.1)  and  (2.2).  The 
viscous  element  stress-strain  relations  are 


hi  +-/ 

h.. 


I 


(3.1) 


The  total  strain  deviator  for  Model  B  is  given  by  Equation 
(2.4)  if  N  is  changed  to  N  +  1.  Again  taking  the  Laplace 
transform  with  Equations  (2.1),  (2.2)  and  (3.1)  substituted 

in  Equation  (2.4),  one  obtains 


^  Pm  +  I 


(3.2) 


If  one  again  reduces  Equation  (3.2)  to  a  common  denominator 
and  factors  the  numerator,  and  then  reduces  the  result  by 
partial  fractions,  the  equivalent  shear  modulus  can  be 
written  in  the  form 


*  1 

^  ^  H  H  -  ^  l=> 

TT  CP  ^  ^n) 


(3.3) 


In  the  same  fashion  an  equivalent  bulk  modulus  for 
Model  B  becomes 


K  =  K  p 


M+1  B' 


p  +  G  ' 


(3.4) 


In  either  of  Equations  (3.3)  or  (3.4)  there  are  2N  +  2  inde¬ 
pendent  constants  or  parameters  which  represent  the 

✓ 

behavior  of  Model  B. 
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It  is  to  be  noted  that  the  foregoing  model  analysis 
applies  to  nonhomogeneous  media  as  well  where  G  =  G(x)  and 
K  '  K(x)  with  X  =  ,  (i  =  1,2,3)  the  space  coordinates. 

In  those  cases  where  the  moduli  are  time  dependent  as  well 
as  space  dependent  a  piece-wise  time  analogy  may  be  used  in 
viscoelastic  stress  analysis®’"^  and  these  moduli  are  repre¬ 
sented  by  average  space  functions  over  small  time  intervals. 
Generally,  for  the  sake  of  simplicity  experimental  determin¬ 
ation  of  material  properties  are  carried  out  on  homogeneous 
specimen  at  constant  temperature  and  results  thus  obtained 
can  be  readily  applied,  through  proper  interpretation,  to 
nonhomogeneous  materials  at  variable  temperature. 

4.  .MODEL  FITTING  TO  CREEP  AND  RELAXATION  DATA 

Experimental  data  is  generally  collected  for  creep 
and/or  relaxation  conditions.  In  the  creep  test  after  an 
initial  build-up  the  stress  is  held  constant  and  the  strain 
is  measured.  (Figure  3)  In  the  relaxation  test  the  pro¬ 
cedure  is  reversed  by  the  application  of  an  initial  strain 
(or  deform.ation)  and  the  measurement  of  stress.  (Figure  4.) 
In  either  case,  the  material  properties  in  terms  of  G  and  K 
are  determined  from  solving  Equations  (2.6)  and  (2.10)  for 
the  particular  loading  conditions  and  fitting  them  to  the 
experimental  data.  The  procedure  will  next  be  outlined  in 
detail  for  several  representative  conditions. 

4.1  UNIAXIAL  RELAXATION  FOR  INCOMPRESSIBLE  MATERIALS 

Under  uniaxial  relaxation  conditions  the  strain  in  the 
loaded  direction  is 
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f  f(t) 


t  ^  4 

■h 


(4.1) 


where  f(t)  is  a  prescribed  function  indicated  on  Figure  (4) 
and  is  the  constant  value  of  the  strain.  Since  most 
straining  of  specimens  is  usually  conducted  at  a  constant 
rate  this  function  takes  the  form 


iii)  =  ^x^/4 


(4.2) 


All  the  stress  components  except  0^  vanish  in  the  uniaxial 

^ 

test.  ^ 


From  Equations  (2.6),  (2 . 10)  ,  (1 . 3,4  (1?4),  and  (1^.5) 

one  obtains  for  the  uniaxial  incompressible  relaxation  test 


*  * 

<T1? 


"  £«x 


(4.3) 


'  -  f 


/here  E  =  E  (p)  =  3  G(p)  is  the  incompressible  equivalent 


Young's  modulus. 


-  «5  * 


The  Laplace  transform  for  the  6^  of  Equation  (4.1)  is 


td’ 


i(i)  In  e-'’  ° . 


•1  ^  y 


and  for  the  f(t)  of  Equation  (4.2)  it  becomes 


-4/^ 


(4 .  5) 


The  stress  can  be  obtained  from  the  inversicc  of  Eauaticn 


(4.3)  and  for  the  strain  of  Equation  (4.5)  it  becomes 


F(t)  -  F  (i-f.)  (4.6) 
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where  H(t-to)  is  a  unit  step  function  with  properties 


0^ 


(4.7) 


The  function  F(t)  is  the  inverse  transform  of  Ey^tQp^  and  can 
be  obtained  by  reducing  this  product  to  partial  fractions: 


For  Model  A 


I 


t  ^  e  ) 


(4.8) 


For  Model  B  ^ 


TV,  «5.  ^  •>  7  <!: 


-  f  z 
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(4.9) 
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*v-i.  ,*■  T- ..  v  ’•/  ^ 
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where  E  =  3  G  is  the  initial  incompressible  elastic  Young's 

•  vJ  O 

*  »■  ♦-  • 

'  modulus. Z  .  -  ,  ' 

*  •  * 

'  .  .  *  ‘  The  relaxation  stress  can  then  be  obtained  from 


Equations  (4.6)  ^  (4.8)  and  (4.9) 


For  Model  A 


4 


a/  -  ' 

V  B. 


^  -  o( 
a  *1  n- 


-  0  S  t  IS 
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IF  Lt=<„ J 


(4.10) 


2^ 
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For  Model  B 


The  constants  ft  and  can  be  determined  in  the 

n  a 

following  fashion 

(a)  From  the  test  data  decide  whether  Model  A  or  B  is 

to  be  used. 

(b)  Select  a  value  of  N-,  which  determines  the  size  of 

the  model  and  fixes  the  number  of  Bj.. 
and  to  be  determined. 

^  (c)  ^  In  .the  region  t  ^  toj  fit  the  propei’  Ev^uation  (4.10) 

•t 

.  "  or  •(4.11)  to  the.  I’elaxa  t  ion  data  at  least 

at  2K  •+'  1  points  for  Model  A  and  at  least 
"  2  N  ♦  2  points  lor  Model  B,  or  by  the  metiiod 

-  '  of  least  squares. 

(d )  Since  Equation  (4.10)  can  be  written  in  the  form 
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z  ^ 
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(4.13) 


the  fitting  of  these  equations  to  the  relaxa¬ 


tion  data  determines  the  or  and  . 

(e)  For  Model  A,  the  constants  and  can  be  found 
from  Equations  (4.10)  and  (4.12)  as 


£■«  -  flo  -  42.  4^4-, 


o-/* 


(4. 14) 
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(f)  .For  B.'  ttiC' constants  C©  ®n  found 


”  -•  f  ro(Qi  (he  follow  mg  «(tusiion>  : 

'  ...-".  ..  V  "f.  .5*.  .^3 
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(4. 16) 
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The  rno’dulus  E  can  then  he  determined  from  Equation 

•‘-'  ,•  -‘(4.9)  to.  |>e  -..A' 

V'*  ,,  ‘  .«  V- 

'  i^>'  \  Hti  Z  ,/ 


^  V*  ^  ^  ft 

'•  >?  —  (e  '' 


(4.17) 


I 

Now  consider  a  uniaxial  loading  with  ^  x  ~  ^ 

(t>0)  Substituting  Equation  (4.17)  into 


Equation  (4.3)  and  inverting,  yields 
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(4.18) 


Evaluation  of  Equation  (4.18)  at  t  =  0  gives  the 
desired  value  of  the  elastic  modulus  E^ ,  that  is 


^x(°)  ^  p  ^  yL  ^  0.19) 

€°  °  °Z_  -  I 

n  =  I 


From  Equations  (4.11)  and  (4.12),  it  can  be  seen 
that  regardless  of  the  value  of  N  under  constant 


strain  Model  A  relaxes  in  an  infinite  time  to  a 


stress  value  E^  (1  + 


feM 

^  n/  n 


while  Model  B 


relaxes  to  a  zero  stress. 


4.2  UNI.4XIAL  RELAXATION  OF  COMPRESSIBLE  MATERIALS 

For  the  same  uniaxial  conditions  as  outlined  in  Section 
4.1,  but  for  a  compressible  material,  the  stress-strain  rela¬ 
tions  (4.3)  now  changes  to 

_  ^  Qg  c; 

I  4-  K 

Most  materials  that  exhibit  creep  and  relaxation  proper¬ 
ties  generally  do  so  predominantly  while  changing  shape,  with 
comparatively  little  inelastic  volumetric  action..  In  particu¬ 
lar,  it  has  been  experimentally  observed  that  solid  propellant 
grains  do  not  i  rally  creep  volume trica lly  a.nd  consequently 
if  they  are  compj  'ssible,  they  are  at  most  elastically 
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compressible.  Under  these  conditions,  the  equivalent  bulk 
modulus  K  reduces  to  Kq,  the  elastic  bulk  modulus.  The 
compressible  equivalent  Young's  modulus  E,,  for  a  deviatoric- 
ally  viscoelastic  and  elastically  compressible  material  then 
becomes 


3K^  g 


(4.21) 


and  from  Equation  (2.8)  for  Model  A  it  is 


5  =  — - _ 

n=i  n=i 


fco  TT  (p  ^  ,3„) 
T(f>  t  ij 


(4.22) 


By  partial  fractions,  Equation  (4.22)  can  be  reduced  to 


(4.23) 


The  constants  5"^  and  are  related  to  and 

,  but  these  identities  are  not  needed  since  for  visco¬ 
elastic  stress  analysis  it  is  sufficient  to  know  E  in  terms 
of  E^q,  and  3’^.  The  quantity  E^^  is  the  compressible 
initial  Young's  modulus  and  is  defined  by 


Ko  f- 


(4.24) 


The  repetition  of  the  same  process  for  Model  B  gives 
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a/+/  a/ 

^oTT (p ^ 

ia=i  ^ 

N 

E  b  TT  ( 

go  I  n=i  ^ 

A/  +  I 

IT  ([=■*■  ^1 
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with  E  defined  by  Equation  (4.24).  It  must  be  understood 
cd 

that  the'  f3^  in  E-^iytJtion  (4.22)  are  not  equal  to  the  /S^ 
in  (4.25)  and  that  the  same  lack  of  equality  exists  for  the 
in  these  two  equations. 

Furthermore,  while  the  results  of  a  relaxation  test  can 
determine  the  elastic  Young’s  modulus  E^^^  they  will  not  yield 
values  for  the  bulk  modulus  Ky  The  latter  must  be  deter¬ 
mined  from  separate  hydrostatic  compression  or  tension,  tests 
or  from  results  of  pure  shear  tests  used  in  conjunction  with 
uniaxial  results. 

Due  to  the  similarity  of  Equations  (4.23)  and  v4.25.»  to 
the  corresponding  uniaxial  incompressible  ones,  the  procedure 
previously  outlined  in  Section  4.1  is  identical  in  this  case, 
except  that  now  the  unknowns  are  Cj^  or  Cj^  and  ^  . 

Once  these  constants  are  determined  and  is  established 
from  a  separate  test,  then  Equation  (4.21)  may  be  u=>ed  to 


determine  G. 
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4.3  UNIAXIAL  CREEP  OF  INCOMPRESSIBLE  MATERIALS 
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E  t  F'  (t) 
o  o  *  '  ' 


The  creep  strains  can  then  be  obtained  from  Equations 
(4.29),  (4.31)  and  (4.33) 

Model  A  .  ,  •  - 
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Model  B 


The  various  constants  D  .  E  ,  and  are  determined 

from  the  curve  fitting  technique  outlined  in  Section  4.1, 
except  that  now  the  creep  rather  than  the  relaxation  curve 
is  used  Since  the  same  model  should  fit  both  relaxation 
and  creep  data,  these  two  tests  serve  as  a  check  on  the 
choice  of  model,  i.e.  the  assumed  value  N  and  o’"'  the  applic¬ 
ability  of  linear  viscoelastic  relations  over  a  given  stress 
and/or  strain  range. 

It  is  also  of  interest  to  note  from  Equatior.s  (4.34) 
and  (4.35)  that  as  t  -*■  oo  Model  A  exhibits  a  finite  creep 

o/  -I  ■ 

strain  equal  to  while  Model  B  creeps 

indefinitely  regardless  of  the  choice  of  the  value  of  N. 

4.4  UNIAXIAL  CREEP  OF  COMPRESSIBLE  MATERIALS 

For  a  material  which  behaves  linearly  viscoel as tica 1 1 y 
for  changes  in  shape  and  linearly  elastically  for  changes  in 
volume,  the  equivalent  compressible  Young’s  modulus  is  given 
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by  Equation  (4.24).  It  is  seen  that  the  effect  of  elastic 
volumetric  compressibility  on  uniaxial  relations  is  to  only 
conceptually  alter  Equations  (4.30)  to  (4.35)  by  changing 
Eq  to  E^o'  course,  the  constants  Dj^  are  now  functions  of 

Go)  Kq  ,  /^n.  ■  However  ,  again  only  the  quantities 

Eco)  in  Equations  (4.30)  or  (4.32)  need  to  be 

determined  to  specify  the  material  behavior.  Hence,  the 
procedure  is  the  same  as  before. 

4.5  BIAXIAL  RELAXATION  AND  CREEP  OF  INCOMPRESSIBLE  MATERIALS 

Biaxial  creep  and  relaxation  experiments  are  usually  con¬ 
ducted  on  thin  strips  loaded  in  one  direction  in  their  plane 
(along  x-axis)  and  clamped  along  two  edges  (,€y  -  0).  (See 
Figure  5)  It  is  customary  to  measure  and  6^  .  If  i^ 

this  problem  one  deals  with  the  average  stresses  at  the 
center  of  the  plate,  then  the  analysis  is  considerably  simpli¬ 
fied  since  one  need  not  find  the  spacial  variations  of  the 
stresses  in  the  plate.  Further,  due  to  the  thinness  of  the 
plate,  one  can  assume  that 

Q—  =  O  (4.36) 

The  L.  place  transform  viscoelastic  stress-strain  relations 
(2.6)  can  now  be  applied  at  the  center  of  the  plate  and  they 
will  be  of  the  form 

^  ^  =  /?  6  ^  (4.37) 
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0 


(4.  38) 


a  = 


-  a  (4.3-5) 

From  Equation  (4.  38)  one  obtains 

o-  = 

which  when  substituted  into  Equation  (4.  37)  yields 

ax  =  4G6x  (4.4-) 

Equation  (4.  41)  is  similar  to  Equation  (4.  3)  and,  consequently,  the  discussion 

and  results  for  uniaxial  creep  and  relaxation  applies  here  as  wel’.  It  is  to  be. 

noted  that  for  the  incompressible  material  E^  =  3  Gq  and  the  coefficier.t  4 

il 

equals  4  Eq/ 3  which  is  the  correct  value  of  Eq/(1-V  )  for  an  incomptres  s  e 
material. 


4.  6  BIAXIAL  RELAXATION  AND  CREEP  OF  COMPRESSIBLE  MATERIALS 

Biaxral  viscoelastic  stress-strain  relations  for  the  <;onditio.'.s  o  “Mined 
in  Section  4.  5  can  be  derived  from  Equation  (2.  6)  by  setting  £  9^  0  fc  r  compres¬ 
sible  materials.  For  the  transforms  of  the  normal  stresses  and  st.rjius  Mese 
now  become 

-  o-  =  2S(£y-  e)  (4.42) 
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~  /?  6' 


(4.43) 


-  cr  =  -  e) 


(4.44) 


(4.45) 


From  Equations  (4.44)  and  (4.45)  one  obtains 

/  ,  ^  (4.46 

(  f  ^  6  )  -  O 

and  substitution  of  Equation  (4.44)  and  (4.46)  into  (4.35) 
leads  to 


4  6  Ko  +  (j  )  _ 
- ^ - z -  6, 

K,  ^  kG 


(4.47) 


It  is  to  be  noted  that  the  quantities  on  the  right  hand 
side  of  Equation  (4.47)  can  be  expiessed  in  terms  of  an 
equivaleiYt  Young's  modulus  E  and  equivalent  Poisson  ratio 
^  ,  such  that 


(.4.48) 


A  relation  similar  to  Equation  (4.48)  also  holds  for  the 
initial  elastic  values  by  introducing  zero  subscripts 
instead  of  bars  in  Equation  (4.48). 
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The  modulus  can  be  determined  by  substitution  of 

either  Equation  (2.8)  or  (3.3)  into  Equation  (4.47).  For 
Model  A,  Ej^  becomes  after  reduction  to  a  common  denominator 


N  r  N  N  • 

4G  'iT  (P+P^)  ;K^  (p+a^)+G^TT 


n=  1 


n=  1 


n=l 


1  c 


IT 

TT' 


IT 

ri 


1  1 


(4.49) 


Tl  ,  (p  +  a  )  K  Tl  (p+a  )+4G  i,  (p  +  B  ) 

n=  1  ^  n  I  o  n=  1  '  n  o  n=  1  ^^n 


E 

loc 


In 


2N 

“TT 

i  I 
n=  1 


(p 


i  (P-6„) 


=  E. 
loc 


2N 

1  +  ') 

n=  1 


F  ' 
n 

p  +5 


n 


(4. 50) 


The  expressions  (4.47)  and  (4.50)  are  conceptually  identical 
to  that  of  Equation  (4.20),  (4.22)  and  (4.23)  and,  therefore, 

the  same  procedure  as  outlined  for  uniaxial  creep  and  relaxa¬ 
tion  can  be  applied  here. 

The  same  scheme  can  be  applied  to  a  G  for  Model  B  and 
E|^  then  reduces  to 
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which  is  equivalent  to  Equations  (4.25)  in  the  uniaxial  case. 

'  ^ 

Once  the  quantities  ,  F  and  ave  determined 

^  I  oc  11  r. 

from  the  curve  fitting  of  creep  and/or  relaxation  data,  Ej^ 
is  known.  The  bulk  modulus  Kq  must  be  determined  from 
separate  volumetric  experiments  and  the  equivalent  shear 
modulus  G  may  be  found  from  Equation  (4.47)  to  be 

_  —  ,  —s  —  ^  \U^ 

~  ^  (4.52) 


4.7  TRIAXIAL  RELAXATION  AND  CREEP  OF  INCOMPRESSIBLE  MATERIALS 


Relatively  simple  experiments  under  triaxial  stress 
conditions  are  usually  conducted  on  thin  ciiculoi  plates 
bonded  to  rigid  supports  along  both  faces  and  lc<aded  in  the 
directiof  perpendicular  to  the  faces.  (Figure  6)  If  the 
radius  is  large  compared  to  the  thickness,  then  ore  can 
assume  that  at  the  center  of  the  plate  (x  -  y  -  z  0) 


cr 


(4.53) 
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o 


(4.54) 


It  is  customary  to  measure  <3^  and  . 

For  an  incompressible  material,  the  normal  strain 
vanishes  due  to  Equation  (4.54).  From  the  stress-strain 
relations  (2.6)  it  is  seen  that  under  these  conditions  all 
the  normal  stresses  must  also  vanish.  Consequently,  this 
type  of  experiment  under  the  assumptions  (4.53)  and  (4.54) 
is  of  no  value  in  determining  stress-strain  relations  for 
incompressible  materials. 

More  realistic  analysis  for  incompressible  materials 
based  on  spacially  variable  stress  and  strain  fields,  is  so 
complex  as  to  destroy  the  simplicity  of  this  type  of  tri- 
axial  experiment. 

4.8  TRIAXIAL  RELAXATION  AND  CREEP  OF  COMPRESSIBLE  MATERIALS 

The  conditions  described  in  Section  4.7  can  also  be 
applied  to  a  material  with  deviatoric  viscoelastic  properties 
and  volumetric  elastic  ones.  The  transform  relations  then 
become 

^  ~  ^  (4.55) 

^  ^  (4.56) 

The  modulus  E„  can  be  determined  from  Equations  (2.8) 


and  (3.3) 
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Model  A 


I  ^  7 


(4.57) 


Model  B 


with 


p  +  a 


(4,  58) 


(l 


(4.59) 


The  procedure  for  determining  F  and  o(^  is  identical 

2oc  n  n. 

to  that  outlined  for  the  uniaxial  conditions.  Once  these 
quantities  are  established  and  is  found  from  a  separate 
volumetric  test,  G  can  be  computed  from  Equation  (4.56). 


5.  INTEGRAL  VISCOELASTIC  STRESS-STRAIN  REPRESENTATION 


Instead  of  the  differential  stress-strain  relations  of 
Equations  (1.1)  and  (1.2),  it  is  also  possible  to  write 
integral  repi esentation  of  the  type 

5.  =  ^  f  -ff-t-f)  ji' 

‘c!  J  (5.1) 
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cr 


(5.2) 


-  CO 


(5.4) 


For  elastic  volumetric  deformations  Equations  ',5.2.  and 
(5.4)  can  be  simplified  by 


For  zero  initial  conditions  which  are  those  used  in  the 
uniaxial  and  multiaxial  tests  previously  described,  the 
application  of  the  Laplace  transform  to  Equations  (5.1)  and 
(5.3)  results  in 


- 


(5.6.1 


Equation  (5.6)  allows  for  the  immediate  computation  of  the 
relaxation  and  creep  functions  y  (t)  and  by  inversion 

of  the  modulus  G,  the  latter  being  determined  by  the  methods 
discussed  in  Section  4. 

A -26 


It  is,  of  course,  also  possible  to  determine  the  creep 
and  relaxation  function  directly  but,  again,  the  same  care 
must  be  exercised  to  properly  interpret  the 
experimental  conditions.  As  an  illustrative  exa.mple,  uni¬ 
axial  relaxation  will  be  considered. 


Equation  (5.8)  becomes 


S  T(^) 


(5.11) 


crjt) 

X 


which  indicates  that  in  this  case  the  relaxation  function  can 
be  determined  directly  from  the  relaxation  stress. 

On  the  other  hand,  if  the  *  amp  function  (5.10)  is  used 
for  the  strain,  then  Equation  (5.8)  yields 

=»  Y  Ifl-t-t'}  di'  (5.12) 

'  o 

and  the  simplicity  of  Equation  (5.11)  is  now  lost.  In  an 
actual  experiment,  the  strain  will  be  of  the  type  given  by 
Equation  (5.10)  rather  than  Equation  (5.9). 


5.2  UNIAXIAL  RELAXATION  OF  COMPRESSIBLE  MATERIALS 

In  a  medium  with  elastic  compre.ssible  dilatation  and 
under  uniaxial  conditions.  Equation  (5.7)  reduces  to 


(t) 


(5.  13) 


36^  {t)f  (0)  -  3 


9Y  (t-f) 
3  t' 


6  (f) 

X 


a  (f) 

X 


The  solution  for  the  unknown  relaxation  function  hjrCt)  in 
Equation  (5.13)  from  experimentally  determined  values  of 

and  £  ^  is  complex,  since  it  appears  as  the  kernel  of 
the  htegral  equation,  regardless  of  the  definition  for  . 
The  "Y  function  can,  however,  be  generated  numerically  from 
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the  experimental  data  and  Equation  (5.13).  The  initial  value 
■T|r  (o)  can  be  expressed  in  terms  of  the  initial  Young's 
modulus  by  setting  t  =  0  in  Equation  (5.13) 


and  it  is  seen  to  be  positive  since  generally  >  E^^ .  The 

modulus  E  can  be  readily  determined  if  the  initial  strain 
oc 

£  (o)  is  non  zero  (such  as,  for  instance,  the  step  function 

of  Equation  (5.9)),  since  it  then  equals  the  ratio  Cr^(o)/ 

£  (o) .  However,  if  £  (o)  =  0  then  CT  (o)  also  vanishes 

X  X  ^ 

for  materials  with  initial  instantaneous  response  and  the 
modulus  can  be  determined  e.xperimentally  only  by  the  limit 
process 

E  =  Llm 

/  -*o 

from  experimentally  determined  uniaxial  stress  ard  strain 
time  data. 

Similar  procedures  can  also  be  used  for  the  formula¬ 
tion  of  creep  functions  from  uniaxial  creep  data. 


5.3  MULTIAXIAL  RELAXATION  AND  CREEP 

Similar  procedures  may  be  constructed  foi  the  determina¬ 
tion  of  creep  and  relaxation  luncLions  from  multiaxial  experi¬ 
ments,  but  extreme  care  must  be  exercised  to  piopeily  inter¬ 
pret  such  test  results  since  the  fundamental  functions  of 
Equations  (5.1)  to  (5.4)  do  not  appear  explicitly  in  the 
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multiaxial  stress-strain  relations.  This  is  evident  from 
the  relations  derived  in  Section  4  for  the  moduli,  where  G 
generally  appears  in  experimentally  inseparable  combinations 
with  the  elastic  bulk  modulus  Kq. 

Finally,  it  must  be  pointed  out  that  while  Equations 
(5.5)  and  (5.6)  give  exact  relations  between  creep  and 
relaxation  functions  and  the  corresponding  moduli,  the 
determination  of  the  modulus  6  is  inherently  dependent  on 
the  a  priori  selection  of  a  particular  model  and  number  of 
parameters  in  that  model.  While  the  procedures  outlined  in 
Sections  5.1  and  5.2  lead  to  the  formulation  of  these  func¬ 
tions  in  a  somewhat  more  general  fashion  without  being 
possibly  restricted  by  the  choice  of  a  model,  the  price  of 
such  generalization  seems  large.  The  relative  simplicity 
of  the  model  fitting  is  lost  and  in  most  instances  the  creep 
functions  cannot  be  directly  determined  analytically.  They 
can  be  computed  numerically  and  analytical  expressions  can 
be  curve  fitted  to  these  numerical  results  if  desired.  Such 
a  typical  numerical  computation  of  the  relaxation  function 
is  carried  in  Reference  !0. 

As  more  experimental  data  becomes  available  and  is 
analyzed,  it  will  be  possible  to  reach  conclusions  as  to  the 
preferable  choice  of  methods  for  direct  formulation  of  either 
G  or  (p  and  'ip  and  as  to  the  accuracy  of  the  two  approaches. 
In  any  case  Equations  (5.5)  and  (5.6)  can  always  be  used  to 
determine  the  moduli  from  creep  or  relaxation  functions  and 
vice  versa. 
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FIGURE  3  -  Typical  Creep  Data 
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FIGURE  4  -  Typical  Relaxation  Data 
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SURVEY  AND  DEVELOPMENT  OF  METHODS  FOR  THE 
DETERMINATION  OF  STRAINS  IN  SOLID  PROPELLANTS 


I.  INTRODUCTION 

This  is  the  final  report  on  a  research  program  directed 
towards  the  development  of  an  experimental  method  to  determine 
strains  on  the  inside,  or  core,  surface  of  solid  rocket  propellants 
when  the  rocket  is  subjected  to  thermal  loading  such  as  occurs  in 
storage.  Of  particular  interest  are  the  strains  in  fillets  where 
failure  is  likely  to  occur.  A  desirable  feature  would  be  the  remote 
recording  of  strains. 

There  exists  today  an  imposing  array  experimental  methods 
designed  to  measure  strains.  Most  of  the  methods  were  designed 
to  measure  strains  in  the  commonly  used  engineering  materials  (steel, 
ccHicrete,  wood,  etc.).  One  approach  to  the  solution  of  the  problem 
is  the  adaptation  of  one  of  these  "engineering -material"  methods  to 
the  measurement  of  strains  on  the  relatively  soft  rubber-like  surface 
of  the  rocket  propellant.  Another  approach  is  to  choose  a  method 
that  had  already  been  used  to  measure  strains  on  soft  materials  and 
extend  its  application  to  the  present  problem.  In  the  first  approach 
noted  above,  the  difficulty  lies  usually  in  the  reinforcement  effect 
produced  by  the  presence  of  the  gage,  an  effect  which  will  be 
discussed  below;  in  the  second  approach  difficulties  arise  in  the 
application  of  simple  optical  devices  to  complicated  geometries 
and  t»  field  conditions.  A  third  approach  that  suggests  itself  is 
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the  development  of  some  entirely  new  principle  for  the  measurement 
of  strain.  Several  rather  novel  methods  are  noted  in  this  report, 
however,  all  of  them  can  be  indirectly  related  to  existing  methods, 
and  exhibit  some  of  the  same  difficulties  noted  above. 

The  following  section  discusses  the  reinforcement  effect 
produced  by  most  of  the  known  gages.  This  section  is  followed 
by  five  other  sections  in  which  various  strain  measurement  methods 
are  discussed,  and  in  which  the  experimental  studies  conducted 
and  their  application  to  the  analysis  of  strains  in  the  rocket 
propellant  are  indicated.  The  final  section  attempts  to  evaluate 
the  various  methods  by  comparing  them  to  each  ether  and  suggests 
refinements  of  the  more  promising  methods. 

II.  THE  RSINFORCffl-ENT  EFFECT 

If  any  relatively  rigid  device  is  mounted  on  or  in  a  lower 
modulus-of -elasticity  medium,  like  the  propellant  material,  to 
record  change  in  length,  these  changes  in  length  will  generally 
be  distorted  by  the  presence  of  the  device. 

This  can  be  illustrated  by  consideration  of  a  simple, 
tensile  specimen  of  propellant  material  with  a  long,  thin  wire 
embedded  at  the  center  of  the  specim.en  in  the  direction  of  loading, 
and  assuming  a  bond  between  wire  and  medium.  Neglecting  end 
effects,  the  relationship  of  the  strain  in  the  direction  of  loadirig 
without  the  wire  (  to  the  corresponding  strain  with  the  wire 
(  Cj.)  which  is  common  to  both  wire  and  propellant,  can  be  shown  to  be 
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where  A  and  E  represent  cross  sectional  area  and  Young's  modulus  and 
the  subscripts  p  and  w  refer  to  the  propellant  and  wire.  Since  the 
ar’ea  of  the  wire  is  small,  the  serious  reinforcement  effect  is 
produced  when  Young's  modulus  of  the  wire  is  many  times  Young's 
modulus  of  the  propellant,  (e.g.,  =  30,000,000  psi,  Ep  ”  1,000  psi) . 

The  same  reasoning  can  be  applied  to  cases  where  the  gradients  of 
stresses  are  present,  like  the  edge  of  a  beam  under  bending.  In 
these  cases  the  reinforcement  effect  is  even  more  pronounced. 

The  disturbance  effect  in  practice  is  usually  greater  than 
the  one  suggested  by  the  above  relationship  because  of  the  influence 
of  the  ends  of  the  rigid  device.  (Fig.  1) 

III.  -XECTRICAL  STRAIN  GAGES 

A.  Resistance  Type  Gage  on  the  Surface. 

1)  Design  of  Specimens 

The  electrical  resistance  strain  gage  is  by  far 
the  most  popular  device  for  measuring  strain  today.  Both  the  wire  and 
foil  type  have  been  developed  extensively,  applied  to  different 
types  of  problems  and  associated  to  different  kinds  of  equipment. 

It  is  also  common  practice  to  record  remotely  the  response  of  these 
gages.  With  this  background  of  developnwnt  it  seems  that  it  would 
be  desirable  to  extend  the  usefulness  of  this  type  of  gage  to  the 
case  of  solid  propellant  materials. 
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1  -ilh'u-"  t.l.  ;  Ga(_  ..'^I'j  ne  a 
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L  7  rac  7'C' -^-c.ri 


Ol  Wire  Strain  Gage 
in  tills  Area  on  I'dge 


Note  Higher  Order 
Fringes  al  Eiuls  of  Gage 


Fig  .  I  ISOCHROMATIC  PATTERN  OF  A  URETHANE:  RUBBER  BEAM  WITH  AN  ELIXAERK' 
WIRE  GAGE  CEMENTED  TO  ITS  BOTTOM  SIDE,  WHE:N  SUBJECTED  TO  BENDING 
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As  shown  in  the  previous  section,  the  foil  or  wire 
gage  on  propellant  will  reinforce  the  vicinity  of  the  gage  so  that 
the  gage  will  not  record  the  strain  that  would  have  been  produced 
had  the  gage  not  been  there.  If  this  relationship  between  the 
recorded  (or  measured)  strain  and  the  true  strain  (the  strain  that 
would  have  been  at  the  point  had  the  gage  not  been  there)  can  be 
determined,  then  the  gage  can  still  give  a  meaningful  record.  The 
relationship,  to  be  most  useful,  should  be  the  same  regardless  of 
strain  biaxiality  and  should  be  the  same  from  gage  to  gage. 

To  facilitate  this  study  in  the  laboratory  it  was 
decided  to  mount  some  of  the  gages  to  be  studied  on  specimens  of 
urethane  rubber  (Hysol  iiU85)  a  material  which  has  approximately  the 
elastic  properties  of  the  propellant  (  E=  1(90  psi,  V •*  0.1(7),  which 
is  available  in  sheet  form  and  can  be  easily  machined  to  various 
test  specimen  shapes.  A  series  of  eight  shapes  (see  Table  I) 
was  designed  with  varying  complexity  with  respect  to  load  and  geometry. 
The  simplest  is  a  uniaxial,  tensile  specimen  to  be  loaded  by  dead 
weight.  The  most  complicated  is  a  typical  rocket  grain  cross  section, 
star-shaped  configuration  cemented  on  the  outer  periphery  to  a 
steel  ring  to  be  loaded  by  a  decrease  in  temperature.  The  series 
of  models  allowed  the  study  of  the  reinforcement  relationship  in 
strain  fields  which  have  different  ratios  of  principal  strains.  It 
also  allowed  the  study  of  the  reinforcement  when  the  model  was  sub¬ 
jected  only  to  forces  or  displacements  as  opposed  to  the  more  complex 
loading  by  thermal  effects  where  the  elastic  constant  of  the  material 
may  vary. 
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TABLE  I 
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Series  of  Models 

Designed  to  Evaluate  the  Applicability  of  Electrical  Resistance 
Strain  Gages  to  the  Measurement  of  Strains  in  Low-Modulus  Materials 


Number 

Model 

Loading 

1 

Rectangular  strip  with  1^"  x  3/8" 
cress  section 

Uniaxial  tension 

2 

Disk,  3"  diameter  x  3/8"  thick 

Diametral  compression 

3 

Ring,  8"  O.D.  x  5"I.D.  x  3/8"  thick 

Uniform  pressure  on  O.D 

h 

Ring.,  8"  O.D.  x  5''I.D  x  3/8"  thick 

Uniform  displacement 
on  O.D. 

5 

Ring,  8"  X  O.D.  x  5"  I.D.  x  3/8"  thick 
cemented  to  a  ’  'ic '  \  3/8"  steel  ring 

Decrease  in 
temperature 

6 

Star  perforation  on  an  8"  O.D.  disk, 
3/8"  thick 

Uniform  pressure  on 

O.D. 

7 

Star  perforation  on  an  8"  O.D.  disk 
3/8"  thick 

Uniform  displacement 

on  O.D. 

8 

Star  perforation  on  an  8"  O.D.  disk 
3/8"  thick,  cemented  to  a  l/l6"  x 

3/8"  steel  ring 

Decrease  in 
temperature 
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2)  Testing  and  Results 


Twe  types  ef  gages  were  tested.  One, a  ftil  type 
(Budd  c6-121)  1/8"  x  1/8"  x  0.00015"  thick  on  plastic  backing  (t«tal 
thickness  =  0.001")  and  twe,  a  wire  type  (Baldwin  A-7)  l/h"  x  3/32" 

X  0.0015"  diameter  wire  cemented  between  tw®  layers  of  paper  (total 
thickness  =  .OOli"). 

Three  types  of  cements  were  used,  an  epoxy  (Budd  #B-3, 
ordinary  rubber  cement  and  the  model  material  itself  (Hysol  iili85) . 

The  testing  was  restricted  to  the  first  twe  types 
of  specimens  in  Table  I,  the  uniaxial  tension  specimen  and  the  disk 
subjected  to  diam.etral  compression.  A  specimen  of  each  type  is  shown 
in  Fig.  2,  which  illustrates  the  reinforcement  effect  pkotoelastically. 

In  all  the  testing  conducted  on  the  various 
combinations  of  specimens,  cement  and  gage,  the  relationship  of  the 
load  to  the  recorded  strain  was,  except  for  one  case,  linear.  Thus, 
for  any  load,  or  more  directly  for  any  stress  there  was  a  given 
amount  of  recorded  electrical  output  directly  proportional  to  strain. 
The  results  of  the  tests  can  then  be  characterized  by  a  number 
^ving  the  numerical  relationship  between  the  strain  that  would 
have  been  there  if  the  gage  had  not  been  there  (true  strain),  and 
the  recorded  value  of  strain  (measured  strain).  These  values  for 
all  the  tests  conducted  are  shown  in  Table  II. 
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Model  1  with 
CG-12i  Foil  Gage 


Mode-l  2  wiiii  C-1  Wire  Gage- 
Load  Was  Applied  Both 
Parallel  and  Perpendicular  to  Gagi 


2  MOnFLS  NUMBER  1  AND  2  (T-\BLE  1)  LOADED  IN  THE  POLARISCOPE  TO  SHOW 
THE  EXTENT  OF  REINFORCEMENT  BY  A  STRAIN  GAGE , 
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TABLE  II 


Results  from  Gages  on  Tensile  Specimens  (Type  1  in  Table  I) 


Gage 

Gage 

Type 

Gage  Position 

Model 

Number 

Cement 

■ii  1111111  Mil 

■ 

C6-121 

Parallel 

to  Load 

I 

B-3 

39 

C6-121 

If 

It  II 

I 

B-3 

67 

C6-121 

Perpendicular  to  Load 

I 

B-3 

22 

H 

C6-121 

M 

II  II 

I 

B-3 

57 

5 

C6-121 

Parallel 

to  Load 

II 

B-3 

18 

6 

C6-121 

M 

II  II 

II 

B-3 

16 

■ 

C6-121 

It 

II  II 

III 

B-3 

16 

B 

C6-121 

M 

II  II 

IV 

B-3 

18 

B 

C6-121 

II 

II  It 

II 

B-3 

25 

10 

C6-121 

N 

It  n 

IV 

B-3 

29 

11 

C6-121 

II 

II  II 

IV 

B-3 

27 

12 

A-7 

II 

it  II 

I 

B-3 

125 

13 

A-7 

II 

It  n 

II 

IU85 

263 

lU 

A-7 

11 

II  II 

III 

M 

130 

15 

A-7 

If 

It  11 

IV 

II 

31*5 

16 

C6-121 

II 

II  It 

11 

rubber 

cement 

35 

_ 1 
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TABLE  II  cont‘d. 

Results  from  Two  Gages  on  One  Disk  (Type  2  in  Table  I) 


Gage 

Gage 

Type 

Gage  Position 

'M^el 

Number 

Cement 

True  Strain 
Measured  Strain 

17 

C6-121 

At  center,  ||  to  load 

V 

B-3 

19 

18 

C6  -121 

"  _[_to  load 

V 

B-3 

7 

17 

C6-121 

It  j  It  II 

V 

B-3 

10 

18 

C6-121 

"  11^®  load 

V 

B-3 

13 

The  ratios  of  true  to  measured  strain  when  compared  help  to  establish 
several  points. 

a)  When  the  results  from  gages  1,  2,  and  5  through  11 
are  compared,  it  is  evident  that  the  same  set  of 
conditions  do  not  always  produce  the  same  results. 

This  must  be  due  to  uncontrollable  factors.  The 
most  likely  variable  is  the  amount  of  cement  used 
to  bond  the  gages.  Gages  2  and  h  were  bonded  with 
an  appreciable  amount  of  cement.  It  was  believed 
that  this  produced  the  low  amount  of  measured 
strain  and  it  was  hoped  that,  with  practice, 
an  improved  cementing  technique  using  less  cement 
would  produce  a  uniform  ratio.  However,  as  the 
subsequent  ratios  show  although  the  value  of  the 
ratio  was  decreased  it  was  not  constant.  The  iiU85 
cement  and  the  A-7  gages  showed  the  same  difficulties. 
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b)  The  rubber  cement  was  feund  unsatisfactery. 

Prebably,  this  was  due  to  relaxation  of  the 
cement.  The  gage  response  decreased  when  a 
constant  load  was  left  on  the  specimen. 

c)  The  tests  on  the  disk  when  compared  to  the  tensile 
specimen  tests  suggested  that  the  strain  ratio 
also  changed  with  a  change  in  the  strain 
pattern.  This  suggestion  was  substantiated 

when  the  disk  was  rotated  90*  and  reloaded 
to  exchange  the  position  of  the  gages.  The 
same  gages,  now  in  different  positions,  had 
new  strain  ratios;  indicating  that,  in  general, 
when  a  cemented  gage  is  subjected  in  turn  to 

9 

two  strain  fields  with  different  proportions 
of  primary  to  secondary  strain  then  the  ratio 
of  true  to  measured  strain  due  to  reinforcement 
in  each  case  can  be  different. 

3)  Discussion 

From  a  consideration  of  the  difficulties  indicated  above,  it 
is  felt  that  with  the  present  state  of  the  art  the  wire  or  foil  resistance 
strain  gage  cannot  be  expected  to  give  an  accurate  indication  of 
strain  when  mounted  directly  on  the  propellant.  The  gages  may  still 
be  used  to  determine  strains  within  the  crude  range  indicated  by 
the  variations  of  ratios  in  Table  II.  A  more  accurate  estimate  of 
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strain,  however,  may  be  obtained,  if  some  means  is  available  t» 
calibrate  each  gage  individually  after  it  had  been  cemented.  For 
instance  by  appl^T-ng  a  known  load  to  the  propellant  after  the 
gage  has  been  mounted.  If  the  rocket  motor  could  be  pressurized, 
for  example,  and  seme  means  such  as  phetoelastic  analysis  were 
available  to  relate  strains  to  pressures,  then  the  gages  could 
be  calibrated  for  the  pressure  loading.  (This  photoelastic 
method  is  described  more  fully  in  Section  V) .  The  thermal  loading  being 
a  somewhat  similar  effect  could  be  expected  to  give  the  same 
pattern  of  strains  and  so  the  same  calibrations.  For  this  purpose 
it  is  recommended  that  the  C6-121  strain  gage  and  B-3  cement  be 
used  following  the  manufacturer's  mounting  instruction. 

B.  Embedded  Strain  Gage  Capsules 

The  electrical  resistance  strain  gage  is  used  in  another 
method  which  attempts  to  circumvent  the  reinforcement  problem.  The 
development  of  this  method  was  started  by  the  investigators  in  a 
previous  research  program  directed  to  measurement  of  pressures 
in  soils.  However,  the  principles  and  objectives  are  the  same. 

One  or  several  standard  electrical  resistance  gages  are  embedded 
in  a  material  of  essentially  the  same  elastic  properties  as  the  material 
to  be  studied,  and  in  a  sufficiently  large  volume  of  the  material 
so  that  the  over-all  response  is  not  appreciably  affected  by  the 
local  reinforcement  of  the  gage.  (Fig.  3)=  The  unit  or  cupsule 
is  then  calibrated  by  applying  known  strains  and  recording  the 
responses  of  the  gage.  Finally,  the  capsule  is  mounted  in  the  material 
to  be  analyzed  at  the  point  of  interest. 
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Fig.  3.  SKETCH  SHOWING  LXATION  CF  STANDARD  ’/ORE  OR  FOIL  STRAIN  GAGES 
EMBEDDED  IN  CAPSULES. 
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Several  capsules  are  shown  in  Fig.  I4.  The  calibration  of  a 
number  of  these  capsules  (all  1"  in  diameter  by  1"  long)  is  shown 
in  Table  III,  Note  that  the  true-strain-over-measured-strain  ratio 
is  here  a  quantity  that  can  be  measured  in  th  e  laboratory  before 
the  capsule  is  inserted  in  the  propellant. 

To  completely  validate  the  method,  it  is  necessary  that 
either:  (1)  the  strain  gage  be  embedded  in  a  capsule  of  the 
actual  propellant;  or,  (2)  that  the  gage  be  embedded  in  a  capsule  of 
a  material  with  the  same  mechanical  and  thermal  properties  of  these 
of  the  propellant;  or,  (3)  that  the  capsule  be  inserted  with 
mechanical  properties  stiffer  and  more  flexible  than  the  propellant, 
and  the  influence  of  a  change  in  these  on  the  calibration  of 
the  capsule  be  determined. 

Although  it  seems  possible  with  this  method  to  record  the 
strain  in  a  small  fillet,  it  will  be  better  suited  to  measure  interior 
strains. 

C.  Helical  and  Hydraulic  Strain  Gages 

Two  variations  of  this  method  are  being  studied  by  other 
investigators  under  the  same  sponsorship  as  the  one  of  this  program. 

In  one  study  use  is  made  of  a  specially  designed  helical  strain 
gage  wire.  The  helical  configuration  will  reduce  the  reinforcement 
effect,  and  may  not  require  the  previous  embedding  in  a  capsule. 

The  helix  could  be  left  floating  in  th:^  propellant.  The  technique 
to  do  this  properly  may  be  quite  difficult. 

The  second  study  used  a  small,  hollow,  metal,  cylindrically-shaped 
bellows.  The  corrugations  were  on  the  curved  surface  to  allow  appreciable 
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Fig.;*  FIVE  PLASTIC  MODELS  WITH  EMBEDDED  STRAIN  GAGES 


TABLE  III 


RESULTS  OBTAINED  EROM  CAPSULES  WITH  EMBEDDED  STRAIN  GAGES 


1 

GAGE 

R 

GAGE  P 

ESPONSE  TO 
RESSURE  LOAD 

^n/in/p,^ 

TRUE  STRAIN 

CAPSULE 

I'lATERIAL 

TYPE 

POSITION 

1 

/8530-CH2\ 
\Urethane  / 

FABX-25-12| 

2  gages  j 

Parallel  to  load 
Perpendicular  to  load 

SO* 

-31* 

2 

ir 

M 

Parallel  to  load 
Perpendicular  to  load 

ss* 

-29 

3 

li 

tl 

Parallel  to  load 
Perpendicular  to  load 

(out) 

-32 

h 

Polyurethane 

Foam 

It 

Parallel  to  load 
Perpendicular  to  load 

15.1 

-h.S 

14.6 

5 

8530~CB-1** 

='AP-25-12 

Parallel  to  load 

ho 

9.0 

6 

8530-CH2^ 

^AP-25-12 

II  tl  ft 

h9* 

7 

10^  sand 

SiO%  8530-CB-l 

It 

ft  tl  it  / 

not  tested) 

8 

90^  sand 

10^  8530-CB-l 

It 

It  It  II 

6* 

9 

90%  sand 

10$  8530-CB-l 

AB-7 

It  It  It 

12* 

10 

8530-CB-l  J 
lUrethane  / 

|FABX-25-12\ 
(2  gages  } 

II  II  It 

Perpendicular  to  load 

35 

21 

7.5 

Values  taken  in  a  previous  program 
Aerated  Urethane  rubber. 
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axial  motion.  The  inside  of  the  bellows  ocnstituted  a  chamber  which  was 
filled  with  fluid.  A  small  tube  leading  from  the  bellows  allowed  the  re¬ 
cording  of  vibrations  in  the  fluid  due  to  changes  in  the  axial  length  of 
the  bellows,  which,  in  turn,  allowed  determination  of  the  strains. 

D.  Capacitance  Type  Gage. 

Rather  late  in  the  development  of  this  program,  when  it  was  realized 
that  none  of  the  methods  originally  considered  would  give  a  measure  of  strain 
without  some  important  limitations  it  was  decided  to  investigate  the  feas¬ 
ibility  of  a  capacitor  gage. 

A  capacitor  gage  has  the  immediate  advantage  that  only  the  material  to 
be  measured  need  span  the  base  length,  and  tie  refore,  the  reinforcement  effect 
is  minimized.  Capacitor  gages  have  been  used  primarily  as  transducers  to 
measure  various  types  of  displacement  phenorrena  at  high  speeds  and  high  frequency. 
In  general  the  resistance  type  gage  has  proved  simpler  for  static  strain  measure¬ 
ment.  However,  in  the  present  case  where  the  resistance  type  gage  produced  con¬ 
siderable  reinforcement,  but  where  the  advantage  of  an  electrical  signal  for 
remote  recording  is  desirable,  the  capacitor  gage  may  be  a  useful  method. 

A  number  of  thin  metal  plates  (about  3/l6''  x  3/l6")  with  attached 
coaxial  cable  were  embedded  in  urethane  rubber  at  from  l/8"  to  1/2"  apart. 

In  two  of  the  embedments  actual  propellant  material  was  placed  between  the 
plates.  In  another,  just  two  wires  were  embedded,  ^^asurable  va^.ues  were 
obtained  from  all  the  samples  with  a  capacitance  bridge.  An  increase  in 
capacitance  was  no+ed  with  compressive  strains. 

The  preliminary  models  and  measurements  indicate  some  promise  for 
the  method  although  it  is  obvious  that  additional  thought  must  be  given  to  design, 
manufacture  and  measurement  circuits. 


B-17 


Two  possible  designs  arej  (1)  plates  of  thin  foil  or  deposited  metal 
and,  (2)  a  double  pronged  plug  that  could  be  stuck  in  the  surface  of  the  pro¬ 
pellant  at  the  point  where  strains  are  required.  The  prengs  could  be  about 
l/h"  long  and  l/3  2"  in  diameter,  and  held  outside  the  propellant  so  as  to 
allow  relative  motion. 

E.  Conducting  Rubber  Method 

Another  possible  method  of  obtaining  a  remote  electrical  signal  from 
strain  in  the  propellant,  without  reinforcing  the  area  where  strain  is  measured, 
is  the  use  of  conducting  rubber  threads  mounted  on  the  propellant  surface.  If 
resistanca  could  be  measured,  as  with  the  metal  resistance  gages,  then  strain 
could  be  recorded  in  this  manner.  No  laboratory  work  was  expended  on  the 
development  of  this  method. 

IV.  BOROSCOPE. 

The  principles  of  measuring  strains  with  optical  means  are  well- 
known.  Several  instruments  are  designed  to  record  strains  on  tensile  specimens 
under  load. 

The  adaptation  of  an  optical  method  to  the  measxirement  of  strains  on 
the  propellant  requires  several  steps. 

1.  A  method  of  making  observable  marks  on  the  propellant 
and  development  of  a  method  to  locate  and  focus  on  the 
marks  with  an  optical  system. 

2.  Design  of  the  optical  system  to  transmit  the  mark  to  an 
observer  outside  the  rocket. 

3.  Design  of  a  measuring  device  to  record  the  true  length  between 
marks . 

The  difficulty  with  miarking  the  propellant  is  due  to  the  porous  nature 
of  the  material.  Any  scribe  marks  or  cuts  on  the  material,  which  do  not  close 
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up,  show  a  ragged  appearance.  Filling  the  scribed  marks  with  ink  als®  proved 
unsuccessful.  After  sanding  the  propellant  surface  with  180  grit  emery  cloth, 
it  was  found  that  I»dia  ink  has  sufficient  body  to  produce  a  clear,  if  still 
somewhat  ragged  line.  It  is  believed  that  fair  precision  can  be  obtained  if 
the  point  te  be  analyzed  is  sanded  and  marked  with  a  cross  of  India  ink  about 
3/8"  long.  The  optical  system  can  then  be  used  to  determine  the  lengths  from 
tip  to  tip  of  the  cross. 

It  is  suggested  however  that  previeusly  to  the  marking  of  the  surface, 
this  be  smoothed  by  a  very  thin  layer  (about  0.002  in.)  of  latex  or  of  urethane 
rubber.  The  India  ink  lines  or  the  scribed  lines  could  then  be  placed  more 
precisely  en  the  surface  of  the  rubber.  The  thickness  of  this  layer  would  b e 
so  small  or  the  properties  of  the  layer  of  rubber  and  those  of  the  propellant 
are  so  very  close,  that  no  change  in  strain  condition  would  be  expected. 

The  development  of  Items  2  and  3  were  proposed  to  people  in  the 
scientific  instrument  field.  The  Gaertner  Scientific  Company,  Chicago  (Mr. 

E,  Gordon  Watson)  are  confident  that  they  can  manufacture  a  horoscope  of  about 
35"  shown  in  Fig.  5* 

The  instrume  nt  would  have  a  mounting  ring  to  set  down  over  the  point 
to  be  analyzed  and  fix  the  focal  distance.  A  bulb  in  the  head  would  previde 
light.  A  hS*  mirror  would  transmit  the  image  through  the  tube.  A  system 
of  standard  Gaertner  relay  lenses  would  bring  the  image  to  the  eyepiece. 

The  eyepiece  would  be  a  standard  Gaertner  Filar  eyepiece  micrometer  with, 
revolution  counter.  This  unit  has  a  hairline  mounted  on  a  calibrated  screw 
that  can  traverse  the  field  and  note  the  distance  between  any  two  points. 

The  eyepiece  micrometer  has  UOOO  divisions,  which  will  allow  a  sensitivity 
of  approximately  ♦  .00025  in/in.  (assuming  an  accuracy  of  t  1  division). 
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SKETCH  OF  A  HOROSCOPE  TO  DETEKMINE  STRAINS  ON  THE  INSIDE  SURFACE  OF  A  PROPELLANT 
GRAIN  IN  STORAGE. 


Rotating  the  eyepiece  would  allow  measurement  of  length  in  any  direction 
in  the  field. 

The  horoscope  method  as  proposed  has  two  limitations.  First,  it  does 
not  allow  simultaneous  remote  reading,  which  no  microscope  method  can  do 
without  individual  microscopes  for  each  point  and  an  elaborate  transmittal 
system.  Second,  it  requires  straight-line  access  to  the  point  of  analysis 
along  the  surface  of  the  propellant.  Gaertner  feels  they  can  design  a  step¬ 
shaped  microscope,  however,  the  amount  of  step  would  have  to  be  specified. 

The  more  elaborate  method  of  a  flexible  transmission  of  the  image  by  the 
methods  of  fiber  optics,  it  is  felt,  is  untenable  at  the  present  time. 

V.  El-IBEDDED  PELLETS. 

A  variation  of  the  previous  method,  using  X-Rays  as  the  "optical" 
device,  is  now  being  developed  under  the  sponsorship  of  the  Office  of  Naval 
Research.*  Small  steel  spheres  are  embedded  in  the  solid  propellant  and  the 
distance  between  spheres  recorded  before  and  after  loading  with  an  X-ray 
scanner.  The  method  has  been  proved  very  accurately  in  laboratory  models.  It 
remains  to  be  proven,  however,  how  practical  it  may  be  in  the  actual  rocket 
when  measurements  are  taken  in  the  field. 


■^Principal  Investigator;  L.  U.  Rastrelli,  Southwest  Research  Institute, 
San  Antonio,  Texas. 
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VI.  CORE  DISPLACEMENT  MEASUREMENTS  USED  TO  DETERMINE  STRAINS. 


Under  the  conditions  of  linear  behavior  of  the  material  and  constant 
boundaries,  the  strain  (and  stress)  at  one  point  in  a  body  will  be  some 
multiple  of  the  strain  (and  stress)  at  any  other  part  of  the  body,  despite 
variations  in  the  magnitude  of  load.  Where  this  is  so,  a  displacement  be¬ 
tween  any  two  points  on  the  body  will  have  a  fixed  linear  relationship  with 
any  strain  or  stress  in  the  body  irrespective  of  variations  in  the  magnitude 
of  the  load. 

Thus,  if  it  were  possible  to  measure  accurately  the  distance  across  the 
core  sxirface  of  a  rocket  motor,  and  if  the  relationship  between  the  change  in 
this  distance  and  the  strains  or  stresses,  in  a  fillet,  could  be  determined, 
then  under  the  above  mentioned  conditions  it  would  be  possible  to  determine 
the  strains  or  stresses  in  a  fillet  from  a  measurement  of  the  change  in  length 
of  the  core  diameter. 

Methods  of  displacement  measurement  exist,  which  are  relatively  easy  to 
use  and  of  sufficient  accuracy  to  determine  the  change  in  diameter  of  the 
grain  core  when  the  rocket  is  subjected  to  thermal  loads  in  storage.  (Some 
of  these  methods  have  been  developed  by  other  in/  estigators  under  the  same 
sponsorship  as  the  one  of  this  program) . 

It  is  possible  to  relate  these  displacement  measurements  to  the  strains 
or  to  the  stresses  in  different  ways.  Essentially  what  is  proposed  is  a 
calibration  procedure  which  could  be  conducted  in  actual  grains,  or  scaled 
down  grains,  or  as  it  will  be  shown  below,  in  small  size  photoelastic  models. 


If  the  calibration  is  made  on  scaled  dovm  models  of  any  sort  then 
the  relationship  becomes  one  of  model  analysis.  Consider  then,  four  cases 
where  the  model  is  a  scaled  down  version  of  a  portion  of  the  rocket  grain 
and  made  of  a  material  which  may  be  different  than  the  propellant. 

Cases  1  and  2  For  the  portion  of  a  rocket  grain  which  is  subjected 
to  internal  pressure  and  in  a  state  of  plane  stress  (case  1)  or  a  state  of 
plane  strain  (case  2)  the  relationships  between  core  displacements,  strains 
and  stresses  on  propellant  and  model  is  given  by; 
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where  the  subscripts  p  and  m  refer  to  the  propellant  and  model  respectively, 


the  strain  at  corresponding  points  on  the  propellant  and  model 
the  actual  change  in  length  of  the  core  diameter 
the  core  diameter 

the  stress  at  corresponding  points  on  the  propellant  and  model 
Young ’ s  modulus 

and  assuming  Poisson's  ratios  for  propellant  and  model  are  approximately  the 
same.  (For  the  usual  range  of  propellants  and  model  materials  this  assumption 
is  valid) . 

Case  3  For  a  portion  of  a  rocket  grain  which,  is  subjected  to  a  uniform 
steady  thermal  loading,  is  restricted  on  the  outer  boundary,  and  is  in  a  state 
of  plane  stress  the  comparable  relationships  will  be; 
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where  the  terns  and  assumptions  are  as  above  and  in  addition: 

OC  =  the  coefficient  of  thermal  expansion  (where  CX  is  not  a 

constant  over  the  temperature  range  the  thermal  strain 

terms  must  take  the  form  /  OC  A^) 

^1 

At  =  the  change  in  temperature  over  >diich(5,£"  and(]f are  measured 
(for  a  drop  in  temperature  the  value  is  negative) 

Note  here  that  €  and  (5  are  the  actual  measured  quantities  on  grain  and  model. 

In  the  case  of  the  strains,  the  significant  quantity  is  the  (  £'  -0(At)  term 
since  it  represents  the  stress-producing  strain. 

Case  Ij.  For  a  portion  of  the  grain  vdiich^  is  subjected  to  a  uniform 
steady  thermal  loading,  is  restricted  on  the  outer  boundary,  and  is  in  a  state  of  plane 
strain  the  comparable  relationships  will  be: 

fp  -  (1  •;/)  a  Alp  -  .  (1. t-)  a  p  At  /f(5„  . 


^p-  [(^  -a.i.,ap  AtpM^  atL 


(6.3) 


where  the  terms  and  assuraotions  are  as  above  and  in  addition; 
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U  “  Poisson’s  ratio  of  both  propellant  and  model  material. 

In  all  four  cases  it  has  been  assumed  that  each  model,  corresponding 
to  the  grain  being  analyzed,  was  in  the  same  conditions  as  the  grain  with  respect 
to  the  loading  and  with  respect  to  the  state  of  plane  stress  or  plane  strain. 

However,  it  is  sometimes  possible  to  use  one  of  the  four  model  analyses  mentioned 
above  in  association  with  the  other  three  cases. 

It  has  been  shown*  that  the  photoelastic  stress  and  strain  pattern  pro¬ 
duced  by  a  thermally  loaded  two-dimensional  model  (case  3)  can  be  simulated  by 
a  mechanical  deformation  on  the  outer  boundary  of  the  type  u^*  Kr  where 
Uj.  is  the  radial  displacement,  K  is  a  constant,  and  r  is  the  distance  of  the 
point  at  the  boundary  from  the  center.  The  approach  is  justified  if  the  thermal 
loading  is  thought  of  as  a  displacement  on  the  outer  boundary  of  the  type  Uj,  “CXAlr. 

In  the  model  analysis  of  case  1  it  has  been  shown**  that  the  same  photo¬ 
elastic  pattern  is  obtained  by  loading  either  the  inside  or  outside  of  the  rocket 
grain  cross  section  with  a  uniform  pressure.  Further,  the  pattern  obtained  is 
approximately  the  same  as  the  ones  obtained  by  the  two  methods  mentioned  in  the 
above  paragraph.  This  happens  because  the  application  of  a  uniform  pressure  on  the 
outer  boundary  of  a  rocket  grain  with  a  large  web  produces  approximately  a  uniform 
displacement  of  the  outer  boundary.  (An  example  of  this  is  shown  later) . 

It  follows,  then,  that  for  large  web  grain  analysis  the  model  analyses  for 

cases  1  and  3  can  be  used  interchangeably. 

_ Further  if  the  analysis  is  restricted  to  transversal  stresses,  strains 

»Photothermoelastic  Analyses  of  Bonded  Propellant  Grains  by  I.  M.  Daniel  and  A.J. 

Durelli,  Experimental  Mechanics,  March,  1961. 

■*»Experimental  Means  of  Analyzing  Stresses  and  Strains  in  Rocket  Propellant  Grains, 
by  A.  J.  Durelli  presented  to  the  Society  for  Experimental  Stress  Analysis  at 
Philadelphia  in  ffay  1961.  (To  be  published  in  Ebqjerimental  Mechanics) . 


B-25. 


and  displacements,  use  can  be  made  of  the  fact  that  the  stress  distribution  for 
a  plane  stress  problem  is  the  same  as  the  stress  distribution  for  the  corresponding 
plane  strain  problem.  This  allows  the  application  of  any  stress  ratio  computed  for 
either  of  the  two-dimensional  plane  stress  models  (cases  1  and  3)  to  the  plane  strain 
counterpart,  or  with  the  approximation  permitted  by  the  large  web  of  the  grain  to 
eiths  r  case  2  or  U. 

This  application,  however,  only  holds  for  stress  ratios.  The  strain 
ratios  are  not  in  general  equal  in  the  plane  stress  and  corresponding  plane  strain 
field.  To  apply  the  twc  dimensional  analysis  to  the  plane  strain  case  it  would 
be  necessary  to  analyze  for  the  strains  at  the  point  of  interest,  compute  the 
stresses  with  the  plane  stress  form  of  Hooke's  law,  substitute  these  into  the 
plane  strain  form  of  Hooke's  law  and  conq)ute  the  strain.  Since  one  of  the  "strains" 
of  interest  is  the  displacement  across  the  hole,  it  would  be  necessao’y  to  use  the 
corresponding  strains  on  the  model.  These  would  be  the  strains  along  a  radial  line 
from  the  tip  of  the  core  to  the  outer  boundary.  These  strains  would  have  to  be 
reduced  to  stress  and  the  "plane-strain"  strains  computed  as  above,  and  then  these 
quantities  integrated  to  find  the  displacement  across  the  web  of  the  grain.  As¬ 
suming  no  outer  boundary  displacement,  the  core  displacement  could  then  be  cal¬ 
culated  . 

This  is  a  tedious  method  of  analysis  a..d  foi  the  puiposes  here  may  be 
avoided  by  one  further  assumption.  If  only  free  boundary  strains  are  considered, 
the  strain  ratios  will  be  the  same  for  both  plane  stress  and  plane  strain,  since 
these  strains  are  in  the  same  state  of  biaxiaiity.  The  core  displacement  can  be 
considered  as  a  free  boundary  strain,  since  it  is  completely  determined  by  the 
strains  about  the  core,  which  are  all  free  boundary  strains. 

In  summary,  a  two-dimensional  plane  stress  photoelastic  analysis  of  the 
piBssure  or  thermal  type  can  be  applied  to  either  thennal  or  pressure  loading 
of  a  rocket  grain  portion  under  plane-stress  or  plane-strain,  assuming  Poisson's 
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ratio  is  approximately  the  same  in  the  photoelastic  model  and  in  the  pro¬ 
pellant  and  the  web  thickness  is  large,  to  determine  the  free  boundary  fillet 
strains  from  a  displacement  measurement  of  the  core. 

Three  tests  were  conducted  in  developing  the  model  analysis  phase  of  the 
method.  All  three  tests  vrere  on  two-dimensional  plane-stress  models.  Photo¬ 
elastic  patterns  and  core  displacements  were  obtained.  In  the  first  and  second, 
pressure  loads  were  applied  to  CR-39  models.  In  the  third  a  thermal  loading  was 
applied  to  a  urethane  rubber  model  cemented  on  the  outside  to  a  steel  ring. 

The  second  and  third  models  had  the  same  geometry  and  so  gave  similar  results. 

In  all  three  examples  the  results  were  applied  to  a  portion  of  a  rocket  grain 
subjected  to  a  uniform,  steady  thermal  loading  and  in  a  state  of  plane  strain 
(case  h),  however,  the  results  can  be  applied  to  any  of  the  other  3  cases. 

For  the  first  and  second  tests  the  propellant  part  of  eqn.  (6.3)  was 
equated  with  the  model  part  of  eqn.  (6.1)  to  give; 

fp  ^  )  «p  Alp  -  ^E_  -  (i*y)a  Ax  ]  ™ 

\  ^  p  p/ 

In  photoelastic  analysis  the  equation  for  free  boundary  strains  is; 


2nF 


(6.1) 


Where  F  is  the  model  fringe  value 

n  is  the  fringe  order  at  the  point  of  interest 
and  Ej^  is  Young’s  Modulus  of  the  model  material 


The  expression  of  strain  in  the  prototype  can  then  be  written  as 


Cp-  (1+y)  C<p  /\Tp=  .  (l-y)CX  2n  F  Dm 

\°P  I  \  Em  A  m 


(6.5) 


where  the  first  parenthesis  on  the  right  side  of  the  equation  contains  field 
measured  quantities  and  the  second  parenthesis  contains  the  model  laboratory 

t  ^ 

measured  quantities.  Note  that  n  and  (^m  are  taken  at  any  convenient  model 
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load,  and  for  accuracy  at  saveral  convenient  loads.  Tne  strain  is  then  the 
strain  produced  by  a  change  in  tenqperaturo  At.  ^p  must  be  measured  over  this 
same  r2uige. 

The  first  model  is  shown  in  Fig.  6.  The  model  was  loaded  with  a  uniform 
pressure  on  the  outer  periphery.  The  material  is  CR-39  and  the  required  properties 
are  F=l80  psi/fringe  and  E=*350jOOO  psi.  The  model  core  diameter  is  U.OU".  If  the 
bottom  of  the  fillet  vdiere  the  strain  is  the  highest  is  chosen  as  the  point  of  analysis, 
then  for  the  load  shown  in  the  figure^  n-6.1  fringes. 

One-ten-thousandth  dial  gaghs  were  used  to  measure  the  displacement  of  the 
cor#  surface.  This  displacement  for  the  IiOO  psi  pressure  waa  0.0105".  Eq.  (6.5) 
then  reduces  to 

6  -  (i+WCxAt  -  2.1ii  -  ii*l/)CX  At)  (6.6) 

p  p  p  / 

The  second  test  set-up  is  shown  in  Fig.  7.  The  model  was  subjected  to 
a  uniform  pressure  on  the  outer  periphery  to  produce  the  pattern  shown  in  Fig.  8. 

Note,  incidentally,  that  this  model  has  an  "optimized"  fill#t  contour  which  means 
that  the  fillets  were  designed  (using  photoelastic  means)  to  have  a  uniform  fringe 
over  a  long  portion  of  the  edge,  and  so  reduce  the  peak  strain.  The  measured  quanti¬ 
ties  are  n*10.0  at  the  fillet, ’  0.0lii5"  (a  clip-type  strain  gage  was  used  here 

m 

to  measure  deflections)  and  Dj^  =  U.UO".  The  model  material  constants  are  the  same  as 
before  and  the  equation  for  the  peak  strain  in  this  design  the  refore  is; 

e  -  At  ■  3.12 

p  P  r  Dp  P  P 

The  loading  of  the  third  model  is  shown  in  Fig.  9.  The  model  was  bonded 

to  an  outer  steel  ring  and  the  assembly  placed  in  a  cold  chamber.  The  temperature 
was  lowered  and  the  fringe  pattern  shown  in  Figure  10  was  obtained.  Note  that  the 
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Fig. 


Fig.  8  ISOCHROMATIC  FRINGt,  PATTER-N  r)F  A.  C;R-39  GRAIN  MODEL  SUBJECTED  TO  520  PSl 
UNIFORM  PRESSURE  ALONG  THE  OUTER  Pf-iRIPllERV . 
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patterns  shown  in  Figures  8  and  10  are  essentially  the  same. 

Here  the  model  analysis  equation  combines  the  model  terms  in  Sqn.  6.2 
with  the  propellant  terms  in  Eqn.  6.3, 


(1*  V  )0(p  At^ 


(1^  V  )(X 

p 


r  -a 

\m  m 


The  fringe  pattern  in  the  model  will  be  proportional  to  the  stress-related 
strain  so  that 


^  1 

6m-^a  ATjjjDjjj/ 


Here  the  model  properties  change  with  temperature  and  it  is  necessary 
to  have  values  of  the  constants  at  the  temperature  at  which  the  analysis  is  con¬ 
ducted.  The  model  material  used  in  this  instance  was  urethane  rubber.  At 
the  measured  values  and  the  material  constants  were: 


F*  l.UO  psi/ fringe 
E=  330  psi_^  Q 
OCm=  lOiixlQ  in/in/  F 
/\Tm=  -  119  F 

As  before  Din=U.U0"  and  the  resulting  expression  is 


fp-  (l^tOOCp  Alp  -  3.36  1^  AtJ  (6.S;) 

The  variation  between  the  expressions  obtained  from  thermal  loading  (6.9) 
and  pressure  loading  (6.7;  can  be  ascribed  primarily  to  experimental  errors  and,  to 
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some  extent,  to  the  variation  in  the  boundary  conditions  used  in  the  two  methods. 

A  further  simplif cation  that  can  be  made  in  this  method  is  to  assume  that  the  cen¬ 
tral  triangular-shaped  sections  contribute  little  to  the  rigidity  of  the  geometry  and  to 
compute  (5^  directly  from  Lame’s  solution  for  a  thick  ring  under  external  pressure. 

It  has  been  pointed  out  that  the  assumption  of  linear  viscoelastic  behavior  of  the 
propellant  does  not  hold  for  some  propellant  materials  at  high  strains  when  the  so-called 
"dewetting"  occurs.  For  this  case  it  is  suggested  that  a  more  elaborated  model  analysis 
be  conducted  with  the  propellant  material  itself  as  the  model  material  and  a  thermal  load¬ 
ing  similar  to  the  one  outlined  above.  The  loading  would  have  to  be  continued  to  failure 
and  the  simple  strain  displacement  relationship  shown  above  wcxild  be  replaced  with  an  ex¬ 
perimentally  obtained  curve  for  any  point  of  interest.  The  curve  will  be  a  strain-dis¬ 
placement  curve  with  the  temperature  as  a  parameter.  The  use  of  the  actual  propellant 
would  require  a  different  experimental  method  for  the  model,  possibly  one  of  the  tech¬ 
niques  discussed  in  Section  VIII.  If  the  experimental  method  used  gave  a  whole-field 
analysis  then  any  point  of  interest  could  be  chosen  to  draw  a  curve,  and  the  complete 
analysis  could  be  a  family  of  curves  for  various  points.  This  analysis  could  then 
be  applied  to  any  size  grain  of  similar  geometry. 

Vn.  REPLICA  TECHNIQUES 

A  recognized  method  of  strain  measurement  wh^oh  has  several  advantages  but  does  not 
present  the  possibility  of  remote  reading  is  the  replica  technique.  Here,  a  plaster, 
plastic,  or  low  fusion  temperature  metal  impression  is  made  of  the  area  to  be  analyzed 
before  and  after  loading,  and  the  two  impressions  compared  under  a  microscope  to  note 
variations  in  length  between  random  marks  (or,  if  necessary,  scratches  made  before  load¬ 
ing).  The  replica  technique  is  essentially  a  laboratory  method,  but  is  mentioned  here 
for  the  sake  of  completeness. 

A  modification  of  this  technique  has  been  suggested.  The  surface  of  the  propellant 
might  be  coated  with  ink  and  an  impression  of  the  surface  be  taken  before  and  after  load¬ 
ing  that  could  be  observed  with  a  measuring  microscope. 

Several  printing  and  viriting  inks  were  tried  in  this  program,  however,  none  gave 
a  consistent,  satisfactory  image.  B-35. 


Another  variation  of  this  method  would  be  for  soft  rubber  lines  to  be 


cemented  to  the  model  and  inked  so  that  an  impression  of  the  lines  could  be 
obtained.  Essentially  the  rubber  lines  would  act  like  an  ordinary  office  rubber 
stamp . 

To  illustrate  the  method  strips  of  a  rubber  stamp  were  cut  up  and  ce¬ 
mented  with  Hysol  1;1;85  Jn  the  horizontal  and  vertical  diameters  of  a  1"  thick 
by  3"  diameter  disk  of  propellant  material.  The  characters  were  inked  with 
stamp  pad  ink  and  an  impression  made  on  paper.  The  disk  was  then  leaded  along 
the  vertical  diameter  producing  compressive  displacement  of  .l^O"  and  another 
impression  of  the  characters  was  made.  The  impressions  with  the  position  of 
the  characters  with  respect  to  the  load  are  shown  in  Fig.  11. 

VIII  SURFACE  COATINGS 

There  are  at  least  three  methods  of  whole-field  strain  determinations 
of  a  surface  that  warrant  consideration.  None  of  them  unfortunately  is  well  suited 
for  determining  strains  in  sharp  fillets.  However ,  the  methods  would  find  appli¬ 
cation  when  the  propellant  has  a  flat  end  of  the  same  geometry  as  the  general  cross- 
section  of  the  grain,  and  is  accessible  to  view.  Here  the  strains  at  the  cross- 
section  of  the  fillet  would  give  a  good  approximation  of  the  strains  in  the  fillets 
in  the  central  portion  of  the  rocket. 

The  Grid  Nethod .  A  sharp  set  of  lines  is  marked  on,  or  cemented  to, 
the  flat  surface  and  photographed  before  and  after  loading.  Measurements  on 
the  photographs,  using  a  comparator,  can  give  the  strain  at  any  desired  point. 

The  Moire  Method.  A  very  dense  grid  of  uniformly-spaced  parallel  lines 
must  be  printed  on  or  bonded  to  the  flat  surface  and  a  master  pattern  of  the 
same  sort  on  glass  or  film  laid  over  it.  Any  displacement  of  one  grid  in  respect 
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Impression  From 
Unloaded  Disk 


Impression  From 
Loaded  Disk 


Fig. 


11  IMPRESSIONS  FROM  RUBBER  STAMP  CHARACTERS  ON  AN  UNLOADED 
AND  LOADED  PROPELLANT  DISK 
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to  th«  other  produces  interference  fringes  that  can  be  interpreted  as  loci  of 
points  with  the  same  displacements  in  the  direction  perpendicular  to  the  gric 
line  direction.  From  the  displacements  the  strains  can  be  obtained  by  differ¬ 
entiation. 

Birefringent  Coatings.  Birefringent  coatings  have  also  been  considered. 

By  cementing  the  coatings  to  the  propellant  surface  and  recording  the  fringe 
pattern  or  color  pattern  photographically  the  shear  strains  can  be  determined. 

More  elaborate  analysis  should  be  used  to  obtain  the  complete  strain  field. 

For  sufficient  sensitivity  the  birefringent  coating  thickness  should  be  of  the 
order  of  0.100''.  Urethane  rubber  rather  than  the  more  common  epoxies  is 
recommended  because  of  its  low  modulus  of  elasticity. 

IX  SUMMARY 

The  objective  of  the  reported  research  program  was  two-fold: 

(1)  To  survey  the  field  of  experimental  stress  analysis  to  evaluate  those 
methods  which  seem  applicable  to  the  determination  of  strains  on  the  inside 
surface  #f  live  propellants  when  the  rocket  is  in  storage;  (2)  To  develop  those 
methods  which  seem  more  promising  to  determine  those  strains.  Several  methods 
have  been  reviewed  but  none  of  them  can  be  considered  completely  satisfactory. 

Most  of  these  methods  may  find  application  to  some  particular  phase  of  the  problem, 
but  likely  none  can  be  considered  as  an  all-purpose  method.  In  the  report 
recommendations  for  further  development  of  sevsrai  of  these  methods  are  inade. 

The  authors  feel  that  viithin  thi  assumptions  and  limitations  explained  in  the 
body  of  the  report,  the  determination  of  strains,  from  measurement  of  diameter 
changes  of  the  core,  deserves  special  further  investigation.  They  also  recommend 
that  the  idea  of  encapsulating  strain  gages  in  the  actual  propellant  be  further 
developed. 
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APPENDIX  C 


PARAMETER  CALCULATIONS  OF  SIMPLE  PROPELLANT  GRAINS 
FOR  TEMPERATURE  CYCLING,  PRESSURIZATION,  AND 

ACCELERATION 


by 

A.  Messner  and  D.  Schliessmann 


Structural  Design  and  Analysis  Departmen 
Aerojet -General  Corporation 


USE  OF  THE  SOLUTIONS 


To  obtain  relative  data  such  as  effect  of  end  bonding  a  motor  or  of 
increasing  segment  length,  etc.,  use  the  data  as  presented.  When  the 
absolute  magnitude  of  the  stresses  and  strains  are  of  interest,  proceed 
as  follows. 

Determine  the  following  dimensions  and  loading  conditions  to  be 
analyzed . 


outer  radius  of  propellant 
inner  radius  of  propellant 
length  of  the  propellant 
pre  s  sure 

cure  temperature -storage  temperature 
acceleration  in  number  of  g's 
modulus  of  propellant 


calculate 


B 

A 


L  P  AT 
B  ’  ^  '  TT 


n 

TU 


B 

A 

L 

P 

AT 

n 

E 


Look  up  the  appropriate  solution  for  the  particular  geometry  (end  bonding, 
B  L 

^  ^  )  interpolate  where  required. 

p 

a)  For  pressurization  m.ultiply  results  by 


b)  For  temperature  multiply  results  by 


AT 


c)  For  acceleration  use  solution  with  appropriate  B  and  multiply 
results  by 


A  list  of  the  solutions  presented  and  the  figure  numbers  is  given 
on  Pages  7  and  8. 
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PROPERTIES  AND  LOADING  CONDITIONS  USED  IN  ANALYSIS 


The  following  noechanical  properties,  constants,  and  loading  conditions 
were  used  throughout  the  analysis; 


Linear  Coefficient  of  Thermal  Expansion 
for  Case 

Linear  Coefficient  of  Thermal  Expansion 
for  Propellant 

Poisson's  Ratio  of  Case 

Poisson's  Ratio  of  Propellant 

Modulus  of  Elasticity  of  Case 

Modulus  of  Elasticity  of  Propellant 

Thickness  of  Case  to  Diameter  Ratio 

Pressure  Loading 

Acceleration  Loading  (axial) 

Temperature  Cycling 


a  -  589  X  10  ^  in.  /in°F 
c 

a  =  630  X  lO""^  in.  /in°F 
P 


Ec  =  30  X  10^  psi 
Ep  =  1 000  psi 
~  =.  00195  in.  /in 
P  =  500  psi 
A  =  10  g 
AT  =  -79°F 


(This  is  equivalent  to  a  cure 
shrinkage  of  .  5%  in  linear 
dimension) 


C-2 


LIST  OF  SOLUTIONS 
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8 
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25 
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1 
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27 
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Interface 
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Temperature 
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Acceleration 
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4 
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1ST  OF  SOLUTIONS  (Continued) 
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LOAD  CONDITION 


Acceleration 

4 


t 

Acceleration 


GEOMETRY  STRESSES  ^  FIGURE 

Jd  a 


Both  ends 

bonded 

2 

Interface 

2,  3 

&  4 

41 

1 
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Fwd  end 

L 

42 

2 
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CONFIGURATIONS  OF 


NO  END  BONDING 


ONE  END  BONDED 


L 


BOTH  ENDS  BONDED 


DIRECTION  OF 


lES  ANALYZED 


Inner  Bore  Hoop  Strain  (%)  Interface  Radial  Stress  (psi)  Interface  Shear  Stress  (psi) 


FIGURE  1 


Distance  Along  Segment  (Inches) 


Inner  Bore  Hoop  Strain  (%)  Interface  Radial  Stress  (psi)  Interface  Shear  Stress  (psi) 


C 


DISTANCE  ALONG  SEGMENT  (INCHES) 


DISTANCE  ALONG  SEGMENT  (INCHES)  FROM  BONDED  END 


RADL 


FIGURE  5 


INTERFACE  AXIAL  STRESS  (psi) 


FIGURE  6 


PARAMETER  STUDY  OF 
ANALYTICAL  SOLUTIONS 
WITH  ONE  END  BONDED 
UNDER  PRESSURE  LOADING 

P  =  500  psi  WHERE  ^  =  4 


to 


DISTANCE  ALONG  SEGMENT  (INCHES)  FROM  BONDED  END 


RADIAL  DISTANCE  (INCHES) 


FIGURE 


PARAMETER  STUDY  OF 
ANALYTICAL  SOLUTIONS  OF 
END  STRESSES  WITH  ONE  END 
BONDED  UNDER  PRESSURE 
LOADING  P  ^  500 
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APPENDIX  D 


STRESS  ANALYSIS  OF  PROPELLANT  GRAINS 
USING  DISPLACEMENT  EQUATIONS 


by 


P..  M.  Toms  and  -J .  E.  Vinson 
Structural  Research  Department 
Aerojet -Genera'  Corporation 


NOMENCLATURE 


'  „  0 


Cylindrical  coordinates. 


j'  0” 2?  ^  z 

“^r'i  ■'’  '^r0 


'J, 


-  NcrTnal  stress. 

-  Shear  stress. 

-  Radial  uisplacement. 

-  Axial  d isola cement « 

-  Inner  radius  of  cylinder. 

Outer  radius  of  cylinder. 

..  Half  length  of  cylinder. 

-  Thickness  of  casing  enclosing  cylinder. 

-  Lame  constants. 

-  Poisson's  ratio. 

~  Elastic  modulus. 


Note  Symbols  subscripted  by  c  refer  to  the  casing. 


D-n 


Th3  daterrd-r.j't.ion  of  ijti-es?  strain  fialcis  in  solid  rcckat  motors 
studied  in  cf  displacar-ints,  soiuiicns  v/ers  e:<arj.nad.  The 

■''rs':-  .-r^  n  for  n.:  onreases  and  disj  lacerreiits  ejqrrassed 

Ls  a:. ns  ol  ;  i-oducis  o/  the  functions  of  r  and  the  functions 

of  z. 

The  S  i-^ond  r:othod  v/as  a  f J.nita-dirfer:-ince  approach  to  the  solution  of 
the  dir ;'a_a nh  ;  tiers.  Talcuiationj  u  r'-^  rer-foni.ad  or.  sovaral  stress 
I  n' .'1 '.-ris  i  res:;U''-j  '/as  a'pclied  to  the  inner  here  and  ends  of  the  graino 

in;  ]T  lUant  nrain  ’.■.V;S  a'cumed  to  he  bonded  to  a  ttdn,  elastic  shell  on  all 
or  p'ut  of  ins  rut.er  Efface  and  its  ends.  The  peorr.etr^.-  of  the  grain  is 
sfio'.,Ti  in  .-Upure  1.  live  nui/ierical  ■.■.cr]'  v;as  carried  out  on  an  IBM  7090 
cor.rnit'.u'. 


i.  X  •  .  V  ,  i  -  -  • 

T.  '  eiasi.ical  str  jcc-dioriacer-ei.t  re'iat.ior.s  for  the  a;cir77nr,e  trie  loading 
coiidi  ti  o!  rer.si':' ration  /ere  river:  b"  :  (  a  rare  3»)'" 


Trf.  ~  *0 


z.  ^  ^  2.  ij] 


a  r- 
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f'dW 

l(?  a- 


ud-^ 


\-Lw ; 
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^  Sw 


2)u\ 


Uir 


ore/cl  5 


ers  on  '  a  -e  D-ii. 
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The  displacement  equations  of  equilibriim  of  the  grain  in  cylindrical 
coordinates  arer  (Reference  is  Page  U«) 


.  y..ird^U 

^  LPJA  ^  u  ■ 
rdr  T^. 

(2a) 

t  ^  (r-  d:tA 

d  f.du\ 

—  A 

(2b) 

r  dr  i'  drJ 

^  dr  V  dz) 

—  O 

These  elliptic  partial  differential  equations  can  be  solved  simultaneously 
or  combined  into  the  single  fourth-order  equation, 


i.  ^ 

Idr  rdr 


r 


(3) 


where  the  terms  in  the  parentheses  represent  an  operator  operating  on  the  dis¬ 
placement  U  . 

The  complete  set  of  boundary  conditions  iss 
Inner  radius  (r  ■  a) 

01  (a ,  z)  =  f ,  (z) 

,  Outer  radius  (r  ■  b) 

u(b,z)  =  Uc(z]  (Jrfb,^)  =  Crrcfz) 
w(b,2)  r.  vvc(z)  (b,2)  =  Trzjz) 
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bended 


w(r,j:i)  Wc(r) 

u(r,±i,)  Uc(r) 


Ok(r,±i)  =  (Jzc'r) 


(Jz(r,  rl)^  fa  (r) 


Trz(r,  i  —  f^.  ( r ) 


where  j  ^2  ^  prescribed  functions.  The  subscript  c  refers 

to  quantities  associated  vjith  the  case. 

Under  the  assumption  that  the  axial  force  in  the  case  and  the  shear  load 
on  the  case  are  negligible^  the  governing  differential  equation  for  the  radial 
displacement  U(-  is;  (Reference  3.  Page  33*) 


with 


VTf 


and  D  - 


Ec 


The  axial  dj.splacement  of  the  case  is  given  by;  (Reference  3,  Page  38.) 


t-  f  Uc  =  0 


Generally,  the  end  plates  offer  an  elastic  support  to  the  case;  however, 
for  simplicity,  two  limiting  conditions  are  considered; 
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Simple  supports 


-0 


(7a) 


^  d^Ur.(±J.) 
d 


Fixed  supports  n^[±Z) 


6uc(±X)  _ 
d  2  ~ 


(7b) 


The  solution  of  the  thermal  problem  can  also  be  obtained  from  the  above 
equations.  Equations  (la)^  (le)^  (2a),  (2b)  end  (})»  are  unchanged,  but  the 
quantity  (3X  +  2^)QiT  ,  must  be  subtracted  from  the  right-hand  side  of 
Equations  (lb),  (Ic)  and  (id).  The  quantity  T  is  the  temperature  measured  from 
an  arbitrary  reference  value  and  0<L  is  the  coefficient  of  thermal  expansion. 

Since  the  problem  is  linear,  the  displacements  can  be  decomposed  into  two 
parts,  (l)  the  displacem.ents  denoted  by  the  subscripts  1,  which  are  due  to 
stresses  and  (2)  the  thermal  displacements.  Therefore,  for  the  grain, 


U 


^  I 


(8a) 


W 


(8b) 


and  for  the  case, 


.r 

Uc  =  Uc.  oCcTcdr 

I 

Y^c  -  vV'c,  t  J  oC(-T(-dz. 


(9a) 

(9b) 


where  u,  ,  w-,  ,  u  and  w  are  determined  by  substituting 

i  X  C  Cj 

Uj,  and  ,  respectively,  in  Equations  (2a),  (2b),  (3),  (5a) 


them  for 
and  ( 6 ) , 


u 


w 
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III.  THE  ANALYTIC  SOLUTION 


A.  DERIVATION 


Discussion  of  the  analj’tic  solution  will  be  restricted  to  the 
uniform  internal  pressurization  of  a  thick-walled  cylinder  with  unbonded  ends 
and  longitudinal  symmetry.  The  boundary  conditions  becomes 


cr^  (r,±i) 
rrz(a,  z) 

op  (a  ^  z) 
a  (b,z) 


="  Uc(2) 


w  (b^z)  :::  lA'c  (z) 


Unbonded  ends 


Inner  bore 


Outer  boundary 


(10a) 


(10b) 


(10c) 


where  P  is  the  r.agnitude  of  the  applied  pressure,  and  u  (z)  and  w'  (z)  are 

c  c 

as  defined  by  (5a)  and  (6). 

A  solution  of  the  governing  differential  equation  which  is  suffi¬ 
ciently  general  to  satisfy  these  boundary  conditions  is 

u(r,z>  =  CU  -drkgr  ^  d  r  +  ^ 


2.  {C,  ‘  L  ‘u7  7^  hT  ^  '-3  hTJd^  K)  ^ 


nf)  1.  '  I,(itrib)  '  K,(cCnb)  3  blo(cCnb)  ^  ^(d, 


+  y  fr^m  cosh 

'  cosh((J^i 


where  the  I's,  J's  and  K's  are  Bessel  functions.  The  o(j^  and  are 

eigenvalues  of  the  problem  which  are  generated  by 


5in  (o7n^)  -  0  and  J,  (a^b)  =0 
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The 


are  constants  to  be  determined  by  the 
are  used  as  superscripts  to  distinguish 


oin  .'Sm 

and  c 

X  1 

boundary  conditions  (O  ^  and  _i  ^ 
the  three  sets  of  constants). 

The  axial  displacements  w  are  obtained  in  terms  of  the  c*s  by 
substituting  the  expressions  for  u  and  its  partial  derivatives  into  Equations 
(2a)  and  (2b).  Similarly,  the  stresses  are  obtained  in  terms  of  the  c's  from 
Equations  (lb),  (ic);  (id)  and  (le). 

The  resulting  expressions  for  the  displacements  and  stresses  are 
substituted  into  the  boundar:’’  conditions,  yxeiding  six  equations^  each  involving 
only  one  of  th®  tuo  variables,  r  and  z  .  All  functions  of  z  are  expanded 
in  Fourier  series  over  the  interval  (o  ,  ^  )  while  the  functions  of  r  are 
expanded  in  Fcurier-Bessel  series  over  the  interval  (o  ,  b).  Each  of  the  six 
equations  can  then  be  vnritten  in  one  of  the  forms, 


<X)  p  _ 

Ac  ^  LAnC02(cin4  ^  Bn  s'in(c(n  z:)]  -0 

Do  +  1  Dm  Ji  (.^rn  r)  =  0 

m=  I 


(13) 

(lA) 


The  "'s_,  ;  's  and  D's  arc  exnressions  which  are  free  of  variables j 

■)  n  m 

however,  tl  '-o  involve  Tvc  constants  c'.  ,  c,  and  c  .  Thus  system 

11  1 

(15)  constitutes  an  infinite  system  of  linear  equations  in  the  infinite  set  of 
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r  /^iD 

unknc-.v,  :  o-stripts ,,  i.'  j,  c.  and  whichj,  in  theory^  uniquely  determines 

these  constants  and  thus  completes  the  solution  of  the  boundary  value  problem. 

In  practice,  however,,  this  infinite  oystem  cannot  be  solved^  hence,  it  is  necessary 
to  approximate  the  exact  solution  by  the  solution  of  the  system, 


Aq—  O')  A|q-0)  Bn~0  n  =  l,2., 

Do  ~  0  ^  -D^  —  0  m  =  1 )  2., 


•  * ,  N 

•  M 


(16) 


In  general,  the  anoroximation  improves  with  increasing  N  and  M  • 
However,  the  sizes  of  N  and  M  are  restricted  by  the  storage  space  of  the 
computer.  A  m.easure  of  the  accuracy  of  the  approximate  solution  can  be  obtained 
by  solving  the  system  (16)  for  several  sets  of  values  of  N  and  M  . 

^ .  DISCUSSION 

The  most  difficult  aspect  of  this  problem  thus  far  has  been  that  of 
obtaining  the  coefficients  in  the  Tourier-Bessel  expansions  of  functions. 

For  the  Fourier-Bessel  expansion  of  f  (r)  , 


oo 

^(r)  =  21  dm  J,((^rr)0  (17) 

m=i 

the  coefficients  are  given  by 

_  2  . 

^  (18) 

These  coefficients  have  been  evaluated  by  numerical  integration, 
•which  has  involved  two  difficulties?  (1)  computer  time  ’required  -  the  number 
of  integrals  to  be  evaluated  and  the  large  number  of  points  at  which  it  is 
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necessary  to  coirpute  each  integrand  in  order  to  achieve  reasonable  accuracy  in 
the  integration  has  nade  it  necessary  to  expend  considerable  effort  in  optimizing 
the  program  to  make  it  feasible  as  far  as  computer  running  time  is  concemedj 
(2)  computation  c"  function  values  -  subroutines  vrere  not  available  for  computing 
values  of  ](,>  and  K,  „  the  modified  Bessel  functions  of  the  second  kind  of 

j.  *' 

orders  zero  and  one,  and  the  power  series  for  these  functions  converge  too 
slowly  to  be  of  use.  Polynomial  expressions  (Reference  1)  analogous  to  those 
used  in  existing  subroutines  for  computing  other  Bessel  functions  proved  very 
satisfactoryj  both  in  accuracy  and  in  computer  time  required. 

"  sufficient  n’omber  of  the  Fourier-Bessex  coefficients  have  been 
evaluated  to  provide  incut  data  for  the  solution  of  the  system  (l6)  for 
N  i  10  and  if  ^  15  •  The  system  (16)  ’.m-i11  be  solved  for  two  or  three  sets 
of  values  of  i'  and  M  meetinc  these  restrictions.  If  the  approximate 
solutions  obtained  are  not  sufficiently  accurate,  it  will  be  necessary  to 
calculate  more  fourier-Bessel  coefficients. 

IV.  THR  -T’l'T^B-DIPFPRBIfCE  SOI'TIOi: 

A.  "r:iTB-Di'mBRB’'nB  Rc.'r-'^icirs 

■■cr  a  finite-difference  solution  it  is  convenient  to  work  with  the 
nsir  o.'^  displacement  equations  of  equilibrium  (2a)  and  (2b)  rather  than  the 
single  fourth-erder  equation  (3)» 

The  longitudinal  cross -section  of  "^^e  mo'^or  is  first  divided  into 
rectanrular  re^’ions  by  means  of  a  recxanrular  "ridvrork.  A  constant  spacing 
is  used  but  the  spacm-  in  ti:e  radial  directions  may  be  different  from  the 
spacing  in  the  axial  direction.  By  saacmetry  only  one-half  of  the  longitudinal 
cross-Gccticn  need  be  considered.  A  typical  rridwork  is  shoim  in  Fir,  2. 

.'t  each  mesh  point,  or  node,  the  governing  equations  and  boundary 
conditions  are  >jritten  in  finite-difference  form,  A  typical  second-order. 
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^i<jore.  2 
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fini^e=■dlffer  ence  lorra  for  a  iirsr  derivative  at  the  point  r  =  i,zsj  , 


o_u_! 
a  r  i':? 


U  i-t  1 1  j  ~  ^i-u  j 
ZK 


where  k  is  the  grid  spacing  in  the  radian  direction. 

The  symbol  0  (k^)  means  that  the  error  inherent  in  the  approximations 
decreases  with  the  square  of  k  .  Equation  (19)  is  called  a  "central  difference 
formula"  since  it  is  s^mr.etrically  centered  about  the  point  (i  j  j).  Such  a 
fcrnula  is  impractical  at  a  nodal  ncint  which  lies  on  the  boundaryj  therefore^ 
the  so-called  "forv.'ard"  and  "back'.iard"  difference  formulas  are  used. 

Forward  difference  formula 


-  ~5aij 

Z  K 


+  O(K^) 


Backvrard  difference  formula 


m  5u; 
2K 


oCK^; 


Similar  finite-difference  equations  can  be  vnritten  for  derivatives 
in  the  z  direction,  higher  derivatives  and  nixed  derivatives.  Further  dis¬ 
cussion  of  finite-difference  formulas  is  given  by  Hildebrand  (Reference  2)  or 
Salvador!  and  ?aron  (Reference  li). 

At  a  node  which  is  not  on  the  boundaryj  the  governing  Equations  (2a) 
and  (2b)  are  written  m  finite ■ difference  form.  This  leads  to  two  linear 
equations  at  each  internal  node.  At  a  boundary  node  the  appropriate  boundary 
conditions  are  mitten  in  finite  difference  form  making  use  of  forward  and 
backward  difference  formulas.  Since  there  are  two  boundary  conditions  at  each 
node,  this  also  leads  to  two  linear  equations.  If  there  are  m 
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hor'i;o;‘  ’  .'.ina-;  rc'...!  n  vertioa^  la-'sh  lines  the  above  orocedur'e  results 

in  a  s;.'.ste.i'  ox  linear  al'',ebiar:  equaticns  .in  ^mn  unknowns.  The 

sirr’r.tnneous  solution  t,:  this  linear  system  yields  the  values  of  the  displace- 
'".onts  u.  and  xr  at  each  node.  At  the  number  cf  nodes  increases,  the 
accuracv  of  the  frnite-dif ference  anproximations  incir-eases.  However,  present 
ccrii.ruter  f acidities  limit  rlxe  minoer  '■o  -os  that,  can  be  introduced. 

T'v  nOHP’Tnl  PIOIR.'.:-; 

The  comnuter  prorram  unith  has  been  developed  to  handle  this 
aporcach*  permits  the  determination  cf  the  necessary  finite-difference  forms 
and  it  solves  the  resulting  set  of  equati.^ns.  At  each  node  the  values  of  the 
displacenents  o  stresses  ,,  strajm,  prune  .pal  stresses^  direction  of  principal 
stress  and  maximum  shear  .stress  are  caicnl.ated  and  ncinted  out. 


*  Ths  oonpu^tr  progrui  is  also  dlaousaad  ondar  Program  DIFUV  in  ifpandlz  S 
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C.  J,IIIGAL  RESULTS  '.IID  ’.IISCUSSIOE 

To  check  out  the  computer  pro^ranij  a  series  of  test  cases  were 
investigated.  The  followinET  parameters  were  common  to  all  cases. 

ZJi  =  143  in.  Ec  =  30  lO^psi 

3.  ^  31  ia.  =  Q'3 

b  =  70  in.  h  0.5  m, 

E  =  1500  ps*.  P  =  530  psi 

13  longitudinal  grid  lines  10  radial  grid  lines 

Case  1 

The  grain  was  subjected  to  a  uniform  pressure  on  its  ends,  inner  bore 
and  outer  bore.  A  Poisson's  ratio  of  -  O.h'?  v;as  used.  The  boundary  condi¬ 
tions  for  this  case  ares 


Cj  (r,  iz)  -  -P 

-r  t  ^ )  =  0 

•  rz  •} 


Or{\A,z)  =  Ori'O.z)  =-P 

'Vr^iu.Z)  =  Tp2(b,2)=  0^ 


The  analivtic  solution  to  this  oroblem  ist 


The  results  of  the  anal'/tic  solution  and  the  finite-difference  solution 
arree  at  all  nodal  noints  to  five  significant,  digits. 

Case  2 

In  this  case  th'’  mrain  was  subjected  to  u.niforn  pressure  on  its  ends  and 
inner  bore,  ■?:oundar7  conditions  etermi^ied  by  the  case  disnlacements  were  used. 
The  ends  of  the  case  were  ccnsidered  to  be  ^ixed.  Some  of  the  results  for  a 
Poisson's  ratio  of  0.3  are  plctLed  in  Figs,  3  and  Ii.  Since  there  is  an  analytic 
singularity  in  the  stresses  at  the  corner,  the  curves  were  not  extended  into 
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this  r  ov.  It  co''.jr>clured  that  ths  cornor-  boundary  condition  and  the 
value  o  '"  '.'oiild  havo  consitlerable  effect  on  the  interface  shear  stress 
Datto'-'r. 


In  this  case  a  higher  Poisson's  ratxo  of  0.U5  vras  used.  It  should  be 
noted  hh.at  at  the  outside  corners  are  several  possible  boundary  conditions 
•fr.ich  could  i's  aonlied  to  the  node.  It  vras  decided  to  try  the  followinj^ 
corner  conditions 


-  0 


(21;) 


IhesG  chan~es  had  a  r.srhed  effect  on  the  shear  stress 
It  should  be  ncued  f-'at  the  naxinun  shear  rr.ay  be  ■  i^her  i;hen 
u::ed  in  the  corner. 


pattern  (Fig.  5). 
a  finer  nesh  is 


Case  h 

The  conditzons  f'r  this  case  are  the  sane  as  those  in  Case  3»  Kovrever, 
c  lightly  different  cpcroach  or  its  solution  was  utilized.  It  was  noted 
f'  'I  'i't?  to  ih.e  sy.fe'r"  of  only  t’-’e  unoer  half  of  the  cross- 

30' lion  o;  di^.  2  n^ea  he  cons j, 'ered .  lyvjnetry  considerations  lead  to  the 
borndar:'  ""nditi'ro 


w/  (  r  j  O)  0  ') 
T  O)  =  0  ] 


(25) 


along  the  -d.';e  z  ^  0  .  Th£. 
axial  nssh  size  by  cne-hai". 
hv*  it  '-^s  noted  that  ell  sxr 


interred,  lo 


fleet  of  this  rroiedure  was  to  reduce  the 
ihange  ^r;  stress  values  vras  insigni,fieant}, 
were  r^-duceJ  in  the  third  digit.  It  could 
'  It-  .v.-hec  e  e  unicorn  pressure  problem j, 
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Grain  Dfsplacemeni"  Due  To  A  Uniform 

Pressure  Of  530  PS  I 
iu=  .3 
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soo 


■Pi^ure  4- 

I 


1 


6 


/NTERFACe  STRESSES 

CASE  S 


^'\<^vrQ  5 

D-17 


ars  uo]:'-'  bounds  of  the  stresses  which  satisfy  the  equilibria  conditions. 

The  above  test  cases  indicate  that  significant  results  can  be 
obtained  with  present  conputer  capabilities.  However,  before  any  generaliza¬ 
tions  can  be  made,  certain  studies  should  be  initiated.  Namely,  the  subroutines 
used  to  generate  finite-difference  formulas  should  be  altered  to  handle  (l) 
higher  derivatives;  (2)  finite-difference  equations  of  higher-order  accuracy 
and  (3)  variable  grid  spacing.  The  effect  of  the  suggested  changes  on  the  inherent 
error  in  finite-difference  approximations  should  be  studied  most  carefully.  As 
noted  above,  the  appropriate  formulation  of  the  boundary  condition  at  the  inter¬ 
face  corner  should  be  investigated  thoroughly. 

i'ith  a  solution  improved  by  the  above  changes,  parameter  studies 
can  be  initiated  to  ascertain  the  effect  of  mechanical  properties,  vreb  thickness, 
length,  and  various  bonding  conditions  on  stress  pattern  in  propellant  grains. 
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INTRODUCTION 

The  numerical  solution  of  ordinary  and  partial  differential  equations  is 
studied  here  from  the  standpoint  of  the  use  of  finite-difference  methodso  These 
methods  are  applicable  to  ordinary  differential  equations  which  have  boundary 
conditions  specified  at  more  than  one  point,  the  so-called  two-point  or  jury 
type  boundary  conditions.  For  partial  differential  equations  the  finite  differ¬ 
ence  approach  is  primarily  used  for  equations  of  elliptic  type.  As  the  methods 
for  partial  differential  eouations  are  a  simple  generalization  of  those  used 
for  the  ordinary  differential  equation  a  more  or  less  unifed  treatment  is  possible. 
The  basic  concepts  are  developed  for  the  ordinary  differential  equation  and  then 
those  modifications  necessary  for  the  extension  to  more  dimensions  indicated. 

The  development  of  the  tools  necessary  for  solvinq  this  type  of  problem 
numerically  could  proceed  in  the  following  sequence: 

(a)  description  of  the  finite  difference  method 

(b)  abstract  generalization  and  unification  using  matrix  methods 

(c)  construction  of  computer  prorrams  utilizing  these  concepts 

(d)  application  of  these  programs  to  engineering  problems. 

As  this  sequence  is  valuable  from  both  a  reference  and  development  or  understanding 
of  the  material  it  is  followed  in  this  report# 
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I.  Finite  Pi fference  Method 


The  solution  of  two-point  boundary  problems  is  quite  different  from  that 
for  one-point  boundary  problems.  In  the  one-point  boundary  problem  one  starts 
at  a  specified  point  where  sufficient  information  is  available  to  enable  the 
construction  of  the  solution  outward  from  that  point.  However,  in  the  two-point 
boundary  problem  insufficient  information  is  available  at  any  one  point  to  permit 
the  construction  of  the  solution.  Thus,  rather  than  building  the  solution  out 
from  one  point,  tne  solution  over  the  entire  interval  must  be  found  simultaneously. 

The  methods  developed  for  "marching”  problems  were  applicable  to  both  linear 
and  non=Hnear  differential  equations.  In  contrast,  the  two-point  boundary  problem 
is  readily  solved  only  for  1  inear  differential  equations.  Iterative  methods  have 
been  developed  for  the  non-linear  case,  however,  there  is  no  guarantee  that  they 
will  work  in  every  case.  The  general  1 i near  differential  equation  of  second  order 
can  be  written 

dx^ 

with  bounda*/  conditions  of  the  form 

a  +  by  =  c  (2) 

The  method  of  attack  is  to  replace  the  differential  eouation  by  a  finite 
difference  equation  at  the  interior  points  of  the  region.  The  boundary  conditions 
are  also  replaced  by  their  finite  difference  equivalent.  Thus  a  large  set  of 
simultaneous  equ=itions  in  the  unknown  function  values  y.  are  obtained.  These 
equations  are  solved  for  the  set  of  y^.  The  method  for  solving  simultaneous 
equations  applicable  to  a  sparse  set  of  equations  is  very  good  here  as  each  equation 
contains  just  a  few  unknowns.  Sets  of  eouations  exceeding  500  arising  from  this 
type  of  problem  have  been  solved  exactly  in  minutes  on  a  modern  high  speed  computer. 
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The  method  of  solution  is  illustrated  first  for  the  case  of  a  single 
second  order  differential  equation.  Let  us  consider,  for  example,  the  problem 


^  ^  -  2v  =  X 

.  2  "  dx 
dx 


y(0)  «  2,  yd)  =  1 


y 


In  the  interval  0  ^  ^  1  we  are  looking  for  a  function  y(x)  which  takes  on  the 

values  2,  1  at  the  end-points  and  satisfies  the  differential  equation  everywhere 
in  the  interval.  In  finding  a  numerical  solution  first  subdivide  the  interval  by 
a  set  of  points  x^,  x^s  x^, 

.  .2  rk  Ji  \ 

£J _ j _ I _ I  *  1 _ 

*o  ’'l  *2  ’'3  '‘5 

FIGURE  2 

At  each  point  we  shall  find  the  value  y.  At  each  of  the  interior  points  x^ 
x^i  x,^  we  need  a  representation  for  the  differential  equation.  The  function  y 
will  take  the  values  y^  ,  y^t  y^j  at  these  points.  However,  we  further  need 

^  in  terms  of  y^,  ,  y^,  ...  at  each  point.  These  relations  can  be  found 

dx'^ 

using  Taylor's  series. 
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The  function  y  can  be  expanded  in  a  Taylor's  series  about  the  point  x 


y(x)  =  y(xj  .  (x.,„)  .  (4)„^ 


2'n  2* 


(x.x  (x.x_)5 


y  =  y  +  y»  (x-X  )  +  y"  - ;rr* -  S 

'  '  n  ^ n  n  ^n  ' 


n  3 


X  Y  T.,  (  X-X 

n _  .  IV  n  ^ 

I  m  +  o=.  (3) 


In  particular, at  letting  x^^^-x^  =  h  we  have 


h^  ,  IV  h^ 


^n  ^n  ^n  2  ^n  ^ 


Similarly  at  x  ,  we  have  x  ,  =x  =  -h  and 
^  n-1  n-1  n 


3  4 

h^  ^  IV  h^ 


—  I  •  .  fl  3  u  Itl  ■■  .  1  w  M 

^n-l  -  ^n  “  ^n^  *  >'n  T"  “  ^  ^  ^n  ^ 


Adding  equations  (4),  (5)  we  have 


Vi  ^  ^n.l  =  2y,  -  y;,'h2  +  + 


Solving  for  y' 


iiu2  -  o  *  IV  h^  ^ 

>'n*’  -  >'n+l  -  *  >'„.l  -  >'n  T2  * 


'^>n  = 
dx 


.  ^ntl  -  *  ^n-l 

.  2 


IV  ^2 

y  ” 

-n-_  + 
12 


Similarly  by  substracting  equations  (4)  and  (5) 

u3 

Vl  ■  *  y'n  T 
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and  solving  for 


yn+rVi 


We  thus  have  approximately 


(^) 


yn^r^yn%.l 

,2 


^dx^n 


^  ynH-Vn-l 
2h 


At  each  point  in  the  interval  the  differential  eouation  can  be  written 


(^4)  „  (^)  .  2y  =  . 

'  dx  n  ^n  n 


and  using  the  finite  difference  expressions  (10),  (11)  for  the  derivatives 


ynH-^yyn.l  >n*|-yn.l 

Jl  "  2h 


2y  =  X 
'n  n 


or  mul tiply ing  by  h 

(l-t)  .  (2  *  2h2)y„  *  (1*  y„., 

The  equation  (14)  must  be  satisfied  at  each  interior  point  in  the  intervals 

Xj,  Xy  Xj^, 


With  h  =  .2  equation  (14)  becomes 


•9  Yn+i-  2.08  y„  *  1.1  y„.i  = 


=  .04  X 
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At  each  interior  point  of  the  interval  therefore 


n  =  1 ,  X 
n  =  2,  X 
n  =  3»  X 

n  =  4,  X 


=  .2 

.9y2  -  2.08 

yi " 

l.ly  =  ,008 

(16) 

=  ,4 

.9y3  -  2.08 

l.ly,  =  .016 

(17) 

=  .6 

.9y4  -  2.08 

^3^ 

1.1 y2  =  o024 

(18) 

=  .8 

.9/5  -  2.08 

l.ly^  =  .032 

(19) 

In  addition  we  have  the  two  boundary  conditions 


Thus  we  have  a  set  of  six  simultaneous  equations  in  the  six  unknowns 
^o'  ^1’  ^2’  ^3*  ^4®  ^5°  These  simultaneous  equations  are  easily  solved 
by  elimination  of  variables  yielding 


X 

Finite  Difference 

Exact  Solution 

Error 

0 

y  =  2.0 
■'o 

2.0 

.0 

.2 

y,  =  1.6415  9912 

1 ,6408  9399 

.0007  0513 

,4 

yj  =  1.3583  6241 

1.3573  3843 

.0010  2398 

.6 

y^  =  1.1507  0531 

1.1496  9588 

.0010  0943 

,8 

y^  =  1.0258  5377 

I0O25I  7709 

.0006  7668 

1 .0 

0 

II 

1 ,0 

.0 

(20) 


TABLE  1 


The  accuracy  is  quire  good  even  with  coarse  spacing  (h  =  .2) 

The  error  can  be  reduced  by  using  a  smaller  spacing  ho  This  reduces  the  error  in 
replacing  the  exact  derivative  by  its  finite  differences  approximation,  i.Co, 
reducing  the  truncation  error.  Setting  h  =  .1  in  equation  (14)  yields  the  finite 
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difference  approximation  applicable  in  the  interior  of  the  region: 


Putting  n  equal  to  yields  the  nine  interior  equations  and  with  the 

two  boundary  equations 

''o  '  2  >'10  =  ' 


forms  a  set  of  eleven  equations  to  be  solved  for  the  eleven  unknowns  y^,  y^,...,y^Q. 
The  values  of  y  obtained  at  the  even  adscissas  are  tabulated  in  table  2  with  the 
corresponding  error. 


X 

Finite  Differences 

Exact  Solution 

Error 

0 

>0  = 

2.0 

2.0 

.0 

,2 

II 

CM 

1.6410  7165 

1 .6408  9399 

c 

0 

0 

0 

7766 

.4 

yi*  = 

1.3575  9649 

1.3573  3843 

.0002 

5806 

.6 

ye  = 

1.1499  5037 

1.1496  9588 

.0002 

5449 

.8 

ys  = 

1.0253  4779 

1.0251  7709 

.0001 

0 

0 

1.0 

^10  ' 

=  1.0 

1 .0 

.0 

TABLE  2 
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Note  the  reduction  of  error  of  the  h  =  .1  spicing  compared  to  the  h  -  „2  case. 

The  error  has  been  reduced  by  approximately  the  factor  four.  This  is  to  be 

expected  from  an  inspection  of  the  error  term  of  the  finite  difference  approximation 

2 

used.  The  error  term  was  of  order  h  ,  thus  reducing  the  spacing  h  by  a  factor  two 
reduced  the  error  by  a  factor  four.  The  error  could  be  made  as  small  as  desired 
by  reducing  the  spacing  h.  The  practical  limitation  of  this  procedure  is  in  the 
solution  of  the  large  number  of  simultaneous  eouations  arising  from  a  very  small 
h.  In  practice  one  desires  the  most  accurate  answer  for  a  fixed  amount  of  labor. 
Other  methods  which  will  yeild  a  more  accurate  answer  with  less  labor  are  the  error, 
corrections  methods  and  the  use  of  a  more  accurate  finite  difference  approximation 
in  the  differential  eouation.  These  two  methods  are  closely  connected  and  yield 
similar  results. 


Difference  Correction 

In  the  numerical  solution  of  differential  equations  we  have  introduced 
error  by  approximately  writinq  derivatives  using  finite  difference  expressions. 
Difference  correction  is  a  method  for  reducing  the  error  introduced  by  using 
finite  difference  approximation.  The  exact  central  difference  representation 
for  the  first  and  second  derivatives  is  given  by  the  equations: 


y  = 


h 


\  ^'■6^  *  Jo 


’  r7  ^  1  r9  n 


_  1  ,.2  1  ,  1  c6  1  .8  ^  1 _  .10  V 

^n  “  .2  ■  12  ^  90  ®  ^  ®  3150  ®  ”  '“)yr 


(22) 

(23) 


In  using  these  central  difference  equation  we  do  not  make  any  approximation 
if  an  infinite  number  of  terms  are  retained  It  is  in  the  truncating  of  the 
series  that  errors  are  introduced.  Thus  if  we  retain  as  many  terms  as  possible 
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good  accuracy  Is  attainable.  Let  u$  replace  the  first  difference  Inside  the 
parenthesis  by  Its  Lagranglan  representation  in  terms  of  functional  values  of 

I . 

y,.  Equations  (22),  (23)  then  become* 

.  _  ■^n^l’^^n+l  .  1  /  1  .3  .  1  .5  1  .7,1  .9  ^ 

yn  =  - 2h -  h  ^  30  T^O  ^  S30  --“^yn 

,  _  ~yn-l'*'yn-*-1  +  i  c  y 

2h  h  1^0 

‘  ^  5^  i-n  -  Its  y„  *  535  ■  ••• 


(21.) 


(25) 


•^yn%>1  ^  1 


t2  ^  ^ 


1  .8  ^  J _  JO  , 

sSo  ^  *  3T50  ^ 


y" 


^  Tn-r^VToH  ^  l_ 


«:2T„> 


>  _  I  .*+  ^  '  K®  I  a  1 

'2yn  ”  “  nr  ®  y^  90  ®  yn  -  6®  y  +  ’ 


n  3T50  6'*'  y^  -  .. 


(26) 


(27) 


C,y  C.y 

The  terms  - ,  — s—  are  the  error  or  correction  terms  which  must  be  Included  to 

h  h 

have  an  exact  representation  of  the  derivatives.  This  correction  term  is  included 
in  the  equations  using  an  iteration  technique.  We  solve  the  system  as  previously 
by  neglecting  the  correction  term.  Using  this  solution,  a  difference  table  is 
constructed  and  the  correction  term  evaluated  based  on  the  initial  y..  The  system 
is  again  solved  including  the  correction  term,  thus  yielding  corrected  y^. 

Successive  application  of  this  procedure  converges  to  a  more  accurate  solution 
to  the  original  problem.  The  natural  restriction  on  this  procedure  is  in  the 
requirement  that  the  difference  table  converge,  that  is,  higher  differences  decrease 
in  value  so  that  higher  differences  can  be  neglected.  It  Is  usual  practice  when 
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working  with  eight  significant  figures  to  retain  up  to  the  sixth  or  eighth 
difference  and  neglect  higher  differences.  If  the  difference  table  does  not 
converge  it  is  necessary  to  reduce  the  spacing  ho 

In  constructing  the  difference  table  it  is  necessary  to  have  values  of 
y.  outside  the  original  range  of  values  found.  These  additional  values  at 
both  ends  of  the  interval  are  found  by  successive  application  of  the  finite 
difference  equation.  Thus  applying  the  finite  difference  equation  for  n  =  0 
will  yield  an  equation  in  which  y  ^  is  the  only  unknown  quantity.  For  n  =  cl 
we  have  an  equation  which  is  used  to  compute  y  etc. 

As  an  example  illustrating  the  difference  correction  method  let  us  consider 
the  first  problem  solved  in  this  chapter.  Additional  values  of  y  at  the  end¬ 
points  of  the  interval  and  beyond  are  readily  com.puted,  for  use  in  constructing 
the  difference  table. 

Exampl es  Apply  difference  correction  to  y‘-y®=2y  =  x,  y(C)  =  y( 1 )  = 
h  =  ,2. 


Sol ut iont  We  have  the  solution  for  the  y.  as  y^  =  2.0^  y,  =  1.6415  991 2^ 
y2  =  ''3583  624:,  =  1,1507  053-.  y4  =  KO258  5377,  y^  =  KO. 


For  additional  points  at  the  ends  of  the  interval  we  have 


n  =  0: 

‘9y,  - 

2 

2.08y^ 

n  =  -1  s 

.9y^  - 

2.08y 

n  =  5° 

•9^6“ 

2.08yj 

n  =  6*. 

»9y^  - 

2,08y^ 

+  l.ly_,  =  0 

+  1  .ly  2  =  »008 
+  1 , 1 =  . 04C 
+  l.ly^  =  .048 


yields  y  ^  =  2.4386  91 63 
yields  y  2  =  2.9677  O78I 
yiel ds  y^  =  1 .1017  3428 
yields  y^  =  io3773  4|45 
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The  differential  equation  in  finite  difference  form  including  correction 
terms  is 


- ja -  *  -;;r  ■  1  — 2h —  *  — ^  \ 

"  *  (I  -  =  .  C^y^^hCjy^th^x^ 

with  h  =  .2 

Vl  -  2«08y„  *  =  -  S^n  ^“2C,y^  .04x^ 

Retaining  up  to  sixth  differences  in  the  correction  terms  yields 

'2>'n  -  -  T2  '‘‘i'n  *  ^0 
S>'n  -  -  5  >‘‘^>'0  *  10 

Using  the  values  for  the  various  differences  from  table  3  the  corrections 
are  cal cul ated  as 


C2y,  =  -  .0004  5479 

C^y^  =  ,0004  2432 

C^yj  =  -  .0005  5768 

C..y,  =  -  ,0005  7971 

=  -  .0007  3301 

C,y^  =  -  .0018  5839 

C^y^  =  -  ,0010  1245 

C^y^  =  -  .0035  8640 

The  finite  difference  equation  including  corrector  terms  when  evaluated  at 
n  =  1 ,2,3,4  is 

•Syj  -  2,08y,  +  l„ly^  =  0OO85  3965 
.9y^  -  2o08y2  +  Icly^  =  .0164  4174 
.9y4  -  2.08y^  +  l.ly^  =  .0243  6133 
o9y^  -  2.08yj^  +  l.ly^  =  .0322  9517 
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TABLE 


1.3773  4145 


The  boundary  condition  equations  remain  the  same.  The  solution  of  the 
equations  is 


yi 

2o0 

1«6409  0054 

1.3573  ^753 
I0I497  0445 
1.0251  8256 

I0O 


y.  exact 

2.0 

1.64C8  9399 
1.3573  3843 
1 o 1496  9588 
1.0251  7709 
1 .0 

TABLE  6 


error 

0.0 

.0000  0655 

.0000  09JO 

.0000  0857 
.0000  0547 
0.0 


The  reduction  in  error  is  quite  significant,  a  facto’"  of  over  100.  The 
same  reduction  in  error  could  have  been  obtained  by  reducing  the  spacing  h. 

However  it  would  take  a  large  decrease  in  h  to  obtain  a  comparable  accuracy. 

Thus  the  use  of  the  error  correction  technique  has  yielded  a  considerable 
increase  in  accuracy  with  only  a  doubling  in  the  amount  of  computation  necessary. 
Actually  less  computational  effort  has  been  expended  in  solving  the  set  of 
simultaneous  equations  twice  than  was  required  in  solving  the  set  of  equations 
for  h  =  .1.  The  answer  are  considerably  better  however. 

If  the  boundary  conditions  contain  derivatives  then  it  is  also  necessary 
to  include  the  difference  correction  in  them.  In  the  case  of  retaining  up  to 
sixth  differences  in  the  correction  it  would  be  necessary  to  include  three 
external  points,  that  is,  compute  y  ^  in  addition  to  those  already  obtained. 

In  the  example  shown  the  difference  table  is  very  slowly  convergent^  thus  it 
is  surprising  that  such  good  results  are  obtained.  To  obtain  eight  significant 
figures  of  accuracy  in  the  answer  it  would  be  necessary  to  reduce  the  value  of 
h  to  .1  and  apply  the  difference  correction.  The  smaller  value  of  h  yields  better 
convergence  in  the  difference  table. 
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The  difference  correction  method  is  applicable  to  any  order  equation. 

It  has  been  usefully  applied  to  both  first  and  fourth  order  equations  in  addition 
to  the  second  order  equation  as  in  the  examples.  Although  a  decision  must  be 
made  as  to  whether  or  not  the  difference  table  is  convergent  or  notj,  easily  done 
visually,  but  more  difficult  on  a  high  speed  computer,  the  method  can  still  be 
mechanized  with  good  results.  It  is  possible  that  general  purpose  programs  for 
solving  single  or  sets  of  simultaneous  differential  equations  could  be  written  using 
this  method.  In  the  solution  of  partial  differential  eouations  using  finite 
difference  equations,  it  is  necessary  to  use  a  difference  correction  technique  as 
the  number  of  simultaneous  equations  and  their  size  pronib’ts  the  use  of  more 
accurate  finite  difference  ecuations.  For  ordinary  differential  equations  the  use 
of  more  accurate  finite  difference  approximations  directly  has  lead  to  the  best 
answers  for  a  minimum  amount  of  computer  time. 

High  Order  Approximations 

In  the  computer  solution  of  two  point  boundary  problems  't  ’s  desirable  to 
obtain  the  most  accurate  answer  for  a  fixed  amount  of  computer  tlnCj;  or,  what  is 
equivalent  -  a  fixed  amount  of  dollars.  Normally  a  program  will  be  set  up  which 
reouires  the  solution  of  many  similar  problems.  In  this  case  it  is  economical  to 
make  a  preliminary  study  of  the  accuracy  of  various  approximations  and  to  obtain  the 
method  and  corresponding  spacing  which  yields  the  desired  accuracy.  It  has  been 
found  that  for  the  solution  of  ordinary  differential  equations  with  two  point 
boundary  conditions  an  economical  approach  is  the  use  of  high  order  finite  difference 
approximations  for  the  differential  equations  and  boundary  conditions.  Thus  finite 
difference  approximations  with  O(h^)  and  O(h^)  error  terms  have  been  used  with  good 
results.  The  use  of  these  more  accurate  approximations  increases  the  size  or  length 


of  each  of  the  simultaneous  equations  but  does  not  increase  the  number  of  equations. 
As  the  time  for  the  computer  solution  increases  rapidly  with  number  of  equations, 
it  is  thus  advantageous  to  avoid  increasing  the  number  of  equations.  In  fact, 
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examples  worked  using  O(h^)  approximation  and  0(h  )  approximation  indicate  an 
appreciable  saving  in  machine  time  using  the  O(h^)  approximation  for  a  fixed 
nurtfcer  of  significant  figures  of  accuracy. 

The  use  of  higher  order  approximations  can  be  done  in  two  ways.  The  more 
accurate  finite  difference  equations  can  be  used  directly  thus  yielding  longer 
equations  to  solve  simultaneously,  or  a  difference  correction  procedure  can  be 
used. 

II.  FINITE  DIFFERENCE  AND  INTERPOLATION  EQUATIONS 

Matrix  theory  can  be  used  to  give  a  systematic  approach  to  the  derivation  of 
finite  difference  equations.  Finite  difference  eouations  of  any  desired  order 
of  accuracy  can  be  derived  in  a  neat  straightforward  manner.  As  an  introductory 
example  consider  the  case  of  a  quadratic  interpolating  functions 


z  =  a,  +  a2X  +  a^x 


(28) 


If  we  are  given  three  points  in  the  x,  z  plane  as  in  the  figures 


-1 


X  ,  X  X, 

-1  0  1 
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Then  the  coefficients  in  the  qiven  function  for  7  are  completely  determined 
by  a  set  of  equations: 


".1  =  ^1  ^  "2"-l  ^  ^3"-t' 


z  =  a,  +  a_x  +  a,x„ 
o  1  2  o  30 


zi  =  a,  ^  a2X,  ^  a3X,' 


Once  the  coefficients  a^  are  determined  it  is  then  possible  to  find  z-‘for  any 
desired  value  of  x  and  also  find  the  derivatives  of  z  for  any  x  since: 


^  =  "2  ^  2a3X 

Let  us  formulate  the  above  procedure  in  a  matrix  form.  The  set  of  equations 
(29)  written  in  matrix  form  become 

Z  =  CA 


with  the  matrices  defined  as 


'  "-1  '•-I 


«  * 
1  x_  X 
0  o 


1  X,  X, 


-1 


The  equation  Z  =  CA  is  solved  for  A  by  multiplying  on  the  left  with  C  yielding: 


A  =  C"'Z 
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2 

The  equation  2  =  +  ajX  +  a^x  written  in  matrix  form  is 


(z)  =  (1  X  x^) 


(z)  =  XA 


Thus  the  value  of  {2)  is  obtained  by  combining  (35)  and  (33) 


(2)  =  XA  =  XC"'  Z 


We  also  note  that  the  derivatives  of  2  are  written  in  matrix  form  as 


=  (.2  *  2.3X)  =  (0  1  2r)  =  f  •  A  =  f  C-'z 


2  2  2 

d^2  d^X  d  X  -1 

2“  2  ’  ^  ~  2'^^ 
dx‘‘  dx  dx 


Examp 1 e:  In  the  previous  analysis  let  the  three  values  of  x  be  -h,  0,  h 


-h  0  h 


then  the  matrix  C  becomes 


1  -h  h 


1  0  0 


1  h  h 
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which  has  as  inverse 


-1 


1 

°  \ 

-1 

0 

1 

2h 

2h 

1 

-1 

1 

\  2h2 

h2 

2h^/ 

i 


(40) 


Hence 


(z)  =  ( 1  X  X  ) 


/  0 

1 

°  1 

\ 

1 

0 

1 

2h 

2h 

Z 

o 

1 

-1 

1  2h2 

h2 

2h2  / 

,  "l 

/ 

If  we  let  X  =  0  then 


(  z) 
x=0 


=(100) 


The  derivative  ^  is  obtained  as 
dx 


(^)  =  (  0  1  2x) 


(41) 


/  ° 

1 

1 

.1 

0 

1 

2h 

2h 

z 

o 

=  (  C  1  0) 

z 

o 

1  _L 

-1 

J_  , 

i  _  1 

\  2h2 

h^ 

2h2  1 

\  "1  / 

(z^)  (42) 


o 

o 

1  ^1 

^  0  I- 

2h  2h 

o 

1  1  -1  1 

_ 

\  .2.2  .2 

\  ^1  / 

2h  h  2h 

(43) 


E-18 


i 


which  evaluated  at  x  =  0  yields 


K 


1  0 

1 

0  1 

f 

f^l' 

(^)  _„  =  (  0  1  0  ) 
dx  x=0 

—  0 
2h  ^ 

1 

2h 

z 

o 

=  4  0  ih> 

*o 

1 

-1 

1 

i  ,  1 

1 

1  2h2  h^ 

2h2i 

1^1 

ikk) 


or 


(— ) 

^dx'  x=0 


(^♦5) 


which  is  a  useful  finite  difference  expression  for  the  first  derivative. 

The  equation  (41)  for  (z)  is  used  for  interpolating  merely  by  substituting 
in  the  given  value  of  x.  Similarly  equation  (43)  can  be  used  for  obtaining 
finite  difference  equations  for  the  first  derivative  at  various  points. 


The  above  procedure  has  been  programmed  for  the  case  of  three  and  seven  equally 

spaced  points.  This  corresponds  to  a  second  and  sixth  degree  interpolating  polynomial. 

Thus  the  computation  of  finite  difference  equations  is  mechanized  so  that  any 

derivative  (in  the  present  programs  up  to  fourth)  can  be  approximated  at  any  point 

with  accuracy  of  up  to  sixth  differences.  Subroutines  are  available  which 

I  \  ^  u  V  dX  d^X  d^X  d\ 

va)  construct  a  matrix  whose  rows  are  X,  ~dx'  — 2'  — ? 

dx  dx 

(b)  multiply  the  above  matrix  by  C”^  to  generate  the  finite  difference 
coeff ic i ents . 


The  generalization  to  several  dimensions  is  in  concept  merely  the  multiple 
application  of  similar  operators  in  different  dimensions.  The  interpolating 
polynomial  in  several  dimensions  can  be  written  in  the  form; 
u  =  (a^  +  a,x+  +  ,,.)(b^  +  b^y  +  bj/^. ..)(.•• ) 


(46) 
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In  two  dimensions  with  qiiadratic  interpolation  this  simplifies  to 


H  =  (a^  +  a,x  a^x^Kb^  +  b,y  (4?) 

The  basic  eruations  in  terms  of  matrices  are  modified  as  it  is  necessary  to 
obtain  a  two  dimensional  array  as  the  final  result.  The  three  dimensional 
case  would  lead  to  a  three  dimensional  array  of  influence  coefficients. 


In  deriving  the  finite  difference  approximations  in  two  dimensions  one  is 
led  to  equations  which  are  successive  applications  of  the  difference  operators  in 
the  different  coordinate  directions. 


Exampl e;  Obtain  the  finite  difference  equation  for  the  derivative  . 

Solution!  1-^  =  =  I-  t  --tUl 

-  3x3y  9x  9y  3y  9x  9y  2h  ■* 


1 

4hk 


^^i+i,j+r^.i,j+r''i-Hi,j-i‘'''i-i,j-i3 


(48) 


Note  the  successive  application  of  the  first  derivative  operator  in  each  coordinate 
direction. 

Formulating  this  in  matrix  notation; 


(u)  =  (YB)^(XAi)U 


(49) 


9x^3y^  \  3y^  '  \3x  ) 


U 


(50) 
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with 


I  ^•-^j-l 

u.  •  , 
i,J-l 

“i+l.j^l  \ 

- w  X 

u  = 

c 

1 

ji+1,j 

(51) 

\  “i-l,j+l 

“i,j+l 

“i+l,j+1  /  ^ 

two  dimensions  we  have 

X  =  (1  X  x^) 

Y  =  (1 

2v 

y  y  ) 

dx 


(  0  1  2x) 


(0  1  2y) 


(52) 


^MO  O  2) 
dx 


4  MO  0  2) 

dy 


The  choice  of  an  interpolating  polynomial  with  the  x,y  terms  isolated  enables 
the  use  of  the  previous  one  dimensional  analysis.  The  terms  for  the  x  and  y 
direction  are  computed  separately  and  a  final  row-column  matrix  multiplication 
generates  the  required  finite  difference  approximation. 

The  extension  to  hioher  dimensions  is  handled  similarly. 
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III.  Computer  Programs 

In  order  to  mechanize  the  construction  of  finite  difference  equations  and 
their  solution  several  computer  proqrams  have  been  written.  This  avoids  the 
hand  generation  of  finite  d i f ference  equat ions  and  automates  the  solution  of 
two-point  boundary  problems  and  elliptic  partial  differential  equations. 

The  following  programs  have  been  constructed: 

Ordinary  differential  equations 

DIFF2  :  Solves  one  s  econ  d  order  differential  equation 

DIFFA  :  Solves  two  simultaneous  second  order  differential  equations 

DIFF4  :  Solves  one  fourth  order  differential  equation 

Partial  differential  equations  -  elliptic  type 

DIFXY  :  Solves  one  second  order  partial  differential  equation  in  two  variables 

DIFUV  :  Solves  two  simultaneous  second  or der  partial  differential  equations 

in  two  independent  variables. 


In  al  !  of  these  programs  the  boundary  conditions  include  derivatives  of 
order  one  less  than  the  order  of  the  equation.  The  coefficients  of  the  differential 
equations  can  be  functions  of  x  or  x^y  as  these  coefficients  are  calculated  at 
each  point  separately. 

In  general  the  procedure  in  using  these  programs  is  to 

(1)  compute  coefficients  in  differential  equations 

(2)  call  the  subroutine  (subprogram) 

(3)  use  or  print  the  results. 

The  basic  data  and  technical  usage  of  the  above  programs  is  described  for  each 
progran  in  the  following  pages.  As  certain  matrix  operations  are  common  to 
all  of  the  programs  they  have  been  separately  programmed  and  are  used  in  con¬ 
junction  with  these  programs  (e.g.  POLYX,  DERIVX,  etc.) 
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IDSNTIPI  CATION: 

DIFF2  -  Second”  order  differential  equation  solver  using  sixth  differences 


PURPOSE: 

To  solve  a  second  order  differential  equation  with  a  boundary  condition 
at  each  end  using  sixth  differences. 

RESTRICnONS: 

N  <  100 

METHOD: 

Central  sixth  differences  are  used  to  replace  the  differential  equation 
by  a  finite  difference  equation  and  the  resulting  simultaneous  equations 
are  solved. 

USAGE: 

The  entry  is 

CALL  DIFF2  (C,  FI,  F2,  F3,  Fli,  F,  DF,  H,  N,  M,  KON,  IDP) 


C(6)  •  first  location  of  boundary  condition  coefficients:  C(I) 


F1(N) 
F2(N)  I 
F3(N)  [ 
FU(N)J 


-1  j  C,  df  ^  C„f 

left  end  ^  ^  ^ 

.  ,  ^  ,  C,  df  ,  C^f  _ 

right  end  u  +  5  = 


■  location  of  differential  equation  coefficients 
2 

FI  1-^  +  P2  ^  +F3f  -  Fli 
dx 


F(N)  =  location  of  function  values  -  answers 


DF(N) 

H 


-  location  of  derivatives  -  answers 
=  length  of  finite  difference  jumps  H  • 


N  •  number  of  points 

M  "0  find  function  values  only:  F(N) 

»  1  find  derivatives  also:  F(N),  DF(N) 
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DIFF2  contd 


KON  =  SIMSD  error  return  (Section  of  FORTRAN  Manual). 

If  this  is  not  zero,  it  is  written  out  as  KON  =  . 

IDP  =  0  no  dump 

“  1  dump  equations 

CODING  INFORMATION; 

DIFF2  uses  575  storage  cells  and  requires  SIMSD,  DERIVX,  and  POLYX  as 
well  as  the  IQH  pack  of  subroutines. 


ACC(I) 

NOMENCLATURE 

(other  than  calling  sequence) 

-  coefficients  of  finite  difference  equations 

A1  to  A3 

-  same  as  Cl  to  C3 

B1  to  B3 

-  same  as  Cl;  to  C6 

CON(I) 

-  same  as  Cl  to  C6 

K(I) 

-  identification  of  unknowns 

m\ 

Codes  used  to  distinguish  derivative 

N3  / 

”and  function  computations 

NX 

-  X  as  a  fixed  point  number 

PX(I,J) 

-  output  from  POLYX 

XNI 

-  X  as  a  floating  point  number 

IDENTIFICATION 


DIFFA  -  Two  simultaneous  second  order  ordinary  differential  equations 
solver  using  sixth  differences 


) 


PURPOSE 

To  solve  two  simultaneous  second  order  differential  equations  with 
boundary  conditions  at  each  end  using  sixth  differences. 

RESTRICTIONS 

N  f  100 

METHOD 

Central  sixth  differences  are  used  to  replace  the  differential  equations 
by  finite  difference  equations  and  these  simultaneous  equations  are  solved, 

USAGE 

The  entry  is 

CALL  DTFFA-  (C,FC,  F,  DF,  H,  N,  M,  KON,  IDP) 

C(5,U)  location  of  boundairy  condition  coefficients,  Ea.ch 
column  is  one  equation  of  the  form 

C(l,i)  ^  -K:(2,i)  ^  +C(3,i)f+C(h,i)g  =  C(5,i)  i  »  1  to  U 

FC(7j,  2N)  location  of  differential  equation  coefficients  where 
for  the  kth  point 

2  2 

A(l,  2K+1)  ^+-A(2,  2K-H)  A(3,  2K+  1)^  A(h,  2K+  l)g 

d^^x  dx^ 


+Ai(5,  2K+l)f+  A(6,  2K+  1)  g  *  kH ^  2K+  1) 

A(l,  2K+2)H^  +  A(2,  2K+2)  ,  ,  ,  .  K  ■  2  to  N  -  1 

d  X 

F(2N)  location  of  function  values  (the  set  of  g  values  follows 
the  set  of  f  values)  -  answers 


DF(2N)  location  of  derivatives  -  answers 
H  length  of  finite  difference  jump  H 


N  number  of  points 
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DIFFA  contd. 


M  “0  find  function  values  only  F(N) 

-  1  find  derivatives  also  F(N)s,  DF(N) 

KON  =  SIMSD  error  return  (Section  5.0lil  of  FORTRAN  Manual), 

If  this  is  not  zero  it  is  written  out  as  KON  “ 

IDP  s  0  no  dump 

“  1  dump  equations 

CODING  INFORMATION 

DIFFA  uses  103li  storage  cells  and  requires  SIMSD,  D2EIVX,  AND  POLYX 
as  well  as  the  10  pack  of  subroutines. 


ACC (15) 

FX 

IN 

K(15) 

KE 

KI 

KK 

KL 

NA  ) 

NB  .1 


JJX 

PX(I,J) 

XNX 


NOMENCLATURE 

(other  than  calling  sequence) 
coefficients  of  finite  difference  equations 
coefficient  of  differential  equation  term 
I  N 

identification  of  unknowns 

number  of  equation 

KK+N 

K(J) 

order  of  terra 

codes  used  to  distinguish  derivative  and  function 
computation 

X  as  a  fixed  point  number 
output  from  POLYX 
X  as  a  floating  point  number 
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IDENTIFICAnON 


DIFPli  -  Fourth  order  differential  equation  solver  using  sixth  differences 


PURPOSE; 

To  solve  a  fourth  order  ordinary"  differential  equation  vdth  two  bovindary 
conditions  at  each  end  using  sixth  differences. 

RESTRICTIONS; 

N  100 


METHOD; 


Central  sixth  differences  are  used  to  replace  the  differential  equation  by 
a  finite  difference  equation  axl  the  resulting  simultaneous  equations  are 
solved.  If  desired j  the  first  three  derivatives  are  ccniputed  at  each  point  using 
sixth  differences. 

USAGE; 


The  entry  is 

CALL  DIFFU  (C,  FI,  F2,  F3,  FU,  F5,  F6,  F,  DF,  D2F,  D3F,  M,  K0N,  H,  N,  IDP) 


With 

C(20)  =  location  of  boundary  condition  coefficients 


F1(N)  a  location  of  coefficients  of  differential  equation 

F2(N)  \  ,1;  ,3  .2  , 

F3(N)  /  F.(x)  ^  +  F2(x)  ^  +  Fjx)  ^  +  F.  (x)  g-  +  F.(x)y  2  F,(x) 

FU(N)  ^  dx^  2  dx^  ^  dx^  ^  5  ^ 

F5(N) 

F6(N)  J 
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DIFFU  contd. 


F(N)  ^ 
DF(N)  I 
D2F(N) 
D3F(N)  J 

M 

K0N 

H 

N 

IDP 


“  location  of  answers  F  -  function  values 

at  each  point  ^  values 


=  0  find  function  values  only;F(N) 

=  1  find  derivatives  also  :F(N),  DF(N),  D2F(N),  D3F(N) 


SIMSD  error  return  (Section  5»0lil  of  FORTRAN  Manual) 
if  this  is  not  zero,  it  is  written  out  as  K0N  ~ 


*  length  of  finite  difference  jump 


“  number  of  points 

=  0  no  dump 
“  1  dump  equations 


IDENTIFICATION 


DIFXI  “  Elliptic  partial  differential  equation  solver  using  second  differences 
with  sixth  difference  corrections 


PURPOSE 


To  solve  a  second  order  elliptic  partial  differential  equation  using  second 
differences  with  iterations  to  obtain  sixth  difference  correction » 

RESTRICTIONS 

MoN  <  225 

METHOD 


Second  differences  are  used  to  replace  the  differential  equation  by  a  finite 
difference  equation  and  the  simultaneous  equations  are  solvedo  A  correction 
term  is  then  computed  to  obtain  sixth  difference  corrections o  This  step  may 
be  repeated  with  sixth  difference  solutions  as  the  limiting  case.  If  desired, 
function  values  and  first  partials  are  then  calculated  for  all  input  points 
using  sixth  differences « 

USAGE 


The  entiT-  is 


CALL  Dim  (Ns  M,  EH,  EK,  F,  NCOR,  IDP,  KERR,  KI®R) 

N  rromber  of  points  in  x  direction 

M  nvmber  of  points  in  y  direction 

EH  length  of  finite  difference  jump  in  x  direction  EH 

EK  length  of  finite  difference  jump  in  y  direction 

F(N.M)  first  location  of  function  values  at  grid  points  - 

NCOR  number  of  times  corrections  are  to  be  applied  (> 

destroyed 

IDP  ■  0  no  dump 

"  1  dump 


N  -  1 

answers 
0  )  this  is 


KERR  3IMSD  error  return  (Section  5»0hl  of  FORTRAN  Manual) 

KDER  ■  0  find  only  function  values  at  grid  points  F(NoM) 

■  1  find  function  values  and  first  partials  at  input  points  alsoo 
F(NcM),  DFI(NoM),  DFI(N,M),  Z(N.M) 
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DIFXY  contd 


In  addition,  erasable  tapes  89  (2!)  and  BlC  (22)  must  be  mounted  (density 
optional).  Tape  89  must  contain: 

X,  Y,  A(7)  at  each  input  point 


x,y 


A(7) 


coordinates  of  point  relative  to  corner  of  grid  in  units  of  EH 
and  EK  respectively 


il. 


+  A 


a^f 


2  axaY 


+  A. 


aY^ 


+  A, 


if  +  A 

ax  5  aY 


v  = 


Region 


Y  f 


- >-  X 


COMMON  reads  as  follows: 


\/(500) 


V,  DFX,  DFY,  Z  ..  answers 
dummy  to  allow  for  DIFCOR 


0FX(225)].  first  location  of  4^  at  input  points 

DFY(225)f 

Z(225)  first  location  of  f  at  input  points 


CODING  INFORMATION 


DIFXY  uses  1465  storage  cells  and  76475  to  75233  and  requires  SIMSD,  DERXY, 
DIFCOR,  No,  6,  7,  lOj  and  I5t  and  the  ID  pack  of  subroutines. 

DUMP 


Second  differences: 

X,  Y,  RX,  RY,  A(I),  ACC(I) 

L,  NX,  MY,  NXN,  MYM,  K(  l) 
Sixth  differences: 

L,  JK,  NX,  MY,  K( I) 

X,  Y,  ACC(I) 


E-30 


Dim  contd 


Derivative  calculations s 

DFa,  DFY,  Z  (ACC(IO),  ACC(ll),  ACC(12)) 

NON  DUMP 

Correction  values  followed  by  function  values. 

NOMIMCUTURE 

(except  for  descriptions  under  USAGE) 

ACC (12)  finite  difference  coefficients  and  temporary  storage  for 
DFXj  DFYj  Z 

JK  upper  left  hand  corner  of  7  x  7  grid  for  DIFCOR 

K(10)  unknown  identification 

t 

KDEN  determines  if  equations  or  partial  derivatives 

KDIF  are  being  found 

KQ  tape  reference  number  s  22 

KXD  subscript  for  DFXo  DFY,  and  Z 

L  maximum  order  of  derivatives  needed  from  DIFCOR 

LQ  tape  reference  number  *  21 

MN  M*N 

MY  used  to  generate  JK,  RY,  and  a  new  Y 

MYM 

ND  used  to  find  K(l) 

NX  1  used  to  generate  JK,  RX,  and  a  new  X 
NIN  \ 

PY(N.M)  correction  values  for  F 

RX  \  fractional  parts  of  X  and  Y 

RT  J 


L,  - 


IDENTIFICATION 


DIFUV  -  Two  simultaneous  elliptic  partial  differential  equation  solver 
using  second  differences  with  sixth  difference  corrections. 


PURPOSE 


To  solve  two  simultaneous  elliptic  partial  differential  equations  using 
second  differences  with  iteration  to  obtain  sixth  difference  correction. 

RESTRICnONS 


M.N  <  225 
IffiTHOD 


Second  differences  are  used  to  replace  the  differential  equations  by 
finite  difference  equations  and  the  simultaneous  equations  are  solved. 
A  correction  term  is  then  computed  to  obtain  sixth  difference  cor¬ 
rection.  This  step  may  be  repeated  with  sixth  difference  solutions  as 
the  limiting  case.  Desired  funcldon  values  and  the  first  partials  are 
then  calculated  for  all  input  points  using  sixth  differences. 

USAGE 


The  entry  is 

CALL  DIFUV  (N,  EH,  EK,  F,  NCOR,  IDP,  KERR,  KDER) 


N 

M 

EH 

EK 


Jiumber  of  points  in  X  direction 
munber  of  points  in  Y  direction 


length  of  finite  difference  jump  in  X  direction 


EH 


length  of  finite  difference  jump  in  Y  direction 


F(2oN.M)  first  location  of  function  values  at  grid  points  (all 

answers  are  stored  with  f  from  1  to  N.M  and  g  from  N.M+l 
to  2. N.M)  =  answers 

number  of  times  corrections  are  to  be  applied  (  >  0  )  this 

is  destroyed 

IDP  =  0  no  diomp 

=  1  dump 


KERR 


3IMSD  error  return  (Section  5<>0U  of  FORTRAN  Manual) 
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DIFUV  contd* 


KDER  "  0  find  only  function  values  at  grid  points  F(o2oNoM) 


=  1  find  function  values  and  first  partials  at  input  points 
also  F(2.N.M),  DFT(2.N.M),  2(2. N.M) 

In  addition  erasable  tapes  B9  (21)  and  BIO  (22)  must  be  mounted  (density 
optional).  Tape  B9  must  contain 

Xjlj  A(13)  A^(13)  at  each  input  point 


X,Y 

A(13) 


coordinates  of  point  relative  to  corner  of  grid  in  units 
of  EH  and  EK  respectively 


A,  a^f 
^a-7 


aidY 


COMMON  reads  as  follows 

V,  DFX,  DFI,  Z  -  answers 

V(500)  dummy  to  allow  for  DIFCNG 

DFX(ii50)  first  location  of  ^  at  input  points 

31 

DFl(l450)  first  location  of  3  at  input  points 

Z(ii50)  first  location  of  f  at  input  points 
CODING  INFORMATION 

DIFUV  uses  2257  storage  cells  and  76it75  to  73767  and  requires  SIMSD,  DERXI, 
DIFCNG,  7,  10,  and  15,  and  the  10  pack  of  subroutines. 


E-33 


DIFU7  contd^. 


DUMP 

Second  differences s 

X,  Yj  RX,  RY,  A(I),  ACC(I) 

L,  MYj  NXN,  MYM,  K(l) 

Sixth  differences; 

L,  JK,  NX,  MY,  K(I) 

X,  Y,  ACC  (I) 

Derivative  calculations; 

Ifs  Ifs  |fsf>  g,(ACC  (19)  to  ACC  (2U)) 

NON  DUMP 


Correction  values  followed  by  function  values 


ACC  {2li) 


JK 

K(19) 

KDEN  1 
KDIF  / 

KQ 

KXD 

KXY 

L 

LQ 

MN 


NOMENCLATURE 

(except  for  descriptions  under  usage) 

finite  difference  coefficients  and  temporary  storage  for 
DFX,  DFY,  Z 

upper  left  hand  corner  of  7  x  7  grid  for  DIFCNG 
unknown  identification 

determines  if  equations  or  partial  derivatives 
are  being  found 

tape  reference  number  »  22 

subscripts  for  DFX,  DPT,  and  Z  (first  dependent  variable) 
subscripts  for  DFX,  DFY,  and  Z  (second  dependent  variable) 
maximum  order  of  derivatives  needed  for  DIFCNG 
tape  reference  number  =  21 
M*N 


MN2  M*N*2 
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DIFUV  contd. 


MY  \ 

MYM  / 

ND 

NEX} 

m.  ] 

NXN  J 

PY  (2.N.M) 

RX  ] 

RY  J 


used  to  generate  JK,  RY,  and  a  new  Y 
used  to  find  K(I) 

indicates  which  equation  is  being  manipulated  (1st  or  2nd) 
used  to  generate  JK,  RX,  and  a  new  I 

correction  values  for  F 
fractional  parts  of  X  and  Y 
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IV.  Error  Analysis 


In  order  to  evaluate  the  feasibility  and  advantaqes  of  using  high  order 
difference  approximation  and  difference  correction  in  the  solution  using  finite 
difference  methods^,  several'  programs  have  been  written  applying  the  methods  to 
problems  with  known  analytic  answers^  This  enables  the  development  of  an  idea 
of  the  accuracy  to  be  expected  in  applying  these  methods  to  other  physical  problems.. 
One  cannot  directly  general  ire  to  other  problems  and  say  the  accuracy  is  the  samco 
However,  it  is  reasonable  to  assume  that  for  similar  problems  similar  accuracy  is 
to  be  expected. 

The  comparison  between  using  finite  difference  equations  of  second  order  and 
those  of  sixth  order  indicates  the  distinct  advantage  of  the  higher  order  approx¬ 
imation, 

2 

A  significant  test  was  made  solving  Laplaces  equation  V  u  =  0  in  a  unit 
square,  Laplace's  equation  was  solved  at  the  points  shown  below  by  means  of 
DIFXY,  The  following  table  compares  the  analytic  solution  wit  h  the  results 
obtained  for  7^7  and  13  X  13  grids  with  various  numbers  of  sixth  difference 
corrections 


n  odd 
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ANUYTIC  NUMBER  PER  CENT  PER  CENT 


POINT 

COORDINATES 

VALUE 

CORR. 

VALUE 

ERROR 

VALUE 

ERROR 

1 

(5/6,  1/2) 

.67831997 

0 

.66942501 

-1.329 

.67587935 

-.361 

1 

.67594250 

-  .352 

.67821377 

-.016 

2 

.67689509 

-  .210 

.67830834 

-.0017 

3 

.67700572 

-  .194 

2 

(5/6,  1/3) 

.63865374 

0 

.62922493 

-1  .476 

.63577815 

-.452 

I 

.63527304 

-  .532 

.63831901 

-.052 

2 

.63608025 

=  .405 

063851265 

...022 

3 

.63616964 

»  .390 

3 

(2/3,  1/3) 

.38071831 

0 

.37878788 

=  .509 

.38018971 

-.139 

1 

.38043677 

C  .074 

.38069849 

-.0052 

2 

.38064198 

.  .020 

.38071737 

-.0002 

3 

.38065840 

-  .016 

4 

(1/2,  1/6) 

.13071832 

0 

.13461538 

2.981 

.13178720 

.81  r 

1 

.13166914 

.727 

.1307656! 

.036 

2 

.13118878 

.360 

.13072376 

.0042 

3 

.13112355 

.3^0 

5 

(1/3,  1/3) 

.1 1928166 

0 

.12121212 

'!  0618 

.11981028 

.443 

1 

.11956343 

.236 

.11930139 

.017 

2 

.11935802 

o064 

.'.1928253 

.0007 

3 

.11934160 

.050 

6 

(1/6,  1/2) 

.060243302 

0 

.06134421 1 

1 .827 

.060546220 

.503 

1 

.060719263 

.790 

.060254870 

.019 

2 

.060727355 

0 

GO 

0 

.060243983 

.oon 

3 

.060751691 

.836 
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This  test  y'elded  an  ’ndication  of  the  reduction  error  that  can  be  expected  for 

(a)  inc/eas^nq  the  number  of  qrid  points  (reducinq  h) 

(b)  applyinq  Jiffertnee  correction 

(c)  both  reducing  grid  spacinq  and  applyinq  difference  correctiono 

The  solutions  niver  without  difference  correction  are  those  obtained  using  second 
differences;.  It  would  be  expected  that  halving  the  grid  interval  would  reduce 
the  error  by  a  factor  of  (y'  o'l''  •  This  is  clearly  followed  by  comparison  of 

the  results  for  no  difference  correctionSo  With  the  application  of  several  differ¬ 
ence  corrections  the  finite  difference  solution  approachs  that  obtained  by  using 
sixth  differenceSo  The  effect  of  halving  the  interval  with  sixth  differences  is 
a  reduction  in  error  of  or  ^ „  A  comparison  of  the  results  for  2  corrections 

shows  an  error  r ecucti  on  o f  t  hi  s  or  der  of  maqnitudeo 

The  reduction  in  error  in  going  from  no  corrections  to  two  or  three  corrections 
is  sinnificant  and  clearly  illustrates  the  superiority  of  including  difference 
correct! on  o 

An  error  analysis  was  performed  of  the  finite  difference  solution  to  one  dimen¬ 
sional  plane  strain.  The  boundary  conditions  were  the  inside  boundary  pressurized 
and  the  outside  boundary  fixed.  The  error  analysis  was  performed  to  study  several 
important  factors  in  finite  difference  solutions, 

(a)  comparison  of  second  and  sixth  order  approximations 

(b)  effec':  var/ifig  coeff’c'ents  in  t  ne  boundary  cond’t’ons 

(c)  effect  of  chang  ng  che  geometry  (location  of  boundary  conditions) 


The  o'dina'-y  diffc-  entia)  erua*. 'cn  of  axisymmetri^  plane  st-ain  can  be  put  in 
dimension  ess  fo'-m  as 


du  u 
r  dr  "  2 


0 


with  boundary  co-.d  ’  t  ■  or,s 


u(-)  -  0 


du  ^  /  u 

d-  i-v  a 


The  geomet-y  has  been  scaled  so  that  the 
functional  ■'adial  distance  of  the  inner 
and  i  were  varied  to  study  their  effect 
points  N  =  16  was  used.  The  results  are 


outer  bounda-y  is  at  1  and  a  =  ■g  the 
boundary.  The  value  of  Poisson’'s  ratio  v 
on  t  he  error,  A  fixed  ''umber  of  grid 
sho-wn  in  the  graph  of  Figure  U» 
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The  graph  shows  the  variation  of  °/o  error  with  V  and  a/bo  The  large 
variation  in  error  illustrates  the  importance  of  the  boundary  conditions  in  the 
error  analysiso  It  is  large  variations  such  as  this  that  illustrate  the  difficulty 
in  predicting  the  error  in  a  particular  problemo 

A  possible  method  of  estimating  the  error  for  a  particular  problem  utilizes 
the  variation  i  n  error  with  crid  spacing.  A  problem  run  with  a  particular  grid 
spacing  is  rerun  with  the  grid  spacing  cut  in  half.  This  reduction  in  grid 
spacing^should  reduce  the  error  by  a  factor  ^  with  second  differences  and  a 
factor  using  sixth  differences.  Comparison  of  the  two  solution^  will  yield 
an  estimate  of  the  error.  The  practical  limitation  of  this  procedure  is  in  the 
rapid  increase  in  simultaneous  equations  to  be  solved. 
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%  Error 
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V 


APPLICATIONS 


The  application  of  the  sub=,pr ograms  to  engineering  problems  is  similar 
for  all  caseso  The  steps  to  be  followed  in  the  numerical  solution  ares 

(a)  read  in  input  data  and  boundary  conditions 

(b)  generate  coefficients  of  differential  equation  at  each 
interior  grid  point  and  generate  coefficients  for  the 
boundary  conditions  at  boundary  points 

(c)  ca1<  the  subroutine  to  (l)  set-up  finite  difference  equations 

(2)  solve  the  set  of  equations 

{3)  compute  derivatives  at  each  point 

(d)  compute  desired  output  in  terms  of  function  values  and 
der ivat'veso 

This  procedure  can  become  complicated  in  individual  p-oblemSo  The  complexity 
arises  prima.”i!y  ’n  the  mass  of  deta'l  required  to  keep  track  of  the  grid  pointSj, 
bounda-y  conditions  and  where  appl iedj  output  desired  and  required  output 
formats  etCo 

The  applications  which  have  been  programmed  V;c'‘uoe  both  ordinary  and  partial 
differential  equations^  A  short  list  would  inc''udes 

Ordinary  differential  equations 

(a)  plane  strain  stress  analysis 

(b)  tapered  shell  stress  analysis 

Partial  differential  equations 

(a)  Laplace’s  equation  'n  one  and  two  dependent  variables 

(b)  Rectangular  plate  stress  analysis 

(c)  Finite  cylinder  stress  analysis 

(1)  displacement  solution 

(2)  with  thermal  term 

(3)  with  external  elastic  shell  boundary  cond’tiono 

(d)  Star  grain  stress  analysis„ 

In  order  to  give  a  picture  of  the  type  of  problem  which  has  been  solved 
examples  of  the  above  problems  are  discussed  from  an  eng'nser'ing  standpoints 
that  iSo  the  physical  problem  is  described^  basic  equat’oriS  used,,  boundary 
conditions  available..,  output,  etCo 
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RECTANGUL'XR  PLATE 


The  displacements  of  a  thin  rectangular  plate  satisfy  the  partial 
differential  equations 


X  ■  —  ^  lL  m 

dxdy  r  3^2 


+  Fx  -  0 


ox 


ax^y  3^2  y  -  0 


^  nrryT 


The  stresses  and  strains  are  related  to  the  dTsplacements  by  the  equations 

/:  _  3u  ^  _  3w  ^  _  1  /^w  ^  3u  \ 

XX  ox  yy  oy  '  xy  2  3x  oy 

r  +  -A|H+B|!i,r  =  yU{|^  +  1^) 

XX  oy  oy  yy  ox  oy  '  ox  dy 


In  solving  this  problem  a  large  variety  of  boundary  conditions  are  possible, 
Those  considered  here  are 


on  any  side  of  the  rectangular  platCo 


In  specifying  the  boundary  conditions  it  is  necessary  to  give  two  boundary 
conditions  on  each  edge  of  t he  plate. 


The  output  from  the  program  includes  at  each  point: 

Up  Wp  ^xx,  fyy»  ^xy,  ^xx,  "^xy,  ^yy ,  o(  ,  2maxo 

A  plot  of  equal  Tm  contours  is  shown  in  Fig;ire  This  corresponds  to  the 

photostress  pattern  obtainable  exper imental 1 yo 
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FINITE  CYLINOEr^ 


The  thermal  stress  analysis  of  a  finite  cylinder  using  displacemer 
partial  differential  equations  requires  the  solution  of 


(X  +  2G)  ^  +  (A  +G)  Ij:--  +  (X+zG)  7  =■  {X+2G)  - 

8r  9z  r 


+  F 


E~ot  ^ 

1  -.2V  dr 


=  0 


G  £s  *  (>>»2G)  3-S  *  “  |a  ♦  (X,G)  1^  *  ( A-G)  ^  ^  -  r 

,2  ,  2  r  or  ordz  r  3z  z 

or  oz 


Eo(  ^ 
1-.2V  3z 


=  0 


with 


^  ..  VE 

“{  i+vTITTivI 


G  = 


2(Vniy 


The  stresses  and  strains  are  obtained  from  the  displacements  using  the  relations 


-  T-  >  ~  !>  ^2  - 


ar 


dw 

dz 


=  |h  ,  |2 

dz  Or 


EakT 
i  ^2T' 


a  = 


A  /du  .  u  ^  dw 

7 


^  2Gii 

dz  r 


A(|t*7*I= 


)  2G 


dw 

dz 


EdT 

U2V 

EotT 
1  .^2]/ 


r  =  G  (p  ^  pi  ) 

rz  dz  dr 


The  boundary  conditions  possible  in  this  program  include  the  specification 
of  displacements  or  stresses  on  any  side  of  the  finite  cylinder^  A  modification 
of  the  program  allows  the  boundary  condition  corresponding  to  an  elastic  shell 
on  the  outer  boundaryo  The  output  consists  of  all  displ  acementSj,  stresses, 
strains,  maximum  shearing  stress  at  grid  pointSo 

As  an  illustration  of  the  results  the  maximum  shearing  stress  has  been 
plotted  in  Figure  6.  This  corresponds  well  with  a  photoelastic  test  photographs 
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PLANE  STRAIN 


As  a  test  program  and  to  perform  various  error  analyses  the  one¬ 
dimensional  elastic  plane  strain  problem  was  programmedo  The  differential 
equation  for  the  displacement  in  dimensionless  form  is  given  by 


2 

3  u  1  3u 
7^  r  3r 


r 


°  '  I7  ^  W  a  at  r  =  a 


The  analytic  solution  is  given  by 


u{a)  =  (  I  =  f  ) 


1 


The  stresses  at  the  inner  surface  are  obtained  from 


©b 


*'*  '  (i+v)(i-2v; 


a 


©a 


1 

(HV){aA)^ 


] 


A  comparison  of  the  analytic  and  finite  difference  solutions  was  made  and 
values  of  u^,  ^6a  with  their  per  cent  error  using  second 

differences  and  sixth  differences.  The  computation  yielded  interesting 
results  with  regard  to  the  effect  of  varying  V  and  the  ratio.  The 

error  was  found  to  be  highly  dependent  on  the  variation  of  both  of  those 
quantities.  The  values  are  plotted  in  the  section  on  error  analysis.  The 
results  suggest  the  importance  of  further  investigation  into  the  finite  difference 
method.  The  transformation  of  the  orginal  differential  equation  to  remove  the 
effect  of  the  term  might  yield  further  increases  in  accuracy. 
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INTRODUCTION 


The  continuing  increase  in  the  size  of  solid  propellant 
motors  has  placed  a  concomitant  demand  upon  the  analyst  to 
develop  suitable  techniques  for  predicting  grain  structural 
integrity.  In  the  absence,,  at  present,  of  a  general  continubm 
theory  of  mechanical  behavior  which  is  both  realistic  and 
tractable,  it  has  been  necessary  to  attempt  to  classify  grain 
structural  integrity  problems  into  categories  and  treat  each 
class  of  problems  with  less  general,  yet  reasonably  satisfac¬ 
tory  methods  (in  the  engineering  sense) .  To  give  examples  we 
cite  the  following. 

In  recent  years,  an  extensive  propellant-centered  litera¬ 
ture  in  linear  temperature-independent  viscoelastic  theory  has 
arisen.  Recently  work  on  linear  thermoviscoelasticity  has 
begun  to  appear.  At  the  same  time  the  importance  of  nonlinear 
behavior  has  been  recognized,  and  Rivlin-type  elastic  theory 
has  been  applied  to  grain  analysis ,  More  recently  recognition 
has  been  given  to  the  necessity  for  taking  into  account  the 
initiation  of  strain-induced  anisotropy  resulting  from  the  de¬ 
wetting  phenomenon.  Finally,  the  importance  of  introducing 
appropriate  failure  criteria,  as  a  companion  to  stress  and 
deformation  analysis,  has  been  noted. 

This  report  consisting  of  four  parts,  is  but  another  con¬ 
tribution  to  the  "categorized"  treatment  of  solid  propellant 
mechanics.  It  is  hoped,  however,  that  the  ideas  presented 
will  stimulate  the  development  of  a  suitable  nonlinear,,  non- 
homogeneous,.  anisotropic  ’  viscoelastic  theory  for  propellant 
structural  analysis. 

The  authors  are  indebted  to  D'.  .7.  1,.  S' kman,  Assistant  Professor 
of  Civil  Engine  I",  ri.ng,  for  as  s  •  sta  r  nc  in  the  conduct  of  pot  i.ions  of  the  re¬ 
searchleading  to  this  report. 
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PART  I 


ELASTIC  AND  VISCOELASTIC  ANALYSIS 
OF  ORTHOTROPIC  CYLINDERS 


by 


S .  B .  DONG 
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INTRODUCTION 


Stress  analysis  of  cylindrical  grains  within  the  frame¬ 
work  of  linear  isotropic  elasticity  and  viscoelasticity  has 
received  considerable  attention  to  date-  An  extensive  body  of 
information  of  this  type  has  been  reported  by  Williams,  Blatz, 
and  Schapery  C  1  It  is  well-known,  however,  that  filled 

propellants  evince  substantially  different  mechanical  behavior 
in  the  presence  of  tensile  stress  fields  than  is  found  in  com¬ 
pressive  stress  fields.  This  effect  is  a  result  of  the  pre¬ 
sence  of  voids  and  the  pullaway  of  the  binder  from,  the  filler 
particles.  Accordingly,  a  type  of  stress-induced  anisotropy 
is  developed  in  the  propellant,  necessitating  consideration 
of  anisotropic  constitutive  equations.  The  general  problem 
involves  the  solution  of  boundary  value  problems  for  each  sub- 
domain  of  the  body,  defined  by  a  particular  state  of  stress, 
and  the  subsequent  piecing-together  of  the  solution’s  at  common 
interfaces.  In  each' instance  the  solution  required  will  be 
that  appropriate  to  an  anisotropic  body.  The  degree  of  stress- 
induced  anisotropy  encountered  is  at  most  orthotropy,  thus  the 
general  discussion  throughout  this  report  will  be  restricted  to 
this  form  of  anisotropy.  The  analysis  of  bodies  with  a  greater 
degree  of  anisotropy  has  been  presented  in  Z  2  □.  Much  of 
the  present  work  has  been  drawn  from  Lekhnitskii  IZ  3  □  v.'ho, 
in  addition  to  his  own  contributions,  has  summarized  previous 
work  in  the  field. 

In  view  of  the  viscoelastic  behavior  of  solid  propellants 
under  many  circumstances,  attention  is  drawn  to  the  corres¬ 
pondence  principle,  first  proposed  by  Alfrey  for  incompressible 
isotropic  media  Z  4  Z  and  generalized  by  Lee  Z  5  □.  This 
principle  was  later  extended  for  anisotropic  bodies  by  Biot 
Z  6  □.  The  forms  of  solution  for  many  associated  anisotropic 
elastic  problems,  however,  are  not  readily  invertible  to  re¬ 
cover  the  time -dependent  viscoelastic  response,  although  the 
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inversion  of  the  solution  for  an  orthotropic  thick-walled  cylin¬ 
der  has  been  demonstrated  by  Spillers  C  7  □.  An  alternative 
method  of  solution  is  to  begin  with  the  viscoelastic  field 
equations  and  formulate  a  governing  equation  in  both  space 
and  time.  This  governing  partial  differential  equation  may 
then  be  solved  by  a  suitable  technique.  The  investigation  of 
an  orthotropic  cylinder  following  this  approach  is  discussed. 

Due  to  a  characteristically  low  rigidity  in  solid  pro¬ 
pellants  ,  large  deformations  may  be  sustained  under  loading 
and  environmental  conditions.  Stress  analysis  of  solids  based 
on  a  non-linear  theory  must  be  adopted  to  account  for  these 
large  deformations.  A  solution  for  the  pressurization  of  an 
elastic  orthotropic  thick-walled  cylinder  is  presented  to 
illustrate  the  particular  features  of  such  an  analysis . 
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LINEAR  ELASTIC  ANALYSIS  OF  ORTHOTROPIC  SOLIDS 


1 .  Recapitulation  of  the  Linear  Thermoelastic  Field  Equations 
for  Orthotropic  Solids  with  Temperature-Independent 
Material  Properties 

Since  many  solid  propellant  configurations  involve 
cylindrical  geometries,  the  fundamental  thermoelastic  field 
equations  will  be  summarized  in  cylindrical  coordinates. 

Stress  Equations  of  Equilibrium 


7  ^  +  R  -  0 


St  „  ,  Stq  2t  „ 

r0  .  X  e  .  6z  .  r9  .  ^ 
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where  R,  6,  and  Z  are  body  force  components  per  unit  of  volume, 


Strain-Displacement  Relations 
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where  u,  v,  w  are  the  components  of  the  displacement  vector 


in  the  r,  6,  z  directions. 


The  constitutitive  equation  for  a  solid  with  cylindrical 
orthotropy  written  in  matrix  form*  is 


*  The  individual  matrices  in  Eq.  (1.4)  have  been  partitioned. 
The  null  submatrices  in  the  off  diagonal  positions  of  the 
matrix  indicate  that  extensional  effects  occur  indepen¬ 
dently  of  shearing  effects,  i.e.  they  are  uncoupled.  For 
more  general  forms  of  anisotropy  such  coupling  does  occur, 
see,  for  example,  C  12  □. 
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The  symmetric  matrix  defines  the  elastic  compliances  of 

the  material.  Thermal  effects  are  accounted  for  by  aT,  where 
a  is  the  coefficient  of  thermal  expansion  and  T  is  the  tempera¬ 
ture  change  in  the  solid.  Thermal  isotropy  has  been  assumed. 
The  temperature  function  T  must  satisfy  the  heat  conduction 
equation  for  a  given  problem. 

It  is  sometimes  convenient  to  deal  with  the  inverse  form 
of  Eq.  (1.4)  given  by 


C  c 
11  ^12 


c  c 
^12  22 


c  c 
13  23 


6z 


rz 


’re 


0  0 

0  0 
0  0 


C,  0  0  0 

e  -  aT 

13| 

r 

1 

0  0  0 

1 

'e  -  ® 

0 

0 

0 

u 

e  -  aT 

33, 

z 

0 

0 

U 

0 

^ez 

0  i  0  C55  0 

i 

^rz 

0  ' 0  0 

1  66 

1 

CD 

_ 

(1.5) 


The  C. .  in  Eq.  (1.5)  are 

ij  -a  V  / 

material  and  are  related 


called  the  elastic  moduli  of  the 

to  the  S. .  by  a  matrix  inverse. 
13 
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(1.6) 


Boundary  conditions  will  be  discussed  in  connection  with 
specific  problems 


2  o  Axisymmetricalb/  Loaded  Cylinders 

Consider  a  finite  hollow  circular  cylinder  whose  inner 
and  outer  radii  are  a  and  b.  respectively  In  the  instance 
this  cylinder  is  loaded  by  a  system  of  forces  and  subjected 
to  a  temperature  change  both  of  which  are  independent  of  the 
generatrix  the  three  dimensional  problem  reduces  to  one  of 
plane  strain.  If  further  the  cylinder  is  loaded  axisym- 
metrically  the  dependent  variables  become  independent  of  9 
and  the  governing  equations  become  ordinary  differential  equa¬ 
tions  in  the  variable  r.  In  the  case  of  plane  strain  may 
be  taken  as  a  constant: 


=  K  (a  constant) 


(2.1) 


Therefore  from  the  strain-stress  relations  (1.4)  there  results 


■  S33 
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The  remaining  normal  components  of  strain  become 
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The  relevant  equilibrium  and  compatibility  equations  for 
torsionless  axisymmetry  take  the  following  form 


Oq  =  ■T-(ra  ) 
6  dr  r 


(2.5) 


€ 
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(2.6) 


From  Eqs .  (2.5)  and  (2.6)  with  the  help  of  Eq.  (2.3),  a  dif¬ 
ferential  equation  in  terms  of  can  be  formulated. 
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The  boundary  conditions  for  Eq.  (2.7)  are 

o^(a)  = 

c  (b)  =  h_ 
r  2 


(2.8) 


where  h^^  and  h2  are  prescribed  constants. 

By  using  Eq.  (2.1)  in  the  stress-strain  relations  (1.5) 
and  the  strain-displacement  relations  which,  in  the  case  of 
torsionless  axisymmetry,  are 


du 

dr 


_  u 
e  r 


(2.9) 


a  governing  equation  in  terms  of  the  displacement  u  may  be  ob¬ 
tained: 
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The  boundary  conditions  are  given  by  the  displacement  u 
and  the  derivative  of  the  displacement  u.  The  exact  expression 
depends  on  whether  a  displacement  or  a  stress  boundary  condition 
is  specified. 

When  a  cylinder  is  pressurized  internally  and  externally 
and  subjected  to  an  extensional  force  at  the  ends,  the  govern¬ 
ing  equation  {2.~!)  must  be  solved  with  the  following  boundary 
conditions:  on  the  lateral  surfaces 


a^(a)  ^  -  p  o^{b)  =  -  q  (2.11) 

where  p  and  q  are  the  prescribed  values  of  the  applied  pres¬ 
sures  and  on  the  ends 
b 

2rfa  (r)rdr  =  P  (a  prescribed  value)  (2.12) 

a 


The  solution  to  Eq.  (2.7)  is 


a  (r)  =  C,r  ^  +  C_r  +  f(r)  +  - ^  K  (2.13) 

r  1  2  533(^22  -  ^ii) 


where 


(2.14) 


and  f(r)  is  the  particular  solution  for  the  non-homogeneous 
part  of  the  differential  equation  for  the  terms  involving  T. 
and  C2  ate  constants  of  integration.  For  brevity,  let 
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Evaluating  and  C2  from  the  boundary  conditions  (2.11)  there 
results 


Cl  = 
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The  remaining  components  of  stress  are 


ag(r)  =  -  C^kr 


+  C2>^r 


|T(rF(r)) 


(2.17) 


(2.18) 


-  ^23  d7(^^)  -  ^3^  +  K  -  QT 


The  value  K  may  be  found  by  substituting  Eq.  (2.18)  into 
the  end  boundary  condition  (2.12).  If  an  explicit  expression 
for  is  known,  the  integral  may  be  evaluated,  giving  an 
algebraic  relationship  between  K  and  P.  As  the  temperature 
field  is  not  given  explicitly,  no  attempt  will  be  made  here 
to  obtain  a  general  relationship,  since  this  step  of  the  solu¬ 
tion  is  straight-forward  for  a  given  problem. 

The  displacement  u  is  found  from  the  stress-strain-dis¬ 
placement  relations  (2.3)  and  (2.9). 
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u(r)  = 


P22  "  Pl2<'^'''  *  <1  - 


(2.19) 


The  appearance  of  the  independent  variable  r  raised  to 
non-integral  powers  containing  the  elastic  coefficients  is 
noteworthy,,  particularly  with  reference  to  the  dependence  of 
the  displacement  and  stress  distributions  on  the  elastic  co¬ 
efficients  This,  of  course  has  additional  implications  with 
respect  to  the  solution  of  anisotropic  viscoelasticity  problems. 

In  the  instance  an  orthotropic  cylinder  is  subjected  to 
torsion  the  problem  of  determining  the  stress  and  displacement 
distributions  is  exactly  the  same  as  that  for  the  isotropic 
case.  The  reciprocal  of  the  compliance  takes  the  place 

of  the  usual  isotropic  shear  modulus  Since  the  solution  of 
the  torsion  of  cylinders  may  be  found  in  any  standard  strength 
of  materials  text,  no  further  consideration  will  be  given  here 
as  the  transition  from  isotropy  to  orthotropy  is  straight¬ 
forward  . 


3 .  Examples 

a .  Internal  Pressur  izabion  of.  a  Cylxnder  of  Hexagonal 
Material 

Stress  analysis  of  a  thick -walled  cylinder  with  hexagonal 
material  properties  was  conducted  to  assess  the  effect  of  this 
particular  kind  of  anisotropy  which  is  characteristic  of  stress- 
induced  anisotropy  for  a  pressurized  propellant  cylinder  in 
plane  strain.  The  term  hexagonal  refers  to  a  special  form  of 
orthotropy  in  which  two  of  the  three  elastic  compliances, 

S22'  corresponding  to  radial  tangential,  and  axial 

directions,  are  identical  With  this  form  of  elastic  symmetry, 
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it  is  possible  to  reduce  the  number  of  independent  elastic 
compliances  from  nine  (for  orthotropy)  to  five,  viz.: 

®22'  ®12'  ^13'  ^44"  parameters  Sj^2'  are  associated 

with  cross-effects  while  is  a  shear  compliance. 

The  values  of  the  parameters  adopted  for  the  study  are: 


®11  ^33  540  '  ^22  300  '  ^13  1080  '  ^12 

^11  -  3  -  “^12 

k,  =  =  0.556  ;  k-  =  =  0.278  ;  k^  = 

i  S22  ^  1=22  ^22 


S 


23 


(3.1) 


The  parameter  k^  will  be  varied  to  obtain  a  family  of  curves. 
This  parameter  is  essentiially  a  measure  of  the  cross-effect 
between  the  r  and  9  or  the  z  and  6  directions.  No  value  was 
assigned  to  since  it  does  not  appear  in  the  expressions 

for  the  stresses  given  by  Eqs .  (2.13) ,  (2.17) ,  and  (2.18) .  A 

plot  of  Og(a)  versus  b/a  for  internal  pressure  only  is  shown 
in  Fig.  (3.1)  .  The  close  proximity  of  the  family  of  curves 
with  k^  ^  parameter  discloses  that  the  cross-effect  has  a 
negligible  influence  on  the  maximum  stress  for  a  particular 
value  of  kj^ .  Thus,  it  is  seen  that  the  major  factor  in  the 
difference  between  the  maximum  stress  in  the  isotropic  and 
hexagonal  cases  is  the  parameter  k^ ,  the  ratio  of  the  radial 
and  tangential  compliances.  For  solid  propellants,  which  ex¬ 
hibit  stress-induced  orthotropy,  k^  is  less  than  unity.  Con¬ 
sequently,  the  maximum  stress  lies  below  that  for  an  iso¬ 
tropic  cylinder  for  all  values  of  b/a .  The  upper  curve  in 
the  figure,  corresponding  to  k^  =  1.80  and  k2  ~  ^3  “  0.90,  is 
included  to  show  the  effect  of  interchanging  the  values  of 
radial  and  tangential  compliances. 


I 


b .  Pressurization  of  a  Cylinder  with  Stress-Induced 
Hexagonal  Material  Properties 

When  a  cylinder  is  subjected  to  both  internal  and  external 
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pressure  the  tangential  stress  crosses  over  from  tension  to 
compression  at  some  radius  between  the  values  of  b  and  a.  If 
the  criterion  for  the  change  of  values  of  the  compliances  is 
taken  at  the  instance  when  one  principal  stress  goes  from  ten¬ 
sion  to  compression,  then  it  is  possible  to  solve  this  problem 
as  two  concentric  cylinders,  one  of  which  is  isotropic  and  one 
with  hexagonal  material  properties.  The  theory  of  bilinear 
solids  is  presented  in  Part  II  of  this  report  by  Herrmann, 
who  discussed  a  number  of  classes  of  bilinear  materials  with 
different  cross-over  criteria  The  problem  presented  herein 
is  a  special  case  in  one  of  the  classes  discussed,  where  the 
cross-over  point  is  taken  to  be  zero  stress. 

The  following  steps  are  taken  for  the  solution  of  this  bi¬ 
linear  elastic  problem: 


(1)  Solve  the  following  two  boundary  value  problems: 
isotropy 
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where  x  is  the  radius  at  which  Og  crosses  over.  In  Eqs .  (3.2) 
and  (3.3)  K  and  the  thermal  effects  have  been  neglected. 

The  solution  for  this  step  is 
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(3.4b) 


- Ea -  ,X)1<  + 

(X)k  ^  (X  -k  TL^r 
a  a 


pa  1  ,  ,  ,  ,Xv 

- 'z - , ~  cosh  k  in  (— ) 

cosh  j^k  In  ^  ^ 


(3.5a) 


_  _ pak _  f— _  r— ^ 

/  X\  k  /  X  \  “"k  IT  '  V  '  '  IT  ^ 


cosh  k  In  —1 
L  aJ 


—  sinh  k  In  — 
r  r 


(3.5b) 


(2)  Determine  the  value  of  x  by  equating  the  radial  stresses 
of  both  sub-domains  at  the  interface  r  =  x. 


a  .  (x)  =  o  ,  (x) 
ri  rh 


(3.6) 


Substituting  Eqs .  (3.4a)  and  (3.5a)  into  Eq.  (3.6)  gives: 


2  2 

X  +  b  /X, k  ,x.  -k 

X  (-)  ^  (-) 


pa(x^  +  b^)  =  2qb^x  cosh  [k  In  (^)j 


(3.7a) 


(3.7b) 


The  solution  of  the  transcendental  equation  (3.7b)  gives  the 
value  of  X. 
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In  many  problems  of  interest  i,t  is  not  the  external  pres¬ 
sure  q  which  is  prescribed,  but  rather  a  displacement  boundary 
condition.  Hence  it  is  necessary  to  relate  the  external  pres¬ 
sure  to  the  displacement  at  the  outer  boundary.  The  displace¬ 
ments  for  the  indivjidual  sub-domains  may  be  found  from  Eqs . 

(2.3)  and  (29). 

Ui(r)  .  Pi2,)(7)'  -  ^^22.  <3.8) 

x+b<-i  1  1  1-* 


u.(r) 


r  k, 

= - f - (^h^22  -^12  ^  ^7^  -  (^12  ^  ^.^22  )  ( 

2  coshjk  ln(-)|L  ^  ^^h  ^  h  ^  ^^h  ^^h 


r 

(3.9) 


where  the  subscripts  h  and  i  in  the  elastic  coefficients  dis¬ 
tinguish  them  between  hexagonal  and  isotropic  properties.  As 
an  example  consider  the  outer  case  to  be  rigid,  i.e.  u^ (b)  =  0 ; 
then  from  Eq .  (38)  there  results 


^22^  ^12^ 

*^22.  ■  ^12 
1  1 


(3.10) 


Eq.  (3,10)  shows  that  for  a  rigid  outer  case,  the  value  of 
x/b  is  a  constant ,  indicating  that  the  value  of  x  is  independ¬ 
ent  of  the  ratio  b/a  and  of  the  internal  pressure  (i.e.,  once 
the  cylinder  is  pressurized,  a  cross-over  point  is  immediately 
established  and  remains  at  that  position  as  long  as  a  pressute 
is  maintained) .  To  determine  q  in  terms  of  p,  substitute  Eq. 
(3.10)  into  Eq.  (3.7b) 
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0  O 


As  a  check,  the  displacements  of  both  sub-domains  must  be  the 
same  at  the  interface,  u^(x)  =  u^(x).  Equating  Eqs .  (3.8) 

and  (3.9)  for  r  =  x  gives 


q  = 


_pa 
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(3.12) 


Oomparing  Eqs.  (3.11)  and  (3.12)  shows  that  they  are  equal  only 
if 

^12  ^  ^12. 
n  1 

Eq.  (3.13)  shows  that  there  are  only  three  relevant  elastic 
constants  instead  of  four  in  this  type  of  stress-induced 
orthotropy.  This  relationship  is  a  natural  consequence  of  the 
cross-over  criterion  employed  and  may  be  seen  more  clearly 
in  the  direct  formulation  of  the  constitutive  equations  for 
a  bilinear  material  as  shown  in  Part  II .  Reflecting  upon 
Eq.  (3.10)  it  is  reasonable  to  expect  that  x  should  depend  on 
the  elastic  properties  of  both  sub-domains. 
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LINEAR  VISCOELASTIC  ANALYSIS  OF  ORTHOTROPIC  SOLIDS 


4 .  Correspondence  Principle  for  .Anisotropic  Viscoelasticity 

In  linear  isotropic  viscoelasticity  a  useful  analogy 
exists  for  the  solution  of  bounflary  value  problems.  The 
correspondence  principle  has  been  repeatedly  used  for  many 
isotropic  problems.  Following  this  principle  an  associated 
elastic  problem  with  the  proper  boundary  conditions  in  Laplace 
or  Fourier  transform  space  is  inverted  to  obtain  the  visco¬ 
elastic  response.  This  principle  can  be  formally  extended  for 
anisotropic  solids  by  replacing  the  elastic  constitutive  equa¬ 
tions,  (1.4)  and  (1.5),  by  viscoelastic  constitutive  equations 

kl 

a.  .  =  Q.  .  e,  ,  (summation  on  re-  (4.1) 

peated  indices) 


where  is  an  operational  tensor.  Special  forms  of  this 

tensor  appear  in  C  6  □  and  H  3 

The  Laplace  transform  of  Eq.  (4.1)  along  with  similar 
transforms  of  the  equilibrium  and  compatibility  equations, 
strain-displacement  relations  and  boundary  conditions  are 
necessary  to  complete  the  formal  analogy. 

Using  the  correspondence  principle  and  by  inverting  term 
by  term  the  Mittag-Lef f ler  expansion  of  the  solution  for  the 
associated  elastic  orthotropic  cylinder,  Spillers  has  recovered 
the  viscoelastic  response  C  7  □.  in  general  the  solution  of 
viscoelastic  problems  may  not  be  obtained  in  this  straight¬ 
forward  manner.  Recall  from  the  solution  of  the  cylinder  prob¬ 
lem  in  Section  2  that  the  independent  variable  r  appears  raised 
to  a  fractional  power  containing  elastic  coefficients.  Al¬ 
though  the  viscoelastic  response  was  obtained  directly  from 
the  correspondence  principle,  the  form  of  this  solution  seems 
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to  indicate  that  other  orthotropic  problems  may  not  be  readily 
invertible.  An  aiternati"e  method  of  solution  is  applied  to 
the  same  orthotropic  cylinder  in  the  next  section.  The, ap¬ 
proach..  however  is  valid  for  other  orthotropic  viscoelastic 
problems . 


Viscoelastic  Solution  for  the  Pressurization  of  a  Cylinder 


The  problem  of  the  pressurization  of  a  cylinder  is  in¬ 
tended  to  illustrate  a  method  of  solution  which  does  not  in¬ 
volve  the  correspondence  principle  The  governing  equation 

IS 


in  stress  a  Eg.  {2  “' ) 

o  2 _ r 

^22  2 
or 


d  c 
'  r 

dr 


22 


^11^ ^r 


(5,1) 


"^13  ■  ^33]  dT  "^13  ■  ^23^ 

cxT  j 

'^13  ■  ^23^ 

'  "33  r'  -  ‘  '  ^^3  - 

®33  ' 

K 


where  ^5  .  -  S 

1  j  11 


S  ,S  .  , 

1  i  3 

— ^ -  are  now  viscoelastic  operators.  The 

b  ^  -V 

J  J 


material  properties  are  also  assumed  temperature  independent. 
The  theory  of  viscoelastic  materials  with  temperature-dependent 
properties  has  been  discussed  by  MuTci  and  Sternberg  IZ  9  □  and 
the  thermal  deformation  of  viscoelastic  cylinders  with  such 
materials  properties  is  given  in  Part  TV  The  boundary  and 
initial  conditions  for  Eq.  (5  1)  are 


o^(a  t)  -  -  pH(t; 


o^(b  t)  ^  -  qH't] 


(5.2) 
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o^(r,0)  =  0 


(5.3) 


^{r,0)  =  0 

where  H(t)  is  the  Heaviside  step  function. 

The  solution  of  Eq-  (5.1)  is  composed  of  two  parts 


a^(r,t)  =  a^^{r,t)  +  ,t) 


(5.4) 


where  a^2  is  any  arbitrary  function  chosen  specifically  to 
satisfy  boundary  conditions,  but,  in  general,  not  satisfying 
the  differential  equation.  Techniques  of  selecting  this  func¬ 
tion  for  specific  purposes  will  be  discussed  in  the  sequel. 

Eq.  (5.1)  is  thus  recast  in  the  following  form  with  homo¬ 
geneous  boundary  conditions: 

-  ,  ba  , 

^22^  ~~ "2~  ^22^  ~Sr~  ^^22  "  ^ll^*^^!  "  (5.5) 


rc  -Sn  ^  "S  -Sn  S  -Si 

L  S33  J  ar  L  S33  j  L  S33  j 


2  do  _ 

_^22  ^^2  ^22^  dr  ^^22  "  ^11^ '^r2 


(5.6) 


with 


Ori(a,t)  =  0 


ari(b,t)  =  0 


(5.7) 


da  ,  (r,0) 

'"rl^^'®^  =  ^t -  =  ° 


(5.8) 
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A  separation  of  variables  technique  on  the  homogeneous 
equation  (5.5)  is  possible  Let 


and 


with 


where  X  is  a  separation  constant. 

Eq  (5  10)  with  homogeneous  boundary  condtions  (5.11) 
is  a  Sturm-L iouville  differential  equation-  From  that  system 
of  equations  a  complete  set  of  characteristic  functions  and 
the  corresponding  characteristic  values  may  be  generated.  Any 
arbitrary  function  in  the  variable  r  may  now  be  expanded  in 
terms  of  this  set  of  characteristic  functions.  The  solution 
to  Eq.  (5.10)  IS 


R(r)  - 


-  1-v  l+X 


-iVT+x 


(5.14) 


Evaluating  the  constants  A^^  and  A^  from  the  boundary  conditions 
leads  to  the  following  characteristic  equation,  the  roots  of 
which  are  the  characteristic  values. 
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1 


(5.15) 


2/1+1 


The  characteristic  values  are 


^2  2 

X  =  -  (1  + 
n  2  ‘ 


(5.16) 


where 


7  =  In  ^  and  n  is  an  integer. 


(5.17) 


The  corresponding  characteristic  functions  are 


^  1  ,TTn  ,  r. 

R  =  —  sin( —  In  — ) 
n  r  7  a 


(5.18) 


The  solution  of  Eq.  (5.12)  with  homogeneous  initial 
conditions  (5.13)  is  identically  zero. 

However,  with  the  complete  set  of  characteristic  functions 
at  our  disposal,  the  non-homogeneous  term  of  Eq.  (5.5)  can  be 
expanded  in  an  infinite  series. 


f (r,t)  =  /  C  (t)  R  (r 


n  n 


(5.19) 


where 


C^(t)  =  f(r,t)R  (r)rdr 


(5.20) 


=/  R  ^  rdr 

J  n 


(5.21) 


A  particular  solution  may  now  be  obtained  using  a  mode 
superposition  method.  Let 


.  (t)R  (r) 


(5.22) 


where  f  (t)  are  undetermined  coefficients.  Substitution  of 
n 

P  - 


F-23 


Eqs =  (5  22)  and  (5  19)  into  Eq .  (5=5)  gives 


& 


X  F. 

n  n  n 
P 


(1  - 


22 


)>P 


R  = 
n  n 
P 


C  R 
n  n 


(5.23) 


n=l 


Therefore  the  solutions  to  the  typical  equation  in  time  gives 
the  coefficients  of  the  series  solution  . 


^-2 

X  (t)  +  (1  -  (t)  =  C  (t) 

P  11  P 


(5.24) 


6 .  Asymptotic  Solutions 

The  selection  of  can  be  made  judiciously  to  minimize 

the  error  in  using  only  a  finite  ntmiber  of  terms  of  the  series 
for  a  ^  For  the  purpose  of  discussion  consider  a  Maxwell- 

type  response.  If  a  solution  for  early  times  is  desired, 
should  be  taken  as  the  elastic  response  multiplied  by  the 
Heaviside  unit  function-  Since  the  major  contribution  at  early 
times  is  attributed  to  the  elastic  response,  the  series  solu¬ 
tion  for  a  ,  will  represent  only  the  deviation  from  this  effect 
rip 

due  to  viscoelastic  properties  of  the  body.  These  viscoelastic 
effects  will  be  small  in  comparison  to  0^2'  bence  early  termina¬ 
tion  of  the  infinite  series  will  incur  no  major  error  in  the 
total  solution 

On  the  other  hand,  if  a  long  time  solution  is  needed, 

0^2  should  be  taken  as  the  steady  creep  solution  in  the  case 
of  a  Maxwell-type  response  To  obtain  such  an  expression,  it 
is  necessary  to  substitute  the  viscosity  coefficients  in  place 
of  the  elastic  coefficients  in  the  differential  equation  and 
seek  a  solution.  This  steady  creep  solution  represents  the 
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bulk  of  the  total  response  at  very  long  times,,  and  consequently 

the  series  a  ,  in  this  case  is  the  deviation  from  this  effect 
rl 

P 

due  to  elasticity  of  the  body.  Again  terminating  the  infinite 
series  early  will  incur  no  major  error  in  the  total  response. 

The  roles  of  early  and  long  times  are  thus 

interchanged „  ^ 

The  foregoing  discussion  on  the  selection  of  the  function 
to  satisfy  boundary  conditions  need  not  be  restricted  to 
Maxwell-type  responses.  The  qualitative  approach  used  pre¬ 
viously  can  be  achieved  systematically  by  examining  the  asymp¬ 
totic  forms  of  the  constitutive  equations  When  a  form  of  the 
constitutive  equations  is  given,  it  is  possible  to  predict  the 
behavior  of  a  solid  at  early  or  long  times  by  reducing  these 
equations  to  their  asymptotic  forms  A  procedure  of  accomp¬ 
lishing  this  is  to  examine  the  Laplace  transform  of  the  con¬ 
stitutive  equations.  If  t  is  the  time  variable  and  s  is  the 
transform  variable,  then  as  s  — t  0  and  as  s  0 ,  t 
Performing  the  limiting  process  gives  the  asymptotic  forms  of 
these  equations  for  early  and  long  times  It  is  then  possible 
to  u  se  thiis  simplified  form  of  the  equations  to  obtain  an 
asymptotic  solution  which  will  be  used  for  Precaution 

should  be  taken  in  arriving  at  sensible  relationships.,  i.e.. 
for  a  limiting  elastic  response,  a  stress -strain  relation  should 
be  obtained  and  for  a  limiting  creep  condition  a  stress-strain 
rate  relation  should  be  obtained 

A  similar  asymptotic  process  may  be  applied  to  the  solution 
for  A  method  for  solving  Eq  ( 5  24)  is  by  Laplace  trans- 

form^  The  ultimate  form  of  a  typical  equation  for  the  particu¬ 
lar  value  of  the  parameter  prior  to  the  Laplace  inversion  is 


-y-t-ioo 


m  m-1  , 

as  +  a  ,  s  + 
m  m-i 


2fi  J 
7-i<*  s 


o  St  , 
— _e  ds 


,  m  ,  ,  m-1  ,  , 

b  s  +  b  ,  s  4  „  „  -t-b 

m  m-1  o 


(6.1) 
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It  is  possible  to  obtain  an  inversion  for  this  expression  by 
the  method  of  partial  fractions  .  However  for  a  high  degree 
polynomial;  the  work  involved  is  quite  cumbersome o  Since 

^  P 

represents  only  a  small  portion  of  the  total  response  for  a 
selected  time  interval  it  is  justifiable  to  use  an  approximate 
solution.  Recall  that  s  — >  0  and  s  — > “  is  equivalent  to  t  — > “ 
and  t  0  respectively;  the  limiting  process  may  again  be 
applied.  Consider  the  fraction 


m  m-1 

as  +  a  ,  s 
m  m-1 


I  -u  ,  m-1  . 

Is  b  s  b  .  s  + , 
m  m-1 


r  o  4-b 


(6.2) 


As  s  0  the  lower  order  terms  a  .  a, ,  . ,b  ,  b, , . .  govern 

the  value  of  the  fraction  Hence  the  higher  order  terms  in  s 
may  be  neglected  The  number  of  terms  neglected  depends  on 
the  accuracy  of  the  desired  solution  As  an  example,  neglect 
all  terms  except  a^  a.  <  b^ ;  then  the  asymptotic  form  is 


a,  s  -I-  a 
1  o 


s,  b,  s  -t-  b 

L  1-  o. 


(6.3) 


Such  an  expression  is  easily  invertible.  Should  more  accuracy 
be  needed,  include  a^  and  The  expression  in  this  case  is 


a-,s  +  a,  s  +  a 
2  1  o 


(6.4) 


b„s  h,  s  +  b 

2  1  o 


which  is  still  a  relatively  easy  inversion.  Such  an  argument 
may  be  continued  until  the  desired  accuracy  is  attained. 
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A  similar  argument  may  be  used  when  s  The  higher 

order  coefficients  predominate  and  it  is  justifiable  to  neg¬ 
lect  the  lower  order  terms.  An  example  of  this  asymptotic  form 
is 


n 

n-1 

a  s 

+ 

a  ,  s 

a  s 

+ 

a  , 

n 

n-1 

n 

n-1 

s 

•u  ^ 

b  s 

+ 

,  n-1 

b  ,  s 

s 

b  s 

+ 

b 

n 

n-1 

n 

n-l_ 

(6.5) 


This  expression  is  equivalent  to  Eq.  (6.3)  which  was  noted  to 
be  readily  invertible.  For  more  accuracy  additional  terms  must 
be  included.  By  the  foregoing  techniques,  a  fairly  accurate 
solution  may  be  obtained  with  a  minimum  of  computational  effort. 

Before  eluding  from  this  section  attention  is  called  to 
some  other  approximate  methods  of  Laplace  transfoirm  inversion. 
Schapery  L  1^  □  has  developed  techniques  which  are  applicable 
to  stress  analysis  problems  in  quasi-static  linear  viscoelas¬ 
ticity.  To  use  these  methods  it  is  only  necessary  to  have 
knowledge  of  the  associated  elastic  solution,  either  numerically 
or  analytically.  The  principles  underlying  these  techniques 
come  from  Irreversible  Thermodynamics  and  a  mathematical  property 
of  the  Laplace  Transform. 
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NON  LINEAR  ELASTIC  ANALYSIS  OF  CYLINDERS 
WITH  CYLINDRICAL  ORTHOTROPY 


c 


7 .  Fundamental  Equations  for  Solids  in  Plane  Strain  Subjected 
to  Axisymmetric  Loads 

Tensor  notation  will  be  used  in  this  section;  the  reader 
is  referred  to  CUD  for  more  details.  Adopting  suitable 
convected  coordinates 

=  (r.  e,  z)  ,  i  =  1,  2,  3  (7,1) 

the  line  elements  in  the  undeformed  and  the  deformed  states 
are,  respectively 


(ds  )  -  g  ■ dx^dx^ 

o  ^13 


(ds)  =  G . .dx^dx^ 
13 


(7,2) 


where  the  metric  tensors  g. .  and  G. .  are 

ID  13 


'ij 


— 

1 

0 

0 

(1^.^ 

0 

0 

0 

2 

r 

0 

G.  .  = 

ID 

0 

2  , ,  ,  u,  2 
r  (i-t^) 

0 

0 

0 

1 

0 

0 

1 

J 

. 

J 

(7.3) 


The  mixed  form  of  the  strain  tensor  is  defined  by 


■i  =  ^ 


3  2  "-ik  ^^ik' 

The  strain-displacement  relations  are 


(7.4) 


i 
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Gr  2  dr 


r  2  r 


According  to  Green  and  Adkins  C  11  □  the  strain  energy 
density  for  curvilinear  anisotropy  must  be  expressed  in  terms 
of  the  physical  components  of  strain  In  anisotropy  it  i s 
necessary  to  account  for  both  the  changes  in  geometry  and  in 
the  preferred  directions  of  curvilinear  anisotropy  For  a 
solid  with  cylindrical  orthotropy  the  strain  energy  density 
may  be  expressed  as 

W  --  W(e^  e.  e^ .  ^2  e^  e^^  e.  02  62  e^) 

For  a  second  order  theory,  the  explicit  form  of  W  is 

TT  12  ,  13  t,2,2  ,  23 

W  =  ^2  ®1®2  ^3^1®3  '^4''®2^  ^5®2®3 

,,3,2^,  12  -  13  .  23  ,  /lv3 

kg(e3)  +  ^  kgSje^  »  k^e-e^  -  k^^Cey 


,  ,1,2  2  ,  ,1,  2  3  ,  ,2,2  1  ,  /  2,  3 

-r  k,,(e,)  e_  -  k,  .(e,)  e.  +k,,,ie_)  e,  ^-  k.-le-) 


‘ll"-!^ 


2^^  3_ 


“15'^2' 

12  3 
^19®1^2®3 

2  12 
^2,1®2®2®1 

3  2  3 

.2-7636302 


'3 


12  '1' 

,  3,2  1 
^16^®3^  ®1 

112 

‘20^1^2^! 

2  2  3 
^24®2®3®2 

3  13 
“28®3®3®1 


13  '  2' 


^14'^2^ 


(7.7) 


,  ,3,22 

+  k^^^le^)  02 

kig(ep 

12  3, 

,  113 

21  1^3  2  ' 

ZZ  1  3  1 

,  2  13 

,  3  12 

"  ^25^2^3^!  ^ 

^26“3®2®1 

,  12  3 

•t  ^2562026^ 

I 


F  -Z9 


(7.8) 


Solution  for  a  Thick -Walled  Cylinder  Subjected  to 
Internal  and  External  Pressure 


The  problem  of  the  pressurization  of  an  orthotropic 
cylinder  is  governed  by  the  following  non-linear  differential 
equation 


da  , 

_u  _ r  du 

r  dr  dr 


0 


(8.1) 


with  the  following  boundary  conditions 


a^(a)  =  -  p^  o^(b)  =  -  (8.2) 

A  method  of  solution  is  by  a  perturbation  scheme.  For 
details  of  this  method,  the  reader  is  referred  to  Part  III 
where  a  number  of  problems  in  non-linear  isotropic  elasticity 
are  treated  by  this  perturbation  scheme.  Only  the  results  for 
the  orthotropic  cylinder  will  be  stated  here. 
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The  radial  displacement  is  given  by 


,  X  V  ^^>"'1'^  "'2,  ^  "'l'^  "'2~^,rx"'l  ^2 

u(r)  =  ap^  X^(-)  +  X2C  (-) 


^1  m«  1  m-j  m«  m^  m«~j 

-  "Pb  tf'  ‘  +  H'-i'  J 


m^-  m^-  1  2-Xg  ,”’l+”’2,  S  ,t,"’l-"'2  °1  , r  2"'l+2"'2-'- 

+  (P^-  P^c  >  ^— (-)  +  — (-)  -  — (-) 


+  2aX^X2(p^-  P^”l‘  "2  )(p^c 


m  -  m,-l,  m  +  nij-1  ’'t  r ,  "l*  ”’2  ,^10  ,  r.  ""l-  "'2 

1  2  Xp^c  _,-)  4_(_) 


“2,r  ^  .^2,  "'2-1  ’'s  ”'2 

^(-)  J  +  aX^Cp^c  -  p^)  I— (-) 


(8.3) 


X,,  m,  -  m„  D-,  2m,-  2m_-  1 

+  1  2  _  r  1  2 

'^12  ^  X 


The  stresses  are  given  by 


^2  ^  ^^1  ^^1  ^  ^2^ 


""e  =  ^  Pa  ri  2X4  +  k2(m^  +  m2)  (-) 


m,  4-  m_-  1 
r ,  1  2 


I 


kj  +  kjdn^  +  m^) 


k2  +  2k^  (m^  -  m2) 


(8.4) 


m  +m  -1  „  m,  -  m--  I'" 

+■:  X^c  ^  ^  2k^  4-  k2(m^  -  m2)  C-^) 


k^  4-  k^(m^  4-  m^) 
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1^2-  1 


2  , 


m,  - 


X^c 


^2  (m^  +  m2) 


2k^  4-  k2(m^  +  m2) 


^3  ^  )<^5(ni2^  +  1^2) 


m,  +  m_-  1 

(f) 


+  X, 


k2  +  2k^(mj^  -  m2) 


2k^  +  k2(m^  -  m2) 


k^  +  k;^(mj^  1112) 


■ 


ni-*  1 

(f) 


^  2„  2,  m^  m2  1  2 

+  a  X^  (p^-  p^c  ) 


L^12 


^2  '*’  ^’'^1  ’'^2^  • 


2k^  +  k2  (m^  +  m2) 


m,  +  m„-  1 

(?)  ^  " 

a 


k^  +  k-  (m.  +  m_) 
3  D  i  2 


X, 


"12 


/  \ 

/ 

1 

\ 

k2+  2k^(2mj^^+  2m2”  1) 

^  m, -  m_-l  D, 

1 

2k4  +  k2{m^-  m2) 

<f'  -  3q 

2X4+  k2(2mj^+  2m2-  1) 

1<3+  k^ 

k3+  k^(2m^+ 

»  / 

\ 

2m^+2ra2-2' 


'  X- 


_  m, -m_-l  m,  +  m„-l 

+  2a  X^X2(p^-Pj,c  )(p^c  -Pb’Lir 


12 


k2+  2k^  (m^+  m2) 


2k^+  k2(m^+  m2) 


k2+  k^(ni^+  m2) 


m, +m_-l 
r\  1  2 


+ 


"10 


"12 


/  \ 

k2+  2kj^(mj^-  m2) 

k2+  2k^(2m^-l) 

m,  -  ra.,-1  D„ 

2k^+  k2(inj^-  m2) 

r  1  2  2 

-  3c^ 

2k^+  k2(2m^-l) 

k3+  k^(m^-  m2) 

k3+  k^  ( 2mj^-l) 

.  > 

\  / 

2m,  -2 
({)  ^ 


(8.4) 
Cont . 
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2^  2,  "'l'^  '^2"^  . 

+  a  X2  (P^c  -p^) 


rx 


8 


L^12 


k2  +  2k^ (m^  +  m2) 
2k^  +  k^Cm^  +  m2) 


k^  +  k^  (m^  +  m2) 


'f' 


"i  +  "2 


-  1 


X 


11 


X 


12 


+  a 


k2+  2k ^  (m^-  m2) 


2k^+  k2  (m^-  m2) 


k3+  m2) 


3kio+3kii 


m. -m_-l  D, 

(f)  1  ^ 


X, 


k2+  2k^(2m^-  2m2-l) 


2k^+  k2(2m^-  2m2-l) 

k,+  kc(2m^-  2m--l) 
i  3  i  Z 


2mT  -  2m_-  2' 

(f)  ^  ^ 

Oi 


k  -  — - 
^11  2 


k  -  — — 
^12  2 


Xi(mi+  m2)  (-) 


m,  +  m_-l 
r ,  1  2 


m,  +  m_— 1  m,  — m---l« 


+  X2(m 


‘"1^  '"2  ,r  ‘  1  '  2 

r'"2>=  ] 


m, -  m_-l  m, +  m_-l 
1  2  ,r>  1  2 


-  „,,c  ^  ^  (f, 


+  X2 (m^-  m2) (-) 


m,  -m_-l 

r,  1  2 


4a 


k  -  — — 
13  2 


3k  -  +  3k,  . 
4  14 


‘15  2 


m, +  m_  m, +  m_-l  m, -  m_ 

j„,r,  1  2.^  1  2  ,rvl  2 

Pa  i  +  >^2=  ‘-a’ 


] 


(8.4) 
cont . 


m,  —  m^-l  m,  +  m_  m, -m„ 

■)  X2({)  ']_ 


,  m, -  m_-l 

-Pb{v^  ^  <f' 


+  a 


2kii-  2k3_+  k2 
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^^19  ■  ^^3  ■  ^^5 


m,  +  m_-l  .  m.+m^-l  -  m. -m.--l 

Pa-^Xi(mi+  m2)  (J)  +X2(m^-m2)c  ( 
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tu 


-  |x^(m^+m2)c 


m, -m_-l  „  m, +m_-l  m  -ir.  -1 

1.2  ,i)  1  2 


m,  +m» 

P  Ix,  (£)  1  2 

l  a 


m,  +m--l  m.,  -m 

+  1  (£ 


j  -PbV'^l^  (I 


m,  1  _■  ,r/“l 


^-1  ^2  ")  ~] 


]  I 


(8.4) 


where 


b 

c  =  — 
a 


■k.2  -  2k^ 


"'l  k. 


"'2  ^^k2  -  2k^)^  +  4k^k^ 


(8.5) 

(8.6) 


3k2  -  4k^-  2  \/4(k2  -  ^k^V"  +  4k^k2 
«  m,  -m„-l  m.  H-m„-l 

(5k2  -  ak^k2  -  16k^k^) (C  ^  ^  -  c  ^  ^  ) 


= 


(8.7) 


^2  = 


3k2  -  4k^  +  2  V  4{k2  -  2k^) ^  +  ^k^k^ 

_  m, -m_-l  m  +m2-l 

(5k2  -  8k^k2  -  16k^k^)  Cc  ^  -  c 


X3  =  2C2 


2  (m^+  in2)  -  3(m^+  m2)  +  1 


J 


+  (C^+  C..7)|^2m^+  2m2-  1 


X4  “  2C2 


2m^  -  3m^+  1 


+  (C^  +  C^)(2m^-  1)  +  (C^  -  C^) 


X5  =  2C2 


2  (m^-  m2)  -  3  (m^-  ^12)+  1 


+  (C^+  C^) 


2m^-  2m2-  1 


+  (V  c^) 
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^6  '  ■'l  |tl  .■"  '-"l  -  '"2>  =  2]  = 


2m^-  2m2-2 


-[c^+  (mi-  m2)C2^c  ^ 


m,  -1^2-1 


^7  =  ^2 


2m,  -  2 


'i  ‘•‘“I  ^  (  ■)  “'-I 

Cl  +  (mi-  m2)C2(C  (mi"  m2)C2^C 


m,-  m2  -  ll 


’‘s  '  ll'^l  +  ""r  '"2'^2}  = 


2m,-  2m_-  2  m,  -  m_-  1‘ 

-[Ci+  (mi-  rn^)C^]  c 


Xg  =  Ki 


^10=  ^2 


*“1  '*’  (mi'*' 


Ci+  (mi+  m2)C2 


Xii=  i^Ci  +  (mi+  m^2 


mi+  m2-  1  2mi+  2m2-  2 

c  -b 


mi+  m2-  1  2mi-  2" 

c  -  c 


m,  +  m_-  1  2m,  -  2m_-  2’^ 

c  ^  2  -  c  ^  2  1 


_  m^  -  m_-  1  m^  +  m»-  1) 

Xi2=  (5k2  -  8kik2-  16kik^)  (c  ^  ^  -t  ^ 


Ki  =  (mi+  m2)  + 


C^+  Cg(mi+  m2)  -  3^1^!  +  (2mi+  2m2-  1)^21^ 


^2  ~  ^3  (mi  -  m2  )  +  C^+  ^S"'!  X^t^l  ^^"'1  ^^^2 


(8,8) 


K,  =  Cg  (mi”  m2)  + 


C4  ^  ^5("'l-  "^2^  "  3^K  ^2mi-  2m2-  1)02] 
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m2)  ^  ^2"*"  ^5"*"  ^7"*"  ^S"*"  ^2" 


+  (m^+  m2)  C2+  2C^-  C5+  Cg+  C^Q+  C5(m^+  m2-  l)j 


+  (Cg-  C^-  2C4) 


D2  =  (m^^+  m2^) (C2+  C5)  +  a(C^-  C2+  2C^-  20^+  0^+  C^q) 


2  2  r 

+  (m^  -  m2  )  -j  Cg 


+  C^+  Cg+  2C2(m^-  1) 


D3  =  (m^-  "'2)"^!  C2+  Cg+  C3+  Cg+  2C2(mj^-m2-l)^ 

+{m^-  m2)  ^  C^-  C2+  2C^-  Cg  +C^+  C3Q+  Cg(m^-  m2-  1) j 


+  (Cg-  2C4-  C^) 


(8.9) 


= 

^2 

^6  = 

^2 

2^4 

^2  = 

2ki 

^7 

2k^  ■ 

^2 

(8.10) 

S  = 

+  3k^ 

3k 

2 

^4  = 

^3- 

^2 

2 

S  = 

^13- 

3k  2 

2 

^4-  2^4 

^5  = 

2k^l 

-  2k^+  k2 

^10" 

2^1 

-  2^- 

2k^3^  2k4 
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The  stresses  and  displacement  when  substituted  back  into 
the  differential  equation  (8.1)  will  satisfy  it  within  the  de¬ 
gree  of  accuracy  of  the  second  order  terms.  Computation  of 
numerical  values  of  stress  and  displacement  is  contingent  upon 
the  knowledge  of  the  strain  energy  function  which  can  only  be 
determined  from  experiments. 
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INTRODUCTION 


This  investigation  was  initiated  to  attempt  to  approximate 
the  behavior  of  propellants  that  exhibit  different  mechanical 
behavior  in  tension  and  compression.  For  example,  one  might 
experimentally  obtain  a  uniaxial  stress-strain  curve  of  the 
form  shovm  below: 

a 


e 


We  shall  refer  to  the  point  of  discontinuous  rate  of  action  as 
the  "crossover  point".  In  our  study  we  have  allowed  this  cross¬ 
over  point  to  occur  at  states  other  than  the  zero  stress  state; 
thus,  we  are  able  to  accommodate  a  uniaxial  stress-strain  curve 
as  shown  below: 

c 


> 
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I 


This  generalization  was  made  v;ith  the  phenomenon  of  dewetting 
in  mind,  as  it  appears  that  dewetting  usually  occurs  at  some 
finite  strain  state.  The  following  analysis  may  be  easily 
extended  to  include  trilinear  materials  without  any  conceptual 
difficulties,  i.e.,  one  might  obtain  a  uniaxial  stress-strain 
curve  of  the  form: 


a 


It  should  be  noted  that  the  crossover  point  in  reality 
need  not  be  a  sharply  defined  point  as  we  have  pictured  it 
above  but  the  phenomenon  must  be  capable  of  being  approximately 
represented  by  a  series  of  linear  steps.  Thus  we  may  have  a 
bilinear  fit  of  experimental  data  as  is  illustrated  in  Figure 
2.  In  reality  what  we  are  doing  is  approximating  a  nonlinear 
material  response  by  a  series  of  zones  of  linear  action;  thus, 
more  appropriately  this  analysis  might  be  called  "elastic  zone 
analysis".  The  nonlinear  aspects  of  the  problem  will  in  general 
be  manifested  in  a  nonlinear  algebraic  equation  whose  solution 
locates  the  zone  boundaries,  see  for  example  Eq.(2ol8i  There¬ 
fore,  although  the  resulting  theories  are  for  infinitesimal 
strains,  superposition  is  in  general  no  longer  valid  as  the 
resulting  equations  are  bilinear,  not  linear. 

There  are  many  ways  to  hypothesize  a  bilinear  material 
depending  on  the  criterion  selected  to  define  the  crossover 
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INTRODUCTION 


This  investigation  was  initiated  to  attempt  to  approximate 
the  behavior  of  propellants  that  exhibit  different  mechanical 
behavior  in  tension  and  compression.  For  example,  one  might 
experimentally  obtain  a  uniaxial  stress-strain  curve  of  the 
form  shown  below: 

a 


We  shall  refer  to  the  point  of  discontinuous  rate  of  action  as 
the  "crossover  point".  In  our  study  we  have  allowed  this  cross¬ 
over  point  to  occur  at  states  other  than  the  zero  stress  state; 
thus,  we  are  able  to  accommodate  a  uniaxial  stress-strain  curve 
as  shown  below; 

o 
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This  generalization  was  made  with  the  phenomenon  of  dewetting 
in  mind,  as  it  appears  that  dewetting  usually  occurs  at  some 
finite  strain  state.  The  following  analysis  may  be  easily 
extended  to  include  trilinear  materials  without  any  conceptual 
difficulties,  i.e.,  one  might  obtain  a  uniaxial  stress-strain 
curve  of  the  form: 


a 


It  should  be  noted  that  the  crossover  point  in  reality 
need  not  be  a  sharply  defined  point  as  we  have  pictured  it 
above  but  the  phenomenon  must  be  capable  of  being  approximately 
represented  by  a  series  of  linear  steps .  Thus  we  may  have  a 
bilinear  fit  of  experimental  data  as  is  illustrated  in  Figure 
2.  In  reality  what  we  are  doing  is  approximating  a  nonlinear 
material  response  by  a  series  of  zones  of  linear  action;  thus, 
more  appropriately  this  analysis  might  be  called  "elastic  zone 
analysis".  The  nonlinear  aspects  of  the  problem  will  in  general 
be  manifested  in  a  nonlinear  algebraic  equation  whose  solution 
locates  the  zone  boundaries,  see  for  example  Eq.(2.18)  There¬ 
fore,  although  the  resulting  theories  are  for  infinitesimal 
strains,  superposition  is  in  general  no  longer  valid  as  the 
resulting  equations  are  bilinear,  not  linear. 

There  are  many  ways  to  hypothesize  a  bilinear  material 
depending  on  the  criterion  selected  to  define  the  crossover 
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point;  i.e=,  it  is  somewhat  analogous  to  the  yield  condition 
in  plasticity.  We  shall  consider  three  simple  classes  of  bi¬ 
linear  elastic  materials  corresponding  to  the  follow'ing  cross¬ 
over  criteria: 

I  )  Principal  strain  criterion 

II  )  Principal  stress  criterion 
III)  Mean  stress  criterion 

For  the  class  I  material  we  shall  consider  that  the  material 
passes  from  one  linear  phase  of  response  to  another  as  one  of 
the  principal  strains  passes  through  a  critical  value  We 
shall  refer  to  this  critical  value  as  the  "threshold"  '/alue 
The  first  two  criteria  lead  to  the  prediction  of  strain-or 
stress-induced  anisotropy  This  anisotropy  is  clearly  apparent 
when  one  views  the  resulting  constitutive  equations  Eqs  (11) 
and  (1.2)  ,  It  will  be  noted  that  the  preferred  directions 
coincide  with  the  principal  stress  directions  and  thus  for 
that  class  of  problems  for  which  we  do  not  >:now  a  priori  the 
directions  of  the  principal  stresses,  the  governing  equations 
for  the  class  I  and  I I  materials  become  nearly  intractable 
The  particular  criterion  that  should  be  used  to  characterize 
a  given  material,  of  course,  needs  to  be  determined  by  experi¬ 
mental  means;  for  example,  one  might  analyze  several  different 
stress  states  as  given  by  simple  tests  (see  Sections  2  and  3) . 

It  is  to  be  noted  that  although  we  might  have  expected  to 
be  able  to  independently  specify  two  or  three  elastic  constants 
in  each  zone  we  have  in  totality  only  three  independent  elastic 
constants,  as  may  be  seen  in  Eqs  (1-1),  (12)  and  (1„3)-  This 

restriction  is  not  present  in  the  proposed  generalized  theory 
of  Section  .  The  relationships  relating  the  remaining  cons¬ 
tants,  as  found  in  a  uniaxial  test,  are  given  by  Eqs.  (2.1) , 
(2.2)  and  (2.3) ,  They  are  different  for  each  of  the  three 
classes  of  materials  that  we  have  considered  and  may  be  used 
as  a  guide  in  selecting  the  particular  model  to  represent  a 
given  material,  see  Section  3o 
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NOTATION 


€ 


D 


(Additional  notation  will  be  explained  as  introduced.) 


Principal  strain 


Strain 


;  .  =e  .  — £  D  . 
11^3 


€  = 

m  3  1 


e  =  €' 


u 


D 


S^=T^-a  6^ 
3  3^3 


'e 


Deviatoric  strain 


Radial  strain  in  cylindrical  coordinates 


Tangential  strain  in  cylindrical  coordinates 


Longitudinal  strain  in  cylindrical  coordinates 


Mean  strain 


First  strain  invariant 


Radial  displacement  in  cylindrical  coordinates 


Principal  stress 


Stress 


Deviatoric  stress 


Radial  stress  in  cylindrical  coordinates 


Tangential  stress  in  cylindrical  coordinates 


Longitudinal  stress  in  cylindrical  coordinates 


I 
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0  = 

1 


a  = 

m  3  1 


k. 

1 


c . 
1 


B 


n 


E 


V 


V 


a 


e 

s 

h 

T 

T 


First  stress  invariant 

Mean  stress 

Elastic  modulus 

Elastic  compliance 

Bulk  modulus 

Shear  modulus 

Class  III  elastic  constant 

Young ' s  modulus 

Poisson's  ratio 

Shear  modulus  of  the  motor  case 

Poisson  s  ratio  of  the  motor  case 

Thermal  coefficient  of  linear  expansion  (assumed 
temperature  independent) 

Principal  strain  threshold  value 

Principal  stress  threshold  value 

Mean  stress  threshold  value 

Absolute  temperature 

Reference  temperature 
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o>  ICj' 


P  ' 


X 


6^ 

3 


Relative  temperature 

Inner  wall  temperature 

Outer  wall  temperature 

Inner  radius  of  thick-walled  cylinder 

Outer  radius  of  thick-walled  cylinder 

Radii  ratio 

Thickness  of  motor  case 

Pressure  on  inner  wall  of  thick-walled  cylinder 

Interface  pressure  between  thick-walled  cylinder 
and  motor  case 

Radial  location  of  zone  boundary 
Exponent  in  anisotropic  solution 
Exponent  in  anisotropic  solution 
Kronecker  delta 
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Zone  4 


^  ^2^2  ^  ^2^3  ^  ®(®i  “  ^3) 


^2  =  "=2^1  ■"  "=3^2  ■"  "=2^3  ■"  ■  "=3^ 


(1.1) 


03  =  C2e^  +  C2e2  +  ^3^3  +  ^(^1  "  C3) 


The  constitutive  equations  for  class  II  material  are  (see 
Section  5) : 


Zone  1  ^  s  ,  a_  <  s  ,  <  s 


h  =  +  k2a2  t  k2a3 


"2  ^2^1  ^1*^2  ^2°3 


"3  =  ^2^1  ^2^2  ^l'^3 


Zone  2  a,  ^  s  ,  a„  s  ,  <  s 


+  k2a2  +  ^2°3  s  (k^  -  k^) 


^2  *^2^1  ^1°2  ^2°3 


(1.2) 


^3  "  ^2""!  ^2‘^2  ^l'^3 


Zone  3  ^  s  ,  02  >.  s  ,  ^  s 


^1  "  ^3°1  ^2°2  ^2°3  +  -  ^3) 
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(continued) 


e  ^  = 


^2°1  ^3^2-  ^2‘^3  ®  ^^1 


^3^ 


e  ^  = 


’^2°1  +  ''2°2  +  ’^1°3 


(1.2) 


Zone  4  >  s  ,  a^  ^  s  ,  a^  ^ 


^1  ^3°l  ^2^2  "'’  ^2^3  '''  ®  “  ^"3^ 


^2  "  ^2°1  ^3'^2  ^  ^2'^3  ■  ^3^ 


€3  =  +  k^a^  +  s(k^  -  k^) 


For  any  given  zone  above  we  may  write 


€^3  - T>'"'  +  D^i 


then  for  an  arbitrary  set  of  orthogonal  axes  in  that  particular 
zone 


ni  ril  -hm  ,  -ij 
e-'=kiT  +D-’ 
km 

where  we  may  obtain  k^^  and  5^^  from  and  by  means  of 

fourth  and  second  rank  tensor  transformations  respectively;  we 
set 


k^^  =  C  for  i  ¥  j  or  k  7«^  m  and  =  0  for  i  7^  j  . 

The  constitutive  equations  for  class  III  materials  are  (see 
Section  5) : 


Zone  1 


a  <  h 

m  — 


-  (B  -  |}i)  06^  +  2iLe^ 
j  D  D 
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or 


c 


= 


3^3B 


+ 


i 

j 


Zone  2 


a  >  h 
m  — 


1 
T  . 

3 


=  (nB  -■  +  2[ie^  +  h(l  -  n)6j 


or 


j  3'3nB  j  2[i  j  3Bn  j 


=  i(  ^ 


(1.3) 


2 .  Elementary  Solutions 

We  shall  assume  for  simplicity  that  s  >  0,  e  >  0  and  h  >  0. 

We  first  consider  the  analysis  of  some  simple  tests  that 
may  be  used  to  determine  the  proper  threshold  criterion  and 
the  appropriate  elastic  constants  for  a  given  material;  for 
example ,  see  Section  3 . 


Uniaxial  Test 


a 
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class  I 


(1  - 

(1  -  ^2v^)  (1  +  v^) 


^2  (1  -  2v^) (1  +  v^) 

""3  "  (1  -  2v^)  (1  +  v^) 


e  =  e 

o 

In  addition  for  a  Class  I  representation  from  continuity  re¬ 
quirements  the  following  relationship  must  he  valid  (see  Section 
5) 


^2"2 


EiVi 


(1  -  2v^)  (1  +  v^) 


(1  -  2v^)  (1  +  v^) 


(2  =  1) 


Class  II 


k 


1 


k 


3 


k 


2 


s  =  o 

o 
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In  addition  for  a  Class  II  representation  as  a  result  of 
continuity  requirements  the  following  relationship  must  be 
valid  (see  Section  5) : 


(2.2) 


Class  III 


^1  2(1  +  v^) 

B  _ 

“l  3(1  -  2v^) 
^2 

"  3B^(1  -  2v^) 


h  = 


a 

o 


3 


Additionally  for  a  Class  III  representation  from  continuity 
the  following  relationship  must  be  valid; 


2(1  + 


2(1  + 


^2) 


(2.3) 


Biaxial  Test 


(a 


1 


0) 
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Class  III 


Zone 


Zons 


Pure 


Class  II 
Zone 


1 


2 


t^l  1  — 


^1  3^3B  2^L^^1 


.  -  2,J^ 

3  3^38  '  2^i^  1 


^  N  iii 
^1  >  2 


^1  3^3nB  2[i^  °1 


=  2,  1  _ 

3  3^3nB  ■  2m. ^1 


^(1  -  n) 
3nB 


h (1  -  n) 
3nB 


Shear  Strain  Test  (see  Section  6) 

X 


£  =  e  =  0,e  = 

XX  yy  xy 


1 


0^  s  or  7  ^  (1^2^  -  ^2^® 


T  =  T  =  0 
XX  yy 


7 


F-54 


Zone  2 


>  s  or  y  >_  (k^  -  k2)  s 

(2,4) 

2(k2-k^)  ((k^-  k2i  s  -  7) 

^xx  ”  ^yy  ”  ^k^k^  -  k2(k^  +  k^  +  2k2) 

s(k^-k^)  (2k^+  k2)+  27(k^+  k^^-  k2) 
^xy  ~  4k^k2-  k2(k^+  k^^  2k2) 


Thus  the  threshold  value  of  7  is 


7c  =  (^1“  ^2^^' 

Class  III  Only  one  zone  possible,  a  <  s  (as  a  =  0) 
■'  ^  m  —  m 


T  =  T  =  0 
XX  yy 


T 

xy 


2p7 


(2.5) 


Inspecting  Eqs .  (2.4)  and  (2.5)  we  see  that  the  results  of  a  pure 
shear  strain  test -would  clearly  show  whether  or  not  stress- 
induced  anisotropy  is  present  in  a  given  material. 


Axially  Symmetric  Plane  Strain  Thick-walled  Cylinder  Problems 


A  case-bonded  thermoelastic  cylinder  in  plane  strain  is 
shown  below  with  identifying  notation.  As  shall  be  shown 
later,  Class  I  material  appears  to  be  a  very  poor  model  for 
icrtual  propellants,  therefore  in  the  sequel  we  shall  consider 
only  Classes  II  and  III.  Depending  upon  the  relative  magni¬ 
tudes  of  the  various  material  parameters  we  may  have  an  ar¬ 
bitrary  distribution  of  zones;  thus,  one  cannot  anticipate  all 
situations  that  may  arise  in  a  given  physical  problem.  There¬ 
fore,  we  shall  only  be  able  to  consider  a  few  sample  problems 
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to  illustrate  the  solution  procedure  that  needs  to  be  applied  in 
a  given  problem. 


Class  II  Material 

Pressurization  of  a  thick -walled  cylinder,  U-  =  v  =  0/ 

with  constant  temperature,  T  =  T,  =  T(r)  =  T  -  For  small 
- -  _a _ b _ o 

internal  pressure  P. ,  i.e.,  P.  <  P  ,  a  ,  and  a  are  all 
^  1  i-^c  r  ©  z 

less  than  the  threshold  value  s;  hence,  the  body  tjehaves 

isotropically  and  the  solution  is  well  known  Cl  1  □.  At 

P^  =  P^  ,  =  s  and  a  zone  boundary  arises  at  r  =  a  and 

propagates  through  the  cylinder  as  P^  increases  above  P^,-  i.e., 

we  have 
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Uniform  temperature  drop  of  a  thick-walled  cylinder  bonded 

to  a  rigid  case,  p.  =  “,  T_  =  =  T(r)  =  T.  Let  t*  =  T  -  T_  . 

^  ■  1 II.  --  “  ■  o 

For  T*  >  we  have 


a  <  s 
r 


°e  <  ® 


o  <  s 

z 


The  material  behaves  isotropically  and  the  solution  is  well 
known.  When  T*  =  T^,  =  s  hence,  a  zone  boundary  arises 

(see  Section  6)  when 


■r*  =  h  =  -  *  [.-T  *  ('^1  +  ) 


For  ^2  <  T*  <  T^,  we  have 
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In  Zone  1 
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where  one-  finds  x  from  the  equation 


kiS(^)  ^  +  aT* 

ki(f)2  .  (k^  ^  2k2) 


c-e  +  (S, 


(2.15) 

(2.16) 

(2.17) 

(2.18) 


Pressurization  of  a  case-bonded  cylinder.  When  o  <  h, 

. . .  . 1 -  jji  -i. 

(see  Sedtion  6)  we  have  the  usual  classical  solution,  C 1  □  . 

Whfn-a  >h,  i.e.,  P.  >P  ,  we  have  a  second  zone  of  action 
m  1  ^  c 

(for  this,  particular  problem  the  whole  cylinder  passes  from 
one  zone  to  the  other  at  the  same  time) ,  where 
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3^3nB 


^  ^  2 


,  ^  r_  _ +J:_f_2_.^^,  h(l  - 

x^  _6ii'3nB  211  r  611^  3nB  2ii  0  6|inB 


2 

P  .  -  c  P  ' 
1 _ 

-  1 


(p '  -  p. 


^  T 

c  -  1 


_  _ 1 _  +  ll  -  ~ 

•  _  J  3nBx^ 


c  +  3nBx, 


3nBXj^(c  -  1; 


Uniform  temperature  drop  of  a  thick-walled  cylinder  bonded 


to  a  rigid  case. 


Again  for  T*  ^  we  have  the  usual 


classical  solution-  As  T*-^ the  whole  cylinder  passes  from 
one  linear  mode  of  action  to  another  and  we  find 


a  =  A  +  — r 
r  2 

r 


(2.19) 
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I 


(2.20) 


2  (|i  +  3nB) 


-  ^  +  (aT*  - 


(2.21) 


D 


(2.22) 


(2.23) 


Model  Fittinq  Considerations  for  a  Particular  Material 


The  plotted  points  in  Figures  1  and  2  represent  experi¬ 
mental  data  for  a  typical  propellant  that  apparently  experiences 
the  dewetting  phenomenon.  The  solid  lines  represent  bilinear 
approximation  of  the  uniaxial  response.  We  find 

=  74,600  psi  =  1.243  x  10  ^  in^/lb 

B2  =  8,920  psi  which  yields  ^2  ~  ~  -621  x  10  ^  in^/lb 

=  805  psi  k^  =  1.276  x  10  ^  in^/lb. 

E2  =  714  psi 


F-63 


As  the  curves  yielding  ,  B2  and  are  very  easy  to  place 
accurately,  we  select  these  values  as  fundamental  and  calculate 
E2  from  the  continuity  relationships*  (2.1),  (2.2)  and  (2.3) 

respectively.  We  thus  obtain  for 

Class  I  ^2  ”  ^090  psi 

Class  II  E2  =  784  psi 

Class  III  E2  =  797  psi. 

Comparing  these  values  of  E2  with  the  experimental  value  of 
E2  in  Fig.  1,  we  see  that  the  Class  II  and  III  models  fit  the 
experimental  results  much  better  than  the  Class  I  model.  It 
is  also  apparent  that  the  results  from  one  simple  test  are 
not  sufficient  to  select  a  crossover  criterion  for  a  given 
material .  For  example  the  results  of  the  uniaxial  test  re¬ 
ported  above  would  indicate  that  the  above  material  may  be 
represented  by  either  a  Class  II  or  Class  III  model,  but  as 
we  shall  see  in  the  next  section,  the  two  models  give  very 
different  results  when  utilized  in  the  solution  of  another 
problem.  Thus  it  must  be  emphasized  that  one  needs  to  examine 
the  results  of  more  than  one  stress  state.  If  one  were  to 
perform  a  biaxial  test  (Oj^  =  ^2  ~  °  *^3  ~  above 

material  and  if  it  were  to  behave  as  a  Class  II  material  we 
would  obtain  Figures  3  and  4  whereas  if  it  were  to  behave  as 
a  Class  III  material  we  would  obtain  Figures  5  and  6.  The 
volxime  changes  for  the  two  postulated  behaviors  are  compared 
in  Figure  7 .  Although  we  do  not  have  any  biaxial  test  data 
taken  from  the  same  material  as  the  uniaxial  data  presented 

*  We  have  called  these  equations  continuity  relationships  since 
they  arise  from  the  fact  that  we  have  required  a  continuous 
action  across  the  zone  boundaries. 


in  Figures  1  and  2  we  do  have  some  biaxial  test  data  taken  from 
a  somewhat  similar  propellant,  as  given  in  Figure . 8 ,  It  will 
be  noted  that  if  we  represent  this  data  by  a  bilinear  response, 
the  crossover  point  would  be  much  lower  than  predicted  by  the 
Class  II  representation  (see  Figure  4)  for  the  first  type  of 
propellant =  The  crossover  point  would  be  slightly  higher  than 
that  given  by  the  Class  III  representation  (see  Figure  6) , 
for  the  first  propellant-  If  we  make  the  crossover  occur  at 
the  value  as  given  by  the  Class  III  biaxial  test  (see  Figure  6) 
the  fit  is  still  rather  good  (see  Figure  9) .  From  these  very 
crude  data,  tentatively,  it  appears  that  the  bilinear  phenomenon 
may  be  represented  by  the  Class  III  criterion.  However  it 
must  be  emphasized  that  the  above  conclusion  is  a  mere  con¬ 
jecture  as  it  is  based  upon  only  two  types  of  tests  performed 
upon  slightly  different  propellant  formulations,  tests  which 
were  not  equilibrium  tests  and  therefore  are  not  a  true  indica¬ 
tion  of  the  elastic  equilibrium  action  (also  the  accuracy  of 
the  tests  is  somewhat  in  question) .  It  should  be  noted  that 
the  biaxial  volum.e  changes  are  about  ten  times  greater  than 
expected  see  Figures  6  and  8;  this  may  be  due  to  one  of  the 
following  causes: (1)  different  propellant  formulations,  (2)  rate 
effects  and/or  (3)  experimental  inaccuracies.  In  light  of 
these  considerations  it  must  be  pointed  out  that  the  above 
analysis  is  merely  indicative  of  the  type  of  analysis  and  ex¬ 
periments  that  must  be  made  to  characterize  the  bilinear  action 
of  a  given  propellant. 


4 •  Numerical  Example 

Making  use  of  the  elastic  constants,  obtained  by  fitting 
first  a  Class  II  then  a  Class  III  model  to  the  uniaxial  test 
data  of  Figures  1  and  2,  we  have  evaluated  some  of  the  dependent 
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variables  that  arise  in  the  problem  of  the  uniform  temperature 
drop  of  a  thiak-walled  cylinder  bonded  to  a  rigid  case  using 
the  results  from  Section  2.  The  results  are  plotted  in  Figures 

10  -  19.  For  the  Class  II  representation  the  material  behaves 

isotropically  down  to  a  temperature  of  39.6°  F  at  which  time 
aQ(a)  =  s,  hence  a  zone  boundary  arises  at  r  =  a .  As  the  mater¬ 
ial  is  further  cooled  this  zone  boundary  moves  across  the  cylin¬ 
der  and  reaches  the  outer  boundary  at  T  =  0°  F  (see  Figure  10), 
at  this  point  ~  a  new  zone  boundary  arises  and 

proceeds  toward  r  =  a.  Although  the  action  within  a  given  zone 
is  linear,  the  fact  that  the  zone  boundary  is  moving  results 

in  a  nonlinear  response  (see  Figure  15) 

One  will  note  that  the  effects  of  the  stress-induced 
anisotropy  for  this  problem  are  very  small  and  the  results 
are  nearly  coincidental  with  the  results  obtained  by  assuming 
isotropic  behavior  throughout  (see  the  dotted  lines  in  Figures 

11  -  15)  .. 

For  the  Class  111  representation  of  the  same  material  the 
zone  boundary  arises  throughout  the  cylinder  at  T  =•  53°  F  and 
thus  the  response  is  in  two  linear  segments,  see  Figure  16c 
In  this  case  the  resulting  response  is  considerably  different 
from  that  obtained  by  ignoring  bilinear  effects  (see  the  dotted 
lines)-  Comparing  Figures  11  -  15  to  Figures  16  -  19,  res¬ 
pectively,  one  will  see  the  considerable  difference  in'resu^s 
obtained  by  considering  that  the  material  behaves  as  a  Class 
II  or  Class  III  model.  As  a  uniaxial  test  tended  to  indicate 
that  either  model  would  suitably  represent  the  material  the 
above  results  once  again  emphasize  the  need  to  consider  several 
stress  states  in  selecting  an  appropriate  model  for  a  given 
materials  The  data  used  in  the  previous  calculations  were  as 
follows ; 


F-66 


c  -  2  5  10  (as  indicated  on  the  Figures) 


|i  - 

a  -  0 

O'  -  6  o  0  X  10  ^  in/ in°F 
B  =  "^4.600  psi 
n  =  1195 

U  =  268  psi 
h  —  30  psi 

=  1  243  X  10“^  in^/lb 
k2  621  X  10“^  in^/lb 
k^  =  1  2'’6  X  lO"^  in^/lb 
s  -  90  psi 
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APPENDIX 


Derivation  of  Bilinear  Constitutive  Equations 


As  the  derivation  of  the  constitutive  equations  for  a 
Class  I  material  is  exactly  paralleled  by  the  derivation  of 
the  constitutive  equations  for  a  Class  II  material  we  shall 
only  present  the  latter. 

In  the  derivation  of  the  governing  field  equations  for 
a  Class  II  bilinear  material  we  shall  assume  that  the  material 
is  at  all  time  phenomenologically  continuous  and  that  within 
each  zone  of  action  it  is  linearly  elastic  and  homogeneous. 
Thus  the  equilibrium  equations  and  strain  displacement  rela¬ 
tions  are  identical  to  those  for  classical  elasticity. 

Let  the  criterion  for  passage  from  one  mode  of  action  to 
another  be  the  passage  of  the  value  of  one  of  the  principal 
stresses  through  the  threshold  value  s .  Thus  we  identify  four 
zones,  i.e., 


1 .  0^  <  s  ,  <  s  ,  <  s 

2 .  >  s  ,  <  s  ,  <  s 

3 .  >  s  ,  >  s  ,  <  s 

4.  >  s  ,  02  >  s  ,  >  s 


Zones  1  and  4  will  be  isotropic;  zones  2  and  3  will  be  aniso¬ 
tropic.  Thus  we  may  write 


Zone  1 


0^  <  s  ,  02  <  s  ,  0^  <  s 
^1  =  ^1^1  +  ^2^2  ^2''3 

62  =  +  kj_02  +  k203 


€3  =  k20j^  +  k2a2  +  k^03 


(5.1) 
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Zone 

2 

>  s  ,  <  s 

,  03  <  s 

^1 

^4^3  ""l 

"2 

^4^1  t  k^a^  + 

^^6^3  ^2 

^3 

=■-  k^o^  -f  k^02  + 

k5a3  +  D3 

Zone 

3 

03^  >  s  , 

>  s 

,  03  <  s 

^1 

=  k,a^  +  kgOj  + 

^9^3  ^3 

^2 

=  kgOj  +  k^Oj  * 

3^9^3  +  D3 

"3 

*  ’^9°!  *  ’'9°2 

^0°3  ^  ''4 

Zone 

4 

>  3 

,  0^  >  s 

41L 

,  03  >  s 

^1 

^ll'^l  ^  ^12^2 

+  k^2^3  ^  ' 

^2 

^^12^1  ^11^2 

^  ^12^3  ^ 

=  k^2"l  ^  ^2^2 

+  ^il°3 

Tc  insure  a  continuous*  passage  from  one  mode  of  action  to 
another  we  must  obtain  relationships  for  the  "interzone"  (i.eo 
when  =  s)  which  are  independent  of  the  path  traveled  in 
reaching  the  interzone,  i,e.,  the  relations  of  Zone  1  as 

s  must  be  identical  to  those  of  Zone  2  as  s"*",  etc. 

Equating  the  constitutive  equations  of  Zone  1  and  Zone  2 

*  A  proposed  generalization  of  the  bilinear  theory  in  which  this 
condition  is  relaxed  is  outlined  in  Section  7. 
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as 


— >  s  we 


obtain 


Equating  the  constitutive  equations 
^2  5  and  using  Equations  (5.2)  to 


(5.2) 

-  k^)  (5.3) 

(5.4) 

(5.5) 

(5.6) 

of  Zone  2  and  Zone  3  as 

(5.6);  we  obtain 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 


Equating  the  constitutive  equations  of  Zone  3  and  Zone  4  as 
>  s  we  obtain 


^‘11  =  ^3 
ki2  =  k^ 


=  s(k^  -  k^). 


(5.13) 


F-70 


Using  the  a]Dove  relationships  we  may  write  Equation  (5.1)  as 


Zone  1 


Oi  1  s  .  o  <  s  ,  o  <  s 


e  -  =  k..  c,  +  k_a-  +  k-O. 
±  X  ±  Z  2.  2  3 


"2  =  ^  ^1°2  ^2°3 


e.  =  k_a,  +  k_o^  +  k,  a 


3  2^1 


2  13 


Zone  2 


0i  1  s  ,  o„  1  s  ,  o.,  <  s 


^1  "  ^3°1  ^2°2  ^^2°3  ®^^1 


-  ^3) 


€3  -  k2a^  +  kj_C2  +  k2a3 


€3  =  k2C^  +  k2a2  +  k^03 


Zone  3 


0,  >  s  ,  a-  >  s  ,  0,  <  s 


(5.14) 


^1  “  ^3'^!  ^2°2  ^•?°3  ®^^1  “ 
€3  =  5<^2°1  *^3^2  ^2°’’  ®  ^^1  “ 


3  -  k2C^  +  k202  +  k^03 


Zone  4 


o,  >  s  ,  o_  >  s  ,  0^  >  s 


1  “  ^3°1  ^2*^2  ^2°'3  ''' 


^2  "  ^2°1  ^3°2  “  ^^3^ 

^3  ~  ^2^^!  ^2*^2  ^3*^3  ^  ~  ^3^* 
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1  in 

or  if  we  define  k"  =0  for  i  7*'  k  or  j  ^  m  or  both,  then  k, 

is  a  fourth  rank  tensor;  similarly  is  a  rank  two  tensor » 

In  the  derivation  of  the  constitutive  equations  for  a 
Class  III  material  we  shall  assume  that  the  criterion  for  pas¬ 
sage  from  one  mode  of  action  to  another  is  governed  by  the 
passage  of  the  mean  stress  through  the  threshold  value  ho 

For  the  criterion  of  a  =  h  we  have  two  possible  zones  of 

m  ^ 

action,  i.e^,  Zone  1  (a  <  h)  and  Zone  2  (a  >  h) .  We  shall 

m  ^  m  — 

let  the  quantities  of  Zone  1  be  denoted  by  a  subscript,  e.g,, 
etc. 

Thus  for  Zone  1  <  h 


a 

m 


3B-e 
1  m 


Zone  2 


=  2n.,e^ 
1  In 


a  >  h 

m  — 

a  =  3B,,e  +  D 

m  2  m  ra 


2|i-e^  + 

3  ^3  3 


Considering  the  interzone  as  in  the  previous  derivation  we  have 
for 


CT  — >  h 

m 


h  =  3B^(i 
1  m 


2M.^e 


i 

j 


F-"3 


o  h 
in 


h  =  3B„e  +  D 
2  m  m 


=  2M.„e^  +  D^. 
3  2  3  3 


Thus  we  must  have  the  following  relations 


Hi  =  H2 


=  0 


Using  the  above  equations  we  may  write  the  constitutive  equa- 

®2 

tions  as  (let  n  =  —  and  B  =  B, ) 

Bi  1 


Zone  1 


a  <  h 

m 


=  (B  -  Im.)  06^  +  2He^ 
3^3  3 


1/1  l\nKi,  1  1 

=  l‘3B  -  ^  ^ 


Zone  2 


a  >  h 

m  — 


=  (nB  -  |h)06^  +  2He^  +  h(l  -  n)6^ 
3  ^  3  3  3 


or'  =  i(-i - ^  . s'" 

j  3^3nB  2^^  °j  2H  j  3Bn  ° j ' 
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A,  Analysis  of  a  pure  shear  strain  test  (t  =0)  for  a 

z  z _ 

class  II  material  when  a,  >s,£  =e  =0,  and  e  =  "y.  For 
_ 1_::^ _ XX _ vv  _ XV  ' 

pure  shear  strain  the  principal  axes  will  be  at  45  to  the  x  and 
y  axis.  Using  Equation  (5.15) 


6  =  0  =  (k-+  2k_+kT)T  +  2{k,-kjT  +(k-+  k.  )  t  +  2s(k,-k,) 

XX  3  2  1xx  3  1xy  3  l  yy  13 


(6.1) 


e  -  0  =  (k^-Hk.  )t  +  2(k^-k.)T  +(k,+  2k_+k.  )  x  +  2s  (k,  -  k,) 

yy  3'l  xx  3  1xy  3  2  1'yy  '1  3 


4e  =  47  =  (k^-k,)T  +  2(k,+  k,-2k  )t  +(k,-k.  )  t  +  2S(k.-k^). 

XV  '  3  1  XX  1  3  2  XV  3  1  VV  1  3  • 


(6.2) 


From  Equation  (6  1) 

2(k3-  kj^)L(kj^-  k2)s-7] 

^xx  "^yy  4k^k2-  k2(k^+  k2+  2k2) 

and  from  Equation  (62) 

s(k2-  k^)  (2kj^+k2)  +  27  (k^  +  k2+  k2) 

^xy  ~  4k^k^-  k2(kj^+ 

Thus 

(k3-  k3_)  (4k^-  k2)s  +  2(2k^+  k2)7 

'^1  4k“kpn<^Tk^TT^TTk^l  • 

As  we  assumed  that  >  s  we  find  that  when  =  s  , 

7^  =  (bj^-  k2)  s  . 
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B»  Pressurization  of  a  hollow  cylinder*  under  plane  strain  for 
a  Class  II  material. 

The  appropriate  field  equations  are: 

(1)  equilibrium  equation 


da  a  -  a. 

+  — - —  =  0 

dr  r 


(6»3) 


(2)  strain-displacement  equations 


^r  dr 


■0  "  r 


(6.4) 


€  =  0 
z 


The  constitutive  equations  are  given  by  Equations  (5.14).  We 
shall  consider  loading  conditions  such  that  the  following 
zones  are  present:  i  i 


Zone  2 


a  <  s 
z 

o  <  s 
r'  r  ^ 

Ofl  ^  s 


Zone 


1 


a  <  s 

z 

s 

r 

1  s 


*The  anisotropic  thick-walled  cylinder  solutions  are  given  in 
Part  I  and  may  be  used  to  construct  the  bilinear  solutions  for 
a  thick -walled  cylinder  where  s  =  0.  However,  we  are  here 
considering  the  situation  where  s  /  0  and  thus  we  shall  construct 
the  necessary  anisotropic  solutions  as  needed. 
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Thus  in  Zone  2,  a  <  r  <  x 


€g  =  k20^  +  k3O0  +  k2a^  +  s(k^  -  k3) 


e  =  k, o  +  k-o^  +  k_o 
r  1  r  2  0  2  z 


e  =  k_o  +  k_OQ  +  k^  o 
z  2  r  2  6  1  z 


(6.5) 


Combining  Equations  (6.3),  (6.4)  and  (6.5)  and  solving  the 

resulting  differential  equation  we  obtain 


m,  m_ 

a  =  Ar  +  Dr  +  s 
r 


(6.6) 


a  =  -  r — (a  +  Oq) 
z  k,  r  O' 

^2  2 
k  k 


rn  ^  m  ^ 

Or.  -  A(1  +  m,  )  r  +  D(1  +  m_)r  +  s 


(6.7) 


where 


=  -  1  -  p 


m2  =  -  1  +  b 


(6-8) 


and 


b  = 


V  2  ,  2 

ki  k2 


^1^3  ^2 


(6.9) 


The  boundary  conditions  for  this  zone  may  be  written  as: 


r  =  a 


a  =  -  P . 
r  1 


r  =  X 


=  s 


(6.10) 
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Applying  the  bour^iary  conditions  to  Equations  {6.6)  and  (6»7) 
we  obtain 


m. 


A  = 


-(P^+  s)  (1  +  m2)x 


liiA 

a  "^(l  -r  m2)x  -  a  ^(1  +  m^)x 


m. 


m. 


m. 


D  = 


(P^  +  s) (1  +  m^) X 


m.  in_  ra, 

a  "^(l  i-m2)x  -  a  '^(1  +m^)x 


Thus  Equation  (6  6)  becomes 


a  -  -  (P  .  Is) 
r  1 


‘5' 


m. 


r  "^2 


a,”!  4  (a)”'2 

X 


+  s 


(6.11) 


In  Zone  1 


du 


-■T—  =  k,  a  +  k_a,  +  k_o, 
dr  1  r  2  V  2  z 


€g  ..  -I  .  -•  k.Og  - 


(6.12) 


Thus 


e  =  0  =  k_c  +k_c,^  +  k,c 
z  2  r  2  V  1  z 


=  -  iT  <°r  ■*  “0> 
1 


Combining  Equations  (6„3),  (6.4)  and  (6.12)  and  solving  the 

resulting  differential  equation  we  obtain 
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A  + 


(6.13) 


a  +  r 
r 


(6.14) 


The  boundary  conditions  may  be  written  as 


an  =  S 


r  =  b 


a  =  0. 
r 


Applying  the  above  boundary  conditions  to  Equations  (6.13) 
and  (6.14)  we  find 


D  -  - 


2 

sb  X 
b  +  X 


v2  ^  2 

b  +  X 


Then  Equation  (6.13)  becomes 


sx 

0  o  o 

r  >.2  ,  2 

b  +  X 


(6.15) 


To  find  X  we  set  a^ (x  )  =  a^(x  ) ,  Using  Equation  (6.11)  and 
(6,15)  we  obtain 


/  2  ,2, 

s  (x  -  b  1 

2  ^  -^2 
X  +  b 


-  (P^  +  s) 


a  a  ^2 

(4)  ^  (J)  ' 


+  (b)2 

'a'  'a' 


a  '^1  a  ^2 

(J)  ^  +  (J)  ^ 


(6.16) 


F 


We  shall  now  investigate  the  pressure  range  for  which  the 
assumed  zone  configuration  will  exist-  One  limit  will  be  when 
X  =  b;  from  Equation (6  .16)  we  find 


+  1 


a  ’^l  a  ^^2 


or 


^  = 


2^h’ 


-I 

+  -(-)  ^ 


1 

J  • 


The  other  limit  will  be  when  x  —  a.  To  find  this  critical 
pressure  we  set  x  =  a  in  Equation  (6.16) 


or 


P2  =  s 


c|)^  -  1 
(f)"  ^  1 


The  assumption  that  cr^  ^  s  is  obviously  true.  We  also  have 
assumed  that  ^  s;  thus  we  mpst  now  impose  this  condition 
\it  may  be  easily  shown  to  be  true  in  Zone  1)  now  (for  a  ^  : 
X  2  r  >  a) 


a 

z 


(V  ^e'> 


^2  ‘^'^r 

:^(2a  +  r  — T^). 
k^'  r  dr' 


Therefore  we  have 


lb. 
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®  ^  •  iT 


-{P^  +  s) 


r  r 

(2  mi)  (J)  ^  +  (2  +  m2)  (J)  ^ 

m,  m_ 

(-)  ^  +  (-)  ^ 

X  X 


+  25 


Using  Equations  (6  8)  and  (6,16)  we  have  (note  *  =■  ,  see 

Ki  i 

Section  2) 


(1  -  2v,  )  > 


,  ,b>  2  ,x^ 

’'I'l*  <7>  I 


(J)2  ^  1)2 


0-1)  (f)  ^-(P+i)  (J)^ 


(1  -  2vi)  >  0 


Vl  >  0 


(-)  ^  (-) 
a'  'r 


(f)^  +  (^)2 


>  0. 


Also  if  E2  ^  El  see  Section  3.  then  P>  ^  1  from  Equation  (6.9) 
and 


(P  -  1)  (7)^  -0  +  1)  (J)^  < 


thus 


o  <  s . 

Z  — 


C .  Uniform  temoerarure  drop  of  a  thick-walled  cylinder  bonded 


Let  T*  =  T  -  T  .  For 
o 


0  ^  T*  ^  Ti  we  have 
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N 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

N 

N 


< 

< 


< 


s 

s 

s 


I 


4 


The  material  remains  isotropic  and  the  solution  is  well  known, 
see  Part  III.  A  zone  boundary  will  arise  at  r  =  a  when  Oq  =  s; 
from  Part  III  we  find 


Og(a)  =  s 


6aT^B 


1 


-s 


1  4- 


or 


Ti  = 


3c 


■(1 


M- 


6aB 


(6.17) 


For  T2  <  T*  ^  T^,  we  have 


Zone 

1 

1  Zone 

Q 

A 

s 

1  < 

1 

<, 

s 

1  > 

Q 

N 

A 

s 

'  ^z  < 

t 
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The  equilibrium  equation  is  given  by  Equation  (6  3)  the  strain- 
displacement  equation  by  Equation  (6  4)  and  the  constitutive 
equation*  by  Equation  (5  14)  where  we  add  to  each  equation  the 
term  a  T*  Combining  t{he  resulting  equations  and  solving  we 
obtain  for  Zone  1 


-  A  -  2- 

r 


(6,18) 


^  D 

O  =■  A  +  -• Tr 
r  2 

r 


(6,19) 


2k2A) 


(6  20) 


k  Jc 

u  -  +  k-  -  2  -|-)Ar  ^(k2-  k^)^  +  aT*r(l-  ~), 


The  boundary  conditions  may  be  written  as 


(6,21) 


r  -  b  u  -  0 

r  -  X  =  s 

2 

hence  D  =  x  (A  -  s) 

2 

^1^  b?  ^ 

A  -■  2 

hi  ^  -  (k^+  2k2) 


*At  present  we  are  not  in  possession  of  any  experimental  data 
which  would  indicate  whether  the  linear  coefficent  of  thermal 
expansion  changes  value  as  we  pass  from  one  zone  of  action  to 
another  or  remains  a  constant;  for  simplicity  we  have  assumed 
that  It  remains  a  constant  . 


(6  22) 

(6,23) 


) 
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For  Zone  2 


F  6-1 

a  =  ^  HrP  ^  -f  s 

r 


(6.24) 


^  + 


r 


(6.25) 


QT*  ^2 


2s  +(6  +  l)Hr^  ^  +(1-6)  — ~ 


P+1 


(6.26) 


u  = 


k2- 


17  *  [’‘2-^  ^>^3- 


Hr" 


k„+  k^-  2 
2  1  k 


IJ 


r  +  aT*  (1  -  :^)  r 
^1 


(6,27) 


where 


P  = 


v  2  ,  2 

ki  -  k^ 


k^k^  -  ^^2' 


(6.28) 


The  boundary  conditions  for  Zone  2  may  be  written  as 


r  =  X  ,  Oq  =  s 


r  =  a  ,  a  =  0 
r 


which  yields 


F  =  Hx 


2P 


H  =  - 


as 


P  ^  26  -P 

a  +  X  a 


(6.29) 

(6.30) 
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uhe  zone  boundary  x  may  be  found  from 


o  { X  )  -  o  ( X  ) 

V  •  '  T*  ' 


Using  Equations  (6  18)  (6  22)  (6  23)  (6  24)  (6  29)  and 

(6  30)  we  obtain 


1  ^ 

1  72 

b 


k,  -j  -  (k  2k-) 
b  ^  ^ 


^-1 

'h' _ c _ 


(6.31) 


^2  tie  found  by  setting  x  =■  b  in  Equation  (6  31)  : 


_ ^  c 

k^--(k^.  2k2)  ^ 


2  "  a  !  ,  -b 

-c^c  f  c  ) 


'2k2  k^) 


It  is  now  necessary  to  consider  the  assumption  that  cr^  ^  s 

(as  a  -  constant  in  Zone  1  we  see  that  the  maximum  c  in 
z  z 

Zone  2  will  at  least  have  to  be  equal  to  in  Zone  1  as 

a  (x  )  =  a  (x  ) ;  thus  we  need  only  consider  Zone  2)  Now  in 
z  z 

Zone  2 


or*  ^ 

ki  ■  kj 


2s  -► 


Hx^  r  ^ 

“  (1  b)  (J) 


-  (1  -  b)  (~)^  . 
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We  seek  a  maximum  of  this  function  in  the  interval  a  ^  r  ^  x, 
thus  setting 


0 

k,  p 

1  “X 


2P 

r  =  -X  , 


Accordingly,  no  maximum  occurs  in  this  interval »  It  will  be 
necessary  to  check  the  end  points  of  the  interval  in  each 
particular  problem. 


\  ciT*  2  e-l^ 

az(x)  - ^ - —  (2s  +  2H  x^  ) 


(6.32) 


az(al 


2s  +  (l+@)  (J)^  +  (1-p)  (J)^  (6.33) 


D ,  Uniform  temperature  drop  of  a  thick-walled  cylinder  bonded 
to  a  rigid  case,  Class  III  material.-  From  the  classical  elastic 
solution,  see  Part  III,  we  see  that  che  mean  stress  is  a  constant, 
thus  the  mean  stress  will  reach  its  threshold  value  h  through¬ 
out  the  cylinder  at  the  same  critical  temperature  .  Let  us 
consider  the  case  when  T*  ^  .  Combining  the  equilibrium  equa¬ 

tion  (6.3),  the  strain  displacement  equation  (6.4)  and  the  Zone 
2  constitutive  equation  (1.3)  and  solving  we  obtain 

a  A  +  — 
r  2 

r 


Og  =  A  - 
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m 


_3nB^  i 
M.-i-3nEi 


A 

u 


-  aT  ’ 


3nB 


u 


_ 3 _ 

2  (i^  +  3nB) 


Ar 


1_ 

2V. 


(aT* 


h ( 1-n) ,  9nB 

3nB  ’  2(M.+3nB)  ^  ' 


The  boundary  conditions  are 

r  =  b ,  u  -  0 

r  -  a  -  a  ==  0 
r 


which  yield 


D 


a^A 


^  h  (1  -n)  -3aT*nB 

1  -  -H(i» 


Note  that  the  constitutive  equations  for  Zone  1  see  Equation 
(1  3),  may  be  obtained  from  the  constitutive  equations  for  Zone 
2  by  letter  h  =  0  and  n  -  1  in  the  latter;  thus  we  may  obtain 
the  solution  for  Zone  1  (i  e~  T*  ^  T^)  by  setting  h  -■  0  and 
n  =  1  in  the  above  solution.  For  example  in  Zone  1 


u 


“It 


-)  Ar 


2 

1  a  A  aaT*B _ 

2m.  r  2(mi  +  3B)  ^ 


A 


_ -  3oT*B 

1  "  3^(1  + 


IB 

M 


o 

m 


_ 3BM- 

4  +  3B 


A 

1> 


aT* 


“1 


J- 
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Now  to  find  T,  we  set  o  =  h  and  T* 


in  the  above  equation 


h  = 


3BU 


M-  +  3B 


3aTcB 


ll[l 


3c‘ 


(1 


-  aT 


or 


T  = 


-(U  +  3B)h _ 

3B[ia 

1  + 


U. 


3B 


1  + 


3c' 


(1 


IB, 


E .  Pressurization  of  a  thick -walled  cylinder  (Class  III 
material)  bonded  to  an  elastic  case  -  As  in  the  previous  problem 
the  classical  solution-  see  C  1  □,  shows  us  that  the  complete 
cylinder  passes  from  the  first  zone  of  action  to  the  second  at 
the  instant  that  ..  We  find  from  Equations  (6.3),  (6.4) 

and  (1.3)  (for  Zone  2) 


a 

r 


= 


A 

A 


a  =  - 
z 


(6.34) 

(6.35) 

(6.36) 


u^  =  rO:^-  -^-)  (A  +  -^)  +  r(k^ - ~)  (A 


3a  - 
m 


A  h(l  -  n) 
li _ 3nB 


kOznl/i. 

2’  3Bn  k 

r 


(6.37) 
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where 
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or  P  '  = 


b^+  3nBk^a^ 
3nBk^lx  (b^-a^) 


a^P.  r 

- - 1 - - i -  4.  2 

On  2.  3nBk, 

l-v)b  -  a  )i-  1  J 


6m.  nBk, 


(6o40) 


To  determine  the  value  of  P  we  set  c  =■  h  Note  that  as  in 

c  m 

the  previous  problem  we  obtain  the  Zone  1  solution  by  setting 
n  =  1  and  h  -  0»  Then 

2  2 
a  P  -  b^P' 

3hk  ^ - -^5 - :r- 

^  \i(h^  -  a^) 


and  using  Equation  (6.40) 


^^^1"  .2  2 

Mi(b  -  a  ) 


/■w,2  2, 

(i.  (  b  -  a  ) 


2  2 
b  4-3Ek-  a 

_ X _ 

3Bk^M  (b^-a)^ 


^  lizvib 
M-t 


-  ,,  2  2 ,  I  3Bk, 

2ml  (b  -  a  )  -  1 


P  = 
c 


3hk^ti(b^-  a^) 
a^^(3Bk^  +  1) 

-  ,  -b^+  3Bk  a^  3(l~v)bkTB 


^i(b  -  a  )l 


-,2 

ML  (b  -a) 


■J»  „<'V 

#?*- 
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Proposed  Generalization  of  the  Bi.linear  Elastic  Theory 


We  shall  now  consider  a  generalization*  of  the  bilinear 
elastic  theory  presented  in  Section  1.  The  generalization',  will 
be  realized  by  allowing  the  constitutive  equations  to  become 
discontinuous  across  the  zone  boundaries,  whereas  in  the 
previous  discussion  we  have  only  allowed  the  gradients  of  the 
constitutive  equations  to  be  di scontinuous =  Thus  we  would  be 
able  to  accommoda.te  a  material  which  yields  a  uniaxial  stress- 
strain  curve  of  the  form  shown  below,  where  the  unloading 
curve  is  assumed  to  coincide  with  the  loading  curve. 


n 


Allowing  the  constitutive  equations  to  be  discontinuous  at 
zone  boundaries  relieves  us  of  the  continuity  conditions  (2.1), 

(2  2)  and  (23)  or  their  more  general  forms  as  given  in  Section 
5  by  Equations  (5  2)  through  (5.13)  Thus  the  general  consti¬ 
tutive  equations  for  a  Class  II  material  (where  we  allow  dis¬ 
continuous  constitutive  equations)  are  given  by  Equations  (5.1)  . 
Similar  considerations  holds  for  Class  I  and  Class  III  materials. 

To  illustrate  the  solution  method  that  one  would  now  employ 
we  shall  outline  the  method  of  solution  for  a  simple  problem, 
the  pressurization  of  a  thick -walled  cylinder.  Let  us  consider 
loading  conditions  compatible  with  the  following: 


■*This  generalization  was  suggested  by  Dr,  Paul  J.  Elatz, 
California  Institute  of  Technplogy 
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As  in  Section  6  we  would  solve  a  separate  problem  for  each  zone 
i.e.,  in  Zone  1  we  would  use  the  Zone  1  constitutive  equations, 
Equation  (5.1)  and  the  boundary  conditions 


r 


b, 


0 


r  =  X , 


=  s . 


The  resulting  solution  will  be  in  terms  of  an  unknown  parameter 
Xc  For  Zone  2  we  would  use  the  Zone  2  constitutive  equations 
and  the  results  will  be  expressed  in  terms  of  three  unknown 
constants,  two  constants  of  integration  (A^  and  A2)  and  the 
zone  boundary  x;  let  this  solution  carry  superscripts  (2) . 

The  three  unknown  parameters  A^^ and  x  which  appear  in  the 
two  solutions  are  found  from  the  following  conditions 

(2) 

(a)  “  -  Pj_  (Boundary  condition) 
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(x)  =  (x)  (Equilibrium  condition) 

u^^^  (x)  =  u^^^  (x)  (Geometric  condition). 


Note  that  in  Section  6  we  were  able  to  use  the  condition 
( 2) 

Oq  fx)  =•  s-  see  Equation  (6.10)  but  as  we  have  no  longer  re¬ 
quired  continuity  of  the  constitutive  equations  across  the  zone 
boundaries  this  condition  is  no  longer  valid  .  Finally  we  must 
^establish  limits  upon  the  loading  conditions  (in  this  problem 
upon  P^)  such  that  the  assumed  zone  distribution  exists. 

The  above  theory  was  not  presented  in  detail  as  yet  no 
experimental  evidence  has  been  produced  to  indicate  the  neces¬ 
sity  of  such  a  theory 
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FIG  I  UNIAXIAL  TEST  OF  A  TYPICAL  PROPELLANT 


FIG.  2  UNIAXIAL  TEST  OF  ATYPICAL  PROPELLANT 


>i> 


FOR  CLASS  IL  AND  HI  MODELS 
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EXPERIMENTAL  DATA 
BILINEAR  REPRESENTATION 

(UNIAXIAL  CROSSOVER  POINT 
FOR  CLASS  HI  MODEL ) 


FIG.9  BIAXIAL  TEST  OF  A  TYPICAL  PROPELLANT 


LOCATION  OF  ZONE  BOUNDARIES 
IN  A  THICK- WALLED  CYLINDER 
(CLASS  H  material,  C  =  5  ) 
SUBJECTED  TO  UNIFORM 
TEMPERATURE  DROP 
(  SEE  SECTION  4.3  ) 


OJ  --  s 


OUTER  BOUNDARY 


I  /  I 


NNER  BOUNDARY 


FI  G  .1  0 


ICK- WALLED 


FIG. 18  UNIFORM  TEMPERATURE  DROP  OF  A  CLASS  HI 
THICK-WALLED  CYLINDER  (  SEE  SECTION  4.3) 


FIG. 19  UNIFORM  TEMPERATURE  DROP  OF  A  CLASS  HI 
THICK-WALLED  CYLINDER  (SEE  SECTION  4.3) 
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PART  III 


SOLUTION  METHOD  FOR  NONLINEAR  ELASTIC  PROBLEMS 
WITH  APPLICATIONS  TO  THICK-WAJLLED  CYLINDERS 


by 


L  .  R .  HERRMANN 
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INTRODTJCTION 


The  state  of  stress  and  deformation  existing  in  an  elastj.c 
body  is  governed  by  the  finite  elastic  field  equations  1  j 
i .e . ,  equilibrium  equations,  strain-displacement  equations,  and 
strjbss-strain  laws  (constitutive  equations)  .  These  equations 
will  in  general  be  a  set  of  non-linear  partial  differential 
equations.  Classical  elasticity  (or  first  order  elasticity) 
treats  those  boundary  value  problems  for  which  this  set  of 
non-linear  equations  may  be  approximated  by  a  linear  set  ob¬ 
tained  from  the  finite  elastic  equations  by  (1)  neglecting 
all  powers  of  the  displacem.ent  gradients  in  the  equilibrium 
equations  as  compared  to  uniry  and  neglecting  second  powers 
of  the  displacement  gradients  as  compared  to  the  first  power 
in  the  strain— displacement  relationships  and  (2)  shov/ing  by 
experiment  that  for  the  range  of  strain  of  interest  the  consti¬ 
tutive  equations  are  approximately  linear.  (This  may  be  con¬ 
sidered  as  one  of  the  postulates  for  classical  elasticity) . 

The  first  assumption  is  justified  if  the  strain  is  small. 

We  shall  consider  a  class  of  problems  for  which  the  above  two 
assumptions  are  no  longer  justified  but  in  which  the  strains 
are  still  relatively  small;  we  shall  base  our  theory  on  the 
following  two  conditions:  (1)  the  displacement  gradients  are 
of  buch  a  magnitude  that  we  m.ay  neglect  their  second  powers 
as  compared  to  unity  and  their  first  powers  in  the  equilibrium 
equations  and  (2)  the  constitutive  equations  may  be  approximated 
by  a  truncated  series  of  the  second  order  (the  extension  to 
third  and  higher  order  theories  will  be  obvious  and  offers 
no  conceptual  difficulties) .  We  shall  consider  a  theory  in 
which  the  strains  are  still  relatively  small,  since  most  problems 
susceptible  to  elastic  analysis  that  occur  in  rocket  motor 
analysis  fall  into  this  category. 

The  best  way  to  treat  the  constitutive  equations  is  the 
derivation  of  their  general  form  experimentally  iZ  6  □,  a.s  it 
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is  then  apparent  how  to  obtain  approximations  for  the  range  of 
strain  of  interest  Until  such  expressions  have  been  found  for 
solid  propellants  we  shall  postulate  that  it  is  possible  to 
approximate  the  constitutive  equations  by  a  truncated  series 
of  a  given  order  This  method  of  approximating  the  constitu¬ 
tive  equations  by  a  truncated  series  for  a  second  order  theory 
has  previously  been  used  numerous  times  (see  for  example  Rivlin 
C  3  □,  also  Green  C  2  □) - 

In  problems  involving  strains  v:hich  are  still  relatively 
small  and  the  solution  as  given  by  classical  theory  still 
approximately  valid,  it  is  natural  to  seeh  a  series  solution 
using  the  classical  solution  as  a  first  approximation  (note 
that  this  method  is  not  directly  applicable  to  the  problem  of 
elastic  stability)  Se'^eral  such  series  solutions  have  been 
developed;  for  example-  Ri'/lin  s  second  order  theory  Z  3  D  and 
Green's  successive  approximation  method  ~  2  .  The  principal 

advantages  of  such  series  solutions  are  (I)  the  effects  of  the 
non-i  inear  ities  (i  e  do'-’ie  r  ions  from  che  classical  solution) 
are  clearly  illustrated  and  (2)  the  higher  order  solutions  may 
be  found  immediately  if  a  general  solution  of  the  classical 
problem  is  known  (where  body  forces  are  included)  .  The  solu¬ 
tion  for  each  term  of  the  senes  merely  in'.;olves  the  solution 
of  the  classical  problem  with  a  nonhomogeneous  part  depending 
upon  the  previous  terms  (Note:  we  shail  extend  the  solution 
method  to  include  those  problem^  for  v;hich  the  classical  solu¬ 
tion  IS  not  known) -  We  shall  illustrate  yet  a  third  series 
solution  m>ethod  i  e  solution  by  perturbation  We  have  chosen 
this  method  for  two  reasons  vl)  the  method  of  application  is 
entirely  straightfcri'-ard  and  (2)  we  believe  that  it  reduces  the 
algebraic  complexities  in  many  problems  The  reduction  in 
algebraic  complexity  is  chiefly  achieved  in  two  ways  first  by 
deriving  the  governing  equations  for  each  individual  problem 
and  second  by  judiciously  selecting  the  appropriate  iet'^el  of 
approximation  at  which  to  apply  certain  of  the  boundary  condi¬ 
tions  To  be  able  t.o  apply  perturbation  theory  two  conditions 
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must  exist  L  5  Ij;  first  there  must  exist  a  state,  near  to  the 
one  sought,  that  has  an  exact  sciutii--i  .  Second,  ch'  passage 
from  this  state  to  the  one  in  question  must  take  place  in  a 
smooth  manner  (thus  excluding  stability  problems)  .  These 
conditions  are  met  for  the  class  of  problems  considered  as 
the  actual  solution  may  be  reached  after  a  smooth  transition 
from  the  solution  of  the  classical  elastic  equations  .  Although 
the  foundation  upon  which  our  perturbation  theory  is  based  de¬ 
pends  upon  the  existence  of  the  classical  solution  its  applica¬ 
tion  does  not  require  knov^ledge  of  this  solution,  as  was  oointed 
out  above . 

We  shall  consider  three  general  types  of  material  response: 
compressible,  incompressible,  and  near-incornpressible  .  A  near- 
incompressible  material  is  defined  as  one  for  which  in  the 
classical  region  Poisson's  ratio  is  very  nearly  equal  to  one-half. 
We  shall  discriminate  materals  that  are  nearly  incompressible 
for  three  reasons:  (1)  to  effect  a  reduction  in  algebra,  (2)  to 
isolate  the  effects  of  compressibility,  and  (3)  to  illustrate 
some  of  the  di.f f icialties  that  arise  as  -0.5. 

We  shall  exhibit  a  genera]  solution  scheme  but  we  shall 
not  derive  general  equations  as  it  appears  to  be  simpler  to 
derive  the  governing  equations  separately  for  each  individual 
class  of  problems.  Thus  our  procedure  wil],  be  to  illustrate 
the  method  for  several  simple  examples  occurring  in  rocket 
motor  design,  including  a  consideration  of  the  thick -walled 
cylinder  subjected  to  various  loads  and  thermal  effects. 

The  following  treatment  consists  of  tw'o  parts:  (1)  a 
preliminary  consideration  of  the  general  finite  elastic  theory 
(including  some  extension  necessary  for  the  foilov/ing  work) 
and  (2)  illustration  of  the  general  solution  scheme. 
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FINITE  ELASTIC  THEOPY 


1,  Summary  of  Notations  and  1-ormijlas  (We  ?hali  employ  curvi¬ 
linear  tensor  notation;  see  LID  and  L  4  □  ) 


Notations 


Material  coordinates  (i  e.  coordinat€?s  fixed 
in  the  body) 

Spatial  coordinares  (i  6-  coordinates  fixed  in 
space) 

Covariant  components  of  •‘he  metric  tensor  for  the 
material  coordinates  in  the  undeformed  space 


Co'^ariant  components  of  the  metric  -ensor  for  the 
spatial  coordinates 

Ccvariant  components  of  the;  meitric  tensor  for  the 
material  coordina^'.e  system  (Green's  deformation 
tensor)  in  the  deformed  space 

Indicates  co'/ar^an-  di  ffei  enti  a  ti  on  with  respect 
to  "he  deformed  material  ccrrdinate  system  (exam¬ 
ple  ) 

11 1 

Christoffel  three  index  s-^Tribois  of  the  second  kind 
taken  with  respect  <-o  the  deformed  material  co¬ 
ordinate  system 

Cont  rava  r  I  an*"  tensor  components  of  stress  in  the 
deformed  body  referred  to  the  deformed  base  vectors 

Physical  ccmpo-ents  of  s’lress  in  the  deformed  body 
per  unit  of  deformed  area  referred  to  the  deform.ed 
base  vectors 

Contra'^ar lant  tensor  components  of  stress  in  the 
deformed  body  per  unit  of  t nde formed  area  referred 
to  the  deformed  base  vec'-ors 

Contra v3 r  1  ant  "ensor  conPor<en' s-  of  the  displacements 
in  the  dir6c*^ion  of  the  undeformed  mat-erial  base 
(  ’  ) 

vectors  *  are  the  physical  components) 

Cent ra--^ariant  'ensor  components  of  the  displacement 
in  the  direction  of  the  deform.ed  material  base  vec¬ 


tor  s 


are  the  physical  components) 


F-1  10 


I 


Contravar iant  tensor  components  of  strain 
Strain  invariants 


C  =  0(a) 


Alternate  form  of  strain  invariants 

Helmholtz  free  energy  per  unit  of  initial  volume 

Internal  energy  per  unit  of  initial  volume 

Entropy  per  unit  of  initial  volume 

Therm.al  coefficient  of  conduction  (assumed  as 
temperature  and  strain  independent) 

Specific  heat  at  constant  deformation 

Absolute  temperature 

Relative  temperature  ratio 
Reference  temiperature 

Linear  coefficient  of  thermal  expansion 
Indicates  C  is  of  the  order  of  magnitude  of  a 
Bulk  modulus 
Poisson's  ratio 
Shear  modulus 

Density  per  unit  of  deformed  volume 
Density  per  unit  of  undeformed  volum.e 

Deformed  volume 
Undeformed  volume 

Contravariant  components  of  the  body  force  per  unit 
of  mass,  referred  to  the  deformed  ba$ vectors. 


Governing  eguations: 


Equilibrium  equations 


+  pF^  =  0 


(1.1) 


Strain- displacement  relations 


=  ^(G*^  -  6^) 

J  2  j  j' 
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where 


*1  ik 

G  ^  -  g  G.,j 


(i»3) 


also 


e  = 

1  1 :  I  1 


=  O(E^) 


(1»4) 


^  ^  0(eM2 

2  I  km  i  1  1 


(1.5) 


i  -  oish^ 

J  .  omn  1  j  k  3 


(1.6) 


-  26 
1  ^  1 


(1-^) 


I  =.  4‘-^  +  4:  ,  -  3 

I  ^  X 


(l.B) 


I3  8C-3 


44,  +  2-,  *  I  = 
^  1 


Mv  ' 

o 


G. 

__iJL- 


(1.9) 


Form  of  the  Helmhoitz  free  energy 


A  =  E  -  T 


(1.10) 


For  an  isotropic  body 


A  A{ 


(1-11) 


where 


Stress-strain  laws  for  compiressi ble  material 


(1  .12) 


..ij  - 

r-  d  E  . 

V  -j  i  3 


(1  .13) 
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Noting  the  above  representation  for  A,  see  (1.11),  we  may 
alternatively  write  Equation  (1.13)  for  an  isotropic  compres¬ 
sible  material  as 


VI. 


13 


S  A 


.'iR^3_ 


ij  >  5a 

9  >5e: 


+ 


1 ,  i  j 


(1.14) 


where 


=  i.g 


13 


3S^ 
g  g-’  G 


rs 


(1.15) 


Heat  conduction  equation 


.  T  S  s  .  .  . 

P  ^^E'^a  "  p  ^ij^ 

*^0  a 


(1.16) 


where 


St 


2 


Physical  components 


V  ^  -ii 
'ij 


(no  sum) 


(1 .17) 


n'^>=vg 


11 


(no  sum) 


(1.18) 


^  11 


(no  sum) 


(1.19) 
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2 .  Derivation  of  Constitutive  Equations  for  Incompressible 
Thermoelasticity.  ■' 

Incompressible  thermoelasticity  describes  materials  that 
are  mechanically  incompressible  (i,e,.  due  to  stresses)  but 
thermally  compressible »  We  shall  consider  an  incompressible 
body  subjected  to  certain  temperatures  and  forces  such  that 
at  some  internal  point  the  state  of  the  body  is  characterized 
by  an  absolute  temperature  (or  relative  temperature  ratio 
T,  see  C  4  Zl  )  and  displacements  Tj""  We  shall  now  subject  the 
body  to  virtual  displacements  6rt  (t.he  restrictions  placed  on 
6rj^  will  be  considered  below)  at  consiant  temperature  (i.e., 

6t  -  0)  if  we  now  consider  the  ■/ar''’’al  v.'or'k  performed  on 
some  arbitrary  volume  V  during  the  •■irtual  displacements,-  we 
find  that 

V,W.  =  [see  Q  I  3  p.'’l)-  (2.1) 

\‘  " 


This  virtual  work  in  an  elastac  body  must  equal  the  change  in 
value  of  the  Helmholtz  free  energy  function  (see  ~  4  1'  )  , 

★  ikr 

A  --  A  T)  where  A  is  the  Helmholtz  free  energy  per  unit 

of  deformed  volume-  Thus 


V ,  W 


(2.2) 


In  the  formulation  of  bA  the  •■-■ariations  of  5E  .  are  not  ar- 

1 1 

bitrary  but  must  satisfy  the  additional  constraint 

H\7  2 

1-,-  (^-)  ""  0  see  Eg  (1  9) 

'  o 


where 


is  a  function  of  T  only 


Defining  a  Lagrange 
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multiplier  h'  we  form 


L  =  A+  I  -  ^ 

^  ^  2  ^3  Mv  ^ 

‘-  o 


*  dV  2 

Thus  '"A  =  6L  and  I3  “  ^dV~^  ~  where  we  may  now  treat  the 

6E^j  as  independent.  We  oStain 

p.  *  I 

5L  =  6A  =  —  &E  .  .  t  ^  \  ^  6E  .  .  ,  where  I .  =  (4w~) ^  (2.3) 

oE.  .  13  2  cE.  .  13  3  dV  • 

13  13  o 


From  Eqs .  (2.1),  (2.2),  and  (2.3)  ,  we  obtain 


Sa  h'  ^^3  1^ 

-  y  ^ 

13  13-' 


Treating  the  as  arbitrary  and  in  view  of  the  arbitrariness 

of  the  volume  integral  we  obtain 


T,  1  01^ 

.13  _  h_  _ ^ 


2  dE .  .  dE .  .  ' 

13  13 


Expressing  the  above  equation  in  terms  of  the  Helmholtz  free 
energy  per  unit  of  undeformed  volume  A, 

*  1 

A  =  7^A= -  A,  see  (1.9), 


thus 


hi  _1^  Ja _ 

2  ^  vi-y 
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also 


w  j.  ~  ^  . 

^  (see  H  1  U,  p.  75), 

ID 


(2=4) 


_ii  ,  ^ii  1  Sa  ,  ^  ,dv  ^  2 

T  -  hG  ^  ,  where  13=  (^). 

N  I3  1:)  o 


Letting 


^"3  -  1  -- 

o 


(2.6) 


we  may  write 


I^tT  l+2f  (T)+f2(T) 


(2.7) 


For  an  isotropic  material  A  =  A(tj^,  S^-  '''7'  •  see  Equation 

(1.11),-  or  noting  the  relationship  between  6^  and  I3-  Equation 
(1.9) ,  we  may  write 


A  =  ^^^^2  ^  "  2f(T)-f^(T)  T) 


If  we  let 


I3  ^  I3  -  1  -  2fiT 


-  f  vT) 


(2.8) 


then 


A  -  A(S2,73, v^,T) 


(2-9) 


The  condition  of  incompressibility  is  now  expressed  by  13- 


13=0 


A(02,93.T) 


(2  9a) 
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now 
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Alternatively 


-11  _ 


--3  .  l+2f(T)+f2(T) 

11 


(2.13) 


where 


H  ^  h  2  vl^  h" 


or  from  Equation  (lol4) 


---  - -- 


1-t-f  (T) 


,l^ij  ijx^A 

.-E  ^-g 


.(.g  B  '^--jG  ) p 


(2  14) 


where 


nil  T  11  11  is^ 

B  -  -  l^g  -  g  g'  G^^ 


3  ,  Governing  Equations  for  Thick-walled  Cylinders. 

Consider  the  behavior  of  an  infinitely  long  thick-walled 
cylinder  subjected  to  axially  symmetrical  forces  and  tempera¬ 
ture  distribution.  In  order  to  illustrate  tv/o  fundamental 
approaches  to  the  formulation  of  the  finite  elastic  equations 
we  shall  consider  two  distinC-ly  different  types  of  displace¬ 
ment  fields;  first  we  shall  consider  the  effects  of  pressure 
and  temperature  which  will  cause  m.otion  only  in  the  radial 
direction,  and  secondly  we  shall  consider  the  effects  of  a 
vertical  gravity  loading  v/hich  shall  give  rise  to  both  a  longi¬ 
tudinal  and  radial  motion.  In  the  first  problem  we  shall  select 
our  material  coordinate  system  such  that  in  the  initial  state 
it  coincides  v.?ith  the  cylindrical  coordinate  system  (r,6,z) 
and  in  the  second  problem  we  shall  select  our  material  coordi¬ 
nate  system  such  that  in  the  final  state  it  coincides  with  the 
cylindrical  coordinate  system  (r,6,z)  Thus  if  we  compute  the 
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stress  at  the  point  r  =  r  ,  6=0  and  z  =  z  ,  we  have  for  the 

o  O  O' 

first  problem  found  the  state  of  stress  of  the  material  that 

initially  occupied  the  point  (r  ,  &  ,  z  )  while  in  the  second 

problem  we  have  found  the  state  of  stress  for  the  material 

that  occupies  (r  ,  G  ,  z  )  in  its  deformed  position. 

o  o  o  ^ 


Pressure  and  Temperature  Loading  of  a  Thick-walled  Cylinder 

We  shall  describe  the  initial  state  in  cylindrical  coordi¬ 
nates  {r,0,z)  .  The  material  coordinates  shall  be  selected 
such  that  in  the  initial  state  they  coincide  with  these  cylin¬ 
drical  coordinates,  i.e., 

{x^,x^,x^)  =  (r,6,z)  (3.1) 


then 


where 


(dS  )  ^  =  g .  . dx’^dx^ 
o' 


(3.2) 


The  spatial  coordinate  system  will  be  chosen  as  a  cylindrical 
coordinate  system  also,  thus 


(dS)^  =  h^pdy'^dy^ 


where 


ap 
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The  displacement  field  will  be 


h" 


u  (x^) 


u  (r) 


2 


0 


In  the  deformed  state  the  material  coordinates  will  be  related 
to  the  spatial  coordinate  system  as  follows 

1  'i  1 

y  -■  x~  +  u{x")  -  r  +  u(r) 

2  2 

y  -  X  -  ‘J 

3  3 

y  X  -  z . 

The  Green  ‘  s  deformation  tensor  is  given  by 


or 


G 

ID 


du>  2 
dr^ 


{ r-ru) 


2 


(3.3) 


also 


G*^ 


D'k 
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or 


(1  + 


dU'  2 
dr' 


(1-^ 


1 


(3.4) 


The  Christoffel  symbols  of  the  second  kind  may  be  found  from 


dG 


J 


d  u 


dr‘ 


du. 

dr' 

(1  + 

= 

t}  ■- 

12 

13 

(1  + 

du. 

dr' 

(r  +  u) 


0 


rl  =  _  +  u) 

‘22  .  • 

(1  +  fi) 

dr 

The  equations  of  equilibrium  in  material  coordinates,  Equation 
(1.1) ,  are 


1 
T  . 
T 


0 


The  non-trivial  equation  for  this  problem  is,  for  j  =  1, 
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-  0 


A  '’31 


-T^  r^  =  0 

1  11  2  21  3  31 


Noting  that  'ct  =  a,  ,  -  a  ,  t„  -  -■  o  . 

^  X  11  r  2  22  0 


do  0-0^  do  ,0-0^ 
r  r  o  ,  u  r  .  du  r  S 

■  ■+■ - — -  -+-  -  -f - - 

dr  r  r  dr  dr  r 


(3.5) 


The  strain  components,  Equation  (1  2),  are 


1  1*1  1 

E  =  4(G  ^  -  6^) 

3  2  3  3 


du  l.,du.  2 
dr  2Mr^ 


E^ 

: 


r  2  r 


(3.6) 


leading  to  the  invariants 


E^  + 

t-i  ^2 


(3.7) 


E^  E^ 
^1  ^2 


1  2  12 
1  +  2E^  +  2E2  +  ^^1^2 
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The  heat  conduction  equation.  Equation  (1.16),  is 


(KG^^T. 


J! 


a 


(r\  -mm.  d  O 

- ^ 

E  a  p  o 


E.  .). 
ID 


For  our  problem  we  note  K  and  are  constants  and  consider 
only  steady  state  conditions.  Thus, 


G 


i 


0 


or 


G' 


ai 


d^T 


1  ^ 
d  (x  )  “ 


dT 

dx^ 


G  q,-.  g'  rl2^  ^  ^33J 


=  0 


or 


d^T  ,  dT  f,u  d^T 

,  2  r  ^  Vr  dr'  ,2 

dr  ^  dr 


(r 


dU' 1  dT  1 
dr  r  dr/ 


+ 


r 


u  du  d^T 

r  dr  .  2 
dr 


2 

I  d  u  ,du,  2 

1“  —  -fe> 


dr 


0 

r  dr J 


(3.8) 


Governing  Equations  for  Vertical  Slump  of  a  Thick-walled  Cylinder 

Selecting  material  coordinates  (x^)  such  that  in  the  de¬ 
formed  body  they  coincide  with  the  cylindrical  coordinates 
(r,0,z),  the  material  metric  tensor  is 
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(3„9) 


(x") 


2 


Let  (y^) 


be  cylindrical  coordinates. 


therefore 


h. 

ID 


1 


The  displacement  field  will  be 


. 


(x')  -  u(r) 


0 


-  w(r) 


Thus  , 


111  ,  , 
y  -  X  -  u  -  r-  u(r, 


2  2 
y  =  X 


3  3  3  ,  . 

y  =  x  -  u  =  z-  w{r) 


Now 


i-.n 
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(1- 


(r  -  u) 


Also  may  be  foand  from 


(3.10) 


dU'  2 
dr^ 


13  = 


(r  -  u) 


(1  -f^)^ 


(1  - 

dr 


(3.11) 


I.  = 


ig.  .1  (1  -  ^)^1  -  ^)2  ■ 

'^1]  ‘  '  r'  '  dr' 


(3.12) 


The  equilibrium  equations  are  the  usual  equations  for  cylind¬ 
rical  coordinates. 
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da  o  -  Oq 

^  - 2  -  0 

dr  r 


+  -  T  +  pg  =  0 
dr  r  rz 


From  Equations  (1„9)  and  (3-12), 


.  (1  -  -“-,,1  . 

r  dr 


(3.13) 


(3.14) 


thus 


+  -T  +  p  (1  -  -)  (1  -  -1^)9 
r  rz  *^0  r  dr 


The  deformation  tensor  is 


p  -  ^)2 

dr^ 


g‘"  = 

3 


(r  -  u) 


(1  - 


du,  2 


^dr' 

1  + - T - ^ 

(i  -f)^ 


leading  to  strain  displacement  equations 
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dw 

dr 


(1 


dU'  2 
dr^ 


0 


, dw,  2 
'dr^ 


(1 


du>  2 
dr^ 


(3.15) 
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SECOND  ORDER  ELASTIC  THEORY 


4 General  Theory  , 

In  the  remainder  of  this  section,  we  shall  assume  that 
the  magnitude  of  strains  is  such  that  we  need  retain  only  first 
and  second  order  terms  in  our  final  equations..  It  must  be 
emphasized  that  when  the  resulting  solutions  are  applied  to 
a  specific  problem,  the  numerical  results  must  justify  the 
above  assumption- 

For  example  the  strain-displacement  relations,  Equation 
(3-15)  for  a  second  order  theory.,  would  be  written  as  follows: 


du  3  ,  du.,  2 

d7  "  2'd7^ 


1_  ^  ^  ^ 

2  dr  dr  dr 


E^ 

n 


0 


u 

r 


^  r 


0 


L.  ^ 

2  dr  dr  dr 


.dw,  2 


The  form  of  the  Helmholtz  free  energy  function  which  deter¬ 
mines  the  form  of  the  const i tuti”’e  equations  will  nov.'  be  deter¬ 
mined  for  a  second  order  elastic  theory  The  energy  da  cum  is 
taken  at  the  reference  ‘■em.pera  ture  T^  For  a  com.pressible 
material,  assuming  than  T  i s  of  the  order  of  magnitude  of  e4  , 
we  expand  A  in  a  power  series  in  3^  and  T  and  retain  terms  of 
third  order  or  less.  The  range  of  ”al:di*:y  of  tine  second  order 
theory  needs  to  be  considered  in  lighf  of  the  relative  size 
of  the  coefficients  of  the  neglected  terms  as  compared  to  the 
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terms  retained  in  the  expansion,  a  comparison  which  can  best 
be  made  by  finding  the  total  expression  for  A  by  experimental 
means.  Accordingly, 

A  =  k,  (6-  +  k-S-  ^  +  k,e,  e.  +  k.e,  ^  4-  k^e,  +  k,T0,  +  k.,T&\  ^  +koT8^ 
12  21  il2  41  bi  61  /  I  82 

(4.1) 


In  classical  elasticity  only  the  first  and  second  order  terms 
are  retained,  i.e.. 


A  =  k^(62  +  +  k^TS^  +  k^QT'") 


which  when  compared  to  the  usual  notation  L  4  □  is  written 


:  ,  _  2  (1  +v)qT  2'’ 

A  =  -  2n  ^02"  2(1  -  2v)  ^1  '  1  -  2v  "1'^  ^lo"^ 


Comparing  terms  we  find  (note  k^^  and  k^^^  need  not  be  evaluated) 


kj^  =-2\i 


k  =- - ^  ~ 

2  2(1  -  2v) 


(4.2) 


k.  =  }  I  QT 
6  1  -  2v  o 
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or 


U  - 


V 

1 

2 


2k, 


V  =■ 


1  +  4k. 


2To(l 


3k^) 


In  xncompressiblG  elasricrty  we  need  the  function  A{d^,6 
Equation  (2.9a),  which,  in  lighc  of  the  abo-.-e  reasoning 
be  taken  as 


.  2  3 

A  -  c.U'o  t  c..-,  -  c.Tt'.  -  c.T  •+  Cj-T  ] 

12  2u  ui  4  5 


.s  also  necessary  to  have  an  expression  for 


dv  -  dV 
_ c 

dv' 


function  of  T-  r  or  a  second  order  inccir.pressible  theory 
Equation  (26)  is  written 


dV  -  dV 


o 


07 


o 


:.-T  =  f;T) 


dv  ”  d'/ 


For  classical  thermoelasticity  we  have 


o 


d',’ 


3a7  T; 
o 


B,  =  3aT  Hence-  the  incomoressibili ty  condition  t  x  { 
1  o  "  ■'  3 

from  Equation  (2  8)  yields 


r  12 

i  1  -  f(T)  I  --  0 


Substituting  for 


(4.3) 


,T)  . 
shall 


(4.4) 


d  S  d 


(4.5) 


thus 


(4  6) 
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1  +  26^  +  4^2  +  86^  -  1  -  2f(T)  -  f  (T)  =  0 


0^  +  202  +  403  =  3^T  +  (32  + 


(4.7) 


Novv  let 


(Pj  *  |Pi^)  =  @2* 


(4.8) 


then 


©I  +  202  +  403  =  3^T  +  32*  T^. 


(4.9) 


In  order  to  relate  the  coef f iciients  appearing  in  Equations 
(4.1)  and  (4.4)  it  is  necessary  to  express  A  in  terms  of 
^2 '^3 '^3  *  Noting  that 


I3  =  20^  1-  402  +  803  -  233_T  -  232 


we  may  write  Equation  (4.1)  as 

A  =  k,  ^  0_  +  kj-^T  +  1  ~43ik_  +  k.,3,  -  2k,  +  k^  T0_+  - —  I, 
1/2  03  [_  12  3x  b  bj  2  4  3 


;  ^6^  -  ^4-3  '^^1^4  -  2 

^  L^2^l  "  -J  ^3"  "-8^3"  L—  "  -tJ  ^3  " 


'  *  ^^4^1^’  ^9V  2  ^3l- 

+  j^k232  +  - ^  ^1^7  2  J^3'^  2J^3®2^ 
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Thus 


^il3=0  =  ^  ^1  \  ^2-"  L‘  ^3^1"  ^8 


|r02+  h(T) 


which,  when  compared  with  Equation  (4„4),  yields 


Cl  = 


^2  '  ^5 


(4.10) 


-  -  ^3^1  -  2^6  ^  ^8 


To  obtain  the  constitutive  equations  we  need  merely  apply 
either  Equation  (1.14)  or  (2.14)  -  For  example;  for  the  pres¬ 
sure  and  temperature  loading  cE  a  compressible  cylinder  we  will 
make  use  of  Equation  (1.14)  where,  (see  Equations  (3.2),  (3.3) 

and  (3.'')), 


g 


11 


1 


B 


11 


3 


G 


11 


G 


11 


+  1 


11 

G 


_ 1 _ 

1  +  2E3 


e 


1 


+  E 


2 

2 


^  E^E^ 
^1^2 
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Thus  , 


2k-(E?’  +  E^)  +  k^E^’E^  +  3k.  (E^  +  E^)^+  k.T 
VYJ  L^l  2  312  41  2  6 


+  2k.7T(E];  +  E^)  +  kgT^+k^  E2(e];  e\)  +  ^3^3^  + 


Utilizing  Equations  (1.2),  (1.17),  and  (2.4),  we  can  write 

o^.  =  ^  =  (2E^  +  1)  , 


ar=  k^  [  (l+2k2)E2+2k2E]^+k^T+E]^E2  (2k3+6k^+l) +(E^)  ^  (3k^+2k2) 
+  (£2)  ^  (k2  +  3k^-l-2k2)  +e]^T  (  2k.7+kg)  tE^T  (  2k.7+kg-kg)  +kgT^ 


Likewise 


(Ej-Ej  )+  [(eJ^)  ^-(E?)  (4V.2+l-'k3)  +(E^-E2)T(2k^-kjj)]^ 


Making  use  of  Equation  (3.6) , 


a  =  k,  [  (l+2k_)-+2k_  ^  +  k,T  +(k^+  3k.-  ^  -  k_)  (-)  ^ 
r  1  L  2  r  2  dr  6  3  42  2  r 


+  (kj+sk^+akj)  (|^)2+(2k3+6k^+i)a|a  +  (2k3+kg)T  fa 


+  (2k.7+  kg-  kg)  T  ^  +  kgT^ 


(4.11) 
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A  SOLUTION  METHOD  FOR  FINITE  ELASTICITY 


5 .  Outline  of  Method  , 


In  order  to  cast  the  governing  equations  for  pressure  and 
temperature  problems  into  a  form  susceptible  to  a  perturbation 
solution  (i.e.,  into  a  form  v/here  the  relative  magnitude  of 
the  various  terms  is  apparent)  we  shall  make  the  following  change 
of  variables;  (A  somewhat  similar  method  of  introducing  a  per¬ 
turbation  parameter  for  thick  cylindrical  shell  theory  is 
given  in  □  9  □  ) . 


V 


u 

u 

max 


(5.1) 


P 


r^ 

a 


(5.2) 


where  a  is  the  inner  radius  of  the  cylinder. 


Thus 


and 


Let 


vu 

u  max 


r  pa 


u 

max 

a 


6  (For  a  second  order  theory  i5|<|.) 

(5.3) 


Therefore , 
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Also  let 


o 

r 


k-,  6s 
1  P 


Oq 

★ 

T  =  6T 


(5 


4) 


(5.5) 


Making  the  above  change  of  variables  the  governing  equations 
(3,5),  (3.8),  (4.11)  and  (4.12)  maybe  written 


ds  s  -3, 


dp 


+  -t - ^  =  -  6 


ds  ,  s  -s,-t 

V  _ £  p  P 

LP  dp  "  dp  p 


2  *  * 
d  T  ^  I  dT 


dp 


2  p  dp 


=  .V  dv.d^T  ,  d^v  „  dv.l  dT  ■  c2^v  dv  d^T 

-  <f  p;2  -  2  tpapppr 


dp' 


d^v  ,dv.  2  I  1  dT 

-  L-  ^  -  V  J  ?  ^ 


s  =  {l+2k_)-  +  2k_  +  k,T*  -r  5 

p  2'p  2  dp  6 


2  -  ’^2'<p>^+  3  <’^4 


+  +  (2k3+  1)^0  +  (2k,+  k^)T*  +  (2k7 


*  >^8  -  f  *  V*'i 


(5.6) 
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.  V  _  ^ 

P  dp  ( 


(k.,-  f  -4k.)  (^)  ' 

^  ^  L.  p 


^dv.  2 

'^P 


i  +(k„-  2k. )T  '  (-  -  —)) 
j  8  p  dp'j 


dv, 


As  5  — >  0  the  above  equations  approach  the  classical  elastic 
equations;  thus,  we  have  established  the  conditions  that  are 
prerequisite  to  a  solution  by  perturbation,  i.e.,  (1)  a  near 

state  for  v;hich  an  exact  solution  is  known  (as  6  — >  0  we 
have  the  state  as  defined  by  the  classical  field  equations) 
and  (2)  the  transition  from  this  near  state  to  the  desired 
state  should  proceed  in  a  smooth  manner  (as  previously  indicated 
we  shall  not  consider  stability  problems) .  It  should  be  noted 
that  the  perturbation  param.eter  is  merely  a  device  used  in 
obtaining  a  solution  and  as  s.uch  will  not  appear  in  the  final 
solution.  To  effect  a  solution  by  perturbation  we  expand  the 
dependent  variables  in  a  perturbation  series,  i.e., 

*  *  (  0)  *  ( 1 ) 

T  =  T  ^  ^  +  6T  ^  . 


V 


V 


,(0) 


+  dv 


(1) 


s 

P 


s 


a 


+ 


+ 


(5.7) 


where  v'  is  the  solution  of  the  near  state  (first  approxima¬ 
tion)  ,  v^^^  is  the  first  corrective  term,  etc.  Substitution 
of  the  above  expressions  into  the  governing  equations  and  equat¬ 
ing  coefficients  of  6  we  obtain  the  following  systems  of  equation 
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First  system 


dp' 


P  dp 


-  0 


ds(°)  s(°)  s(°) 

p  .  p  -  6 

dp  p 


=  0 


s<°'  -  (1  +  2k,)^ 
P  2  p 


(0) 


-  21^, 

2  dp  6 


=  0 


JO)  (0) 

p  s 


(0)  ,  (0) 

V  +  - ,,  0  ^ 


dp 


Second  system 


2  * (1)  * (1) 
d  T  ^  ’  .  1  dT 


dp' 


p  dp 


V 


(0) 


,  (0)  .2^*(0) 

,  dv '  , d  T  ,  , 

+  ^ ^ —  +  (p 


d^v 


dp 


dp' 


dp 


,  1  dT*(°^ 


dp  p  dp 


(1)  3(1) 

-£ _  .  _e _ 


ap 


■  1  (0)  ,  (0)  „ 
6  _  .  V  _  dv  '  2 

P  P  P  dp 


(1) 


(1) 


(1) 


Sp-  -  (1  +  2kp  p 


V  '  dv  (1)  _ 


-  2k 


2  ap  6 


(k,  +  3k 


V  ^  2 

-  ’'2'  'T-' 


Continued 


(5.8) 


(0) 

2 


(5.9) 


4 
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NJ  Ih- ' 


(5.9  Continued) 


+ 


3(k^+ 


k^)  ( 


.  dv 


(0) 


dp 


+  (2k2-r  6k^+ 


i) 


V 


(0) 


dv 


(0) 


dp 


-K  2k- 


•^6' 


(0) 


dy__ 

do 


(0) 


+  (2k^  +  ^8  " 


=9'-  (4^  -  =  v-r  4^2-  f) 


P 


a.i' 


1  ",,(0)  2  dv^°'  /' 

[■  p  ^  '  dp  ^ 


+  (kg-  2kg)T*<“>(4i_ 


..(0)  .,,(0) 


dv 


dp 


The  first  set  of  equations  is  that  of  classical  elasticity 
The  left  hand  side  of  the  two  systems  of  equations  are  identical. 
Whereas  the  first  system  is  homogeneous  (in  the  absence  of  body 
forces  and  temperature  sources)  the  second  system  has  non- 
homogeneous  parts  composed  of  non-linear  terms  derived  from 
the  solution  of  the  first  system  of  equations;  hence,  the  non- 
homogenous  parts  of  the  second  system  are  knov/n  functions 
once  we  have  solved  the  first  system  of  equations. 

It  is  to  be  pointed  out  that,  although  the  perturbation 
solution  method  leads  to  an  infinite  series,  for  a  second 
order  theory  we  need  only  consider  the  first  two  terms  of  this 
series.  If  we  used  perturbation  to  solve  a  problem  described 
by  a  third  order  theory  we  would  need  three  term.s  ,  etc.,  since 
neglecting  the  third  and  higher  terms  of  the  series  introduces 
errors  of  the  same  magnitude  as  those  introduced  by  neglecting 
third  and  higher  powers  of  strain  in  the  formulation  of  a 
second  order  theory. 
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6 .  Compressible  Response. 


Uniaxial  Test 


The  uniaxial  test  is  analyzed  since  it  is  the  most  common 
test  performed  upon  material  samples.  Although  it  is  preferable 
to  obtain  elastic  properties  using  an  experimental  approach 
as  outlined  in  IZ  6  □,  it  is  possible  to  obtain  results  from  a 
uniaxial  test.  For  a  description  of  a  uniaxial  test  where 
thermal  effects  are  included,  see  Z  7  □.  The  solution  of  the 
uniaxial  problem  may  be  considered  from  a  perturbation  standpoint. 

We  shall  select  material  coordinates  to  coincide  with 
rectangular  cartesian  coordinates  in  the  initial  state.  Choos¬ 
ing  the  spatial  coordinates  as  rectangular  cartesian  coordi¬ 
nates  we  thus  find 


The  displacement  field  will  be  given  by 


and  as 


or 


Hence , 


=  e^x^  (no  sum) 


1  1,1 
y  =  X  + 


y^  =  (1  +  e^)x^  (no  sum) 


(1  +  e^)^ 

(1  + 

(1  +  03)^ 
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and 


2 

0  +  — 0 
1  2  1 


2 

02+  "2^2 


I 


Utilizing  Eqs .  (1.15),  (1.7),  (1.9),  (4.1)  and  (1.5)  we  find 


11 

9 


1 


B-  ■  X,  - 


I  =  I  -  (  1  +  '=  ) 
li  ^1  “1^ 


G 


11 


(1  +  e^) ^ 


=  29^  t  3  , 


I.  = 


1  +  29^  +  4=^2  +  863 


If-  =  k^(2k2e^  +  k3e2  +  3k4e^2  ^  ^  2k^T93  +  kgT^) 


|f-=  k^d  tkjq  tkgT) 


dA  ,  , 

5?^  =  • 
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2 


From  Eq.  (1^13) 

^  (2k2+  D  (62+  e2)  +  (k2+  3k^)e^^  +  (k2+  ^  +  3T<^ 

+  k^)  (62  -*-  e^)  {2k ^4-  6k^)  (0^024  e,  e^)  (3k^4  k^ 

6k^)e2e^  +  k^T  4-  2k^e^T  -f  (2k-7  4-  kg)  1(62+  ^2)+  k^T^ 

likewise 

=  k^  j^2k2e2+  {2k2+  l)(e^4-  e2)  +  (k2'^  3k^)e2  +  {k2  + 

4-  kg)  (e^  4-  e2)4-(2k24-  6k^)(e^e24-  026^)  +  ; 3k^4>;;^+  6k^)e^e2 
4-  kgT  4-  2k_e2T  4-  (2k^4  kg)T(e^4-  e^)  4-  kgT^|_ 


For  a  uniaxial  test  of  an  isotropic  material 
=  e^  and 

2  j 
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njIh-* 


11  V 
s  =  k- 


2k2e^+  2(2k2+  I)e2+(k2-^-  3k^)e^  +  (2k2+  1  12k^+  5k 


4  3 


+  k.)e2  +  2(2k2+  6k^)e^e2+  k^T  +  2k^e^T  +  2(2k^+  kg)Te2+  k^T^ 


22  , 
s  =  k. 


(4k2+  l)e2+  (2k2+  l)e^+(2k2+  ^  +  12k^+  3k2)e2 


+  (k2+  j  +  3k^+  k3)e^^  +  (5k3+  12k^-(-  kg)e^e2+  k^T 


+  (4k2+  kg)Te2+  (2k2+  kg)Te^+  k^T' 


From  Eqs .  (1.13),  (1.17)  and  the  above 

1  +  e, 


^11  = 


'1  11 


(1  +  62) 


2 


or 


“11  =  ’^1 


2(2k2+  1)62+  3(k2+  k  je^  +(l2k^+  Bk^ 


-  3  +  k,-)e„  +  2(2k,+  6k. +  l)e-,e.,+  k^-T  +(2k-,+  kc)e,^ 
D  z  J  4  ±  ^  o  /  a  1 


2l 

+  2(2k^+  kg-  kg)Te2+  k^T 


(6.1) 


Let  be  the  nominal  stress  (i.e.,  per  unit  of  initial  area) 


then  a.  =  (1  +  e,  )  s 
In  1 


11 
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or 


j^2k2e^+  2(2k2+l)e2+  3(k2+  ^4^®!  ^  ^  ^1 


+  5k2)e2  +  2  (2k2+  1  +  ^^3"^  ^^4^®1®2'''  +(2k^+  k^)e^T 


+  2(2k^  +  l<Q)Te2  +  kgT' 


(6.2) 


also  022  =  ^22  =  0  /  hence 


0  =  k. 


(4k2+  I)e2+(2k2+  l)e^+(2k2+  ^  +  12k^+  3k3)e2 


+  (k2+  y  +  3k^  +  k2)ej^^  + 


+  (4k.7+  hg)Te2+  {2]^^+  kg)Te^+  kgT‘ 


(6.3) 


Thermal  Stressing  of  a  Thick-walled  Cylinder 


The  first  of  Eqs .  (5.8)  may  be  written 


dp 


dT 


(0) 


dp 


=  0 


whose  solution  is 


rj,  \0)  ^  ^  (0)  ^  (0) 


(6.4) 
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Noting  the  above  results  and  using  the  third  and  fourth  of 
Eqs .  (5.8)  we  may  write  the  second  of  Eq.  (5.8)  as 


/I  ^  _(0)tU  _  p(0)  1 


dp  p  dp  ,*■ 


2k, 


whose  solution  is 


v'°'  =  p  .b<“' 


:6 .5' 


Thus  , 


=  C^O^lnp  . 


(0)  JO)  (0)  1  "^6  ^  (0)  , 

v'  ^  'p+B^  'p  Inp 


(6.6) 


From  the  above  solution  to  the  first  system  of  equations  we 
are  able  to  calculate  the  nonhomogenous  part  of  the  second 
system  of  equations.  Thus,  we  are  able  to  into^^rau..  c.he  second 
system.  The  resulting  expression  for  T  is 

C^l^lnp  t  ^ 

P 

while  the  expressions  for  the  remaining  dependent  variables 
may  be  similarly  obtained.  The  constants  , 

A^^\  B^^^  etc.,  are  evaluated  from  the  boundary  condi¬ 
tions  . 
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In  order  to  avoid  the  rather  involved  algebra  we  shall 
consider  the  problem  of  a  uniform  temperature  drop  T  of  a  thick- 
walled  cylinder  bonded  to  a  rigid  case.  The  inner  and  outer 
cylinder  radii  are  a  and  b  respectively.  The  boundary  condi¬ 
tions  are 


Applying  the  above  boundary  conditions  to  Eg.  (6.6)  we  obtain 


C 


(0)  _ 


0 


D 


(0)  ^ 


* 

T 
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=  (1  *  4)C,)A<1'  ^  ^ 

P  L  2  p 


-  (1  +  8^2  -  2X3)^  -  (3k3+  12k^+  ~  +  2X3) 


r  21 

+  X^{T*)^  (4k^+  kg)+(2k^-  kg)^  +kg(T*)^. 

P  _ 


(6.11) 


Applying  the  second  boundary  condition  in  Eq.  (6.7)  to  the  above 
equations  we  find  that 


A<''  =  X^W*)^ 


(6.12) 


1  *  2 

B-^  =  X3(T  )^ 


where 


=  ^4  -  ^5 
c  -  (1  +  4k2) 


(6.13) 


-  X^d  t  4k^)] 


^3  =  2 - 

c^  -  (1  +  4X3) 


(6.14) 


^4  =  - 


Xi  (4X3-  1  -  2  k3) 


(6.15) 
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^5  =  [• - 8k^ - ^  c  -  (1  +  8k2-  2k3)c  -(3k3  ^  12k4+  ^ 


(6.16) 


+  2k2)  -  (4k^+  kg)+(2k^-  kQ)c^J  -k 


X  =  ^ - 

c  -(1  +  4X3) 


(6.17) 


b 

c  =  — 

Ci  ' 


Making  use  of  Eqs .  (6.10),  (6.11),  (6.12),  (5.1),  (5.2),  (5.3), 

(5.4) ,  and  (5.7) ,  we  may  express  our  results  as  follows 


a^.=  V[^l!(l  ^  ^’^2)-  7  +  ^6]  ^  ^  ^^2)^2^  ^3  7 


„  '  1  +  2k  +  4k  ,4  ,2 

^1  ( - sfc - ^  2^3)-  12k^^  i 

2  r  r 


2k„)  i  +  X,  (4k.,+  k„)+(2k.-  k„)  ^  +  k 


^2'  j  ""1  ^•"'"7'  '"8'  '  6  8'  ^2 


(6.18) 


,2  r  2  ,4 

u  =  TX^(r  -  — )  +  X^r  +  X3  ^  -  X^  — 

r 


(6.19) 


The  very  important  fact  that  the  results  do  not  depend 
upon  6  (as  6  is  only  a  numerical  indicator  of  the  relative 
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sizes  of  the  various  terms  appearing  in  the  governing  equations) 
is  clearly  illustrated  in  the  above  results. 


Pressure  Loading  of  a  Thick-walled  Cylinder 


*  { 0) 

Setting  T  '  =  0  in  Eq .  (6.6)  we  find  that 


.(0)  .  ^(0)  ^  ^(0)  1 
r  n 


(6.20) 


s^°^  =  (1  +  4k„)A^°^  + 

P  2.  2  * 

^  p 

Using  the  first  and  fourth  of  Eq.  (5.9)  we  may  write  the  third 
Eq.  (5.9)  as 


dp  p  dp 


=  2]<3-  1)(e(°))2 

2  P 


The  solution  is 


^2  p 


(6.21) 


hence  from  Eq.  (5.9) 


s^^^=  (1  +  4k2)A^^^+  +(3k3+  12k^  +  2k2+  \)  (A^°^)^ 

^  P 

_  ^^2^  ^^3^  ^  _  _  i);^(0)  (0) 

8k  4  +  (2K3  «K2  iJA  B  2 

2  P  P 


(6.22) 
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Let  us  now  consider  the  specific  problem  of  a  thick-walled 
der  subjected  ' 
conditions  will  be: 


cylinder  subjected  to  an  internal  pressure  P^,  the  boundary 


At 


=  a  (p  =  1)  ; 


or 


(0) 

s  =  s 


P  , 

1 

k^6 


Let 


P  = 


P  . 

1 

kj^6 


then 


s(^>  =  -? 


and 


=  0 


(6.23) 


and  at 


b  (p  =  “  =  c)  ; 


s(°)  =  0  = 

P  P 


(6.24) 


Applying  the  above  boundary  conditions  to  Eq.  (6.20)  we  find 

^  _ I _ 


(c^-1)  (1  +  4k2) 


B 


(0)  _ 


c^-1 


(6.25) 


Noting  the  above  results  and  applying  the  remaining  boundary 
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conditions  to  Eq.  (6.22)  we  find 


=  {P)^X^ 


(6.26) 


=  (P)^X, 


where 


^1  ■  ,  2  _2 


(c^-l)"(l  +  4X2) 


(3k2+  12k^+  2k2+ 

(1  +  4k2) 


(6.27) 


c^(4k2+  2k2+  1) (1  +  4k2)l 
8k  ^ 


^2  ,2  ,.2 


(c  --  1)^(1  +  4k2) 


(c^+  1) (4k2+  2k3+  1) (1  +  4X2) 
_ 


+(2X3-  3X2-1) 
(6.28) 


Using  the  above  notation  we  may  write  our  solution  from  Eqs .  (6.20)  , 
(6.21),  and  (6.22)  as 


H  b^l  (^j)  2_^ 

t  2  I  2  2  2i^  ^  "*"1)  2  4 

c  -  l'-  r  8k,k.,(c  -  1)  r  r 


8k^k2(c‘--  1) 


u 


P  . 
1 


k^(l  +  4X2) (c^-  1) 


,21 

r  -(1  +  4X2)^ 


P  .  2 

+  — 1  X-,  r  +  X_  — 
,  2  L  1  2  r 


bl] 

8X2(0^-  1) ^  r^-  ■ 


(6.29) 
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We  shall  now  consider  an  externally  case  bonded  thick- 
walled  cylinder  subjected  to  internal  pressure.  Let  the 
elastic  properties  of  the  thin  case  be  v  and  E  and  denote  its 
thickness  by  t.  The  motion  of  the  case  is  given  by 


u 


(1  -  v^) 


b^P 


(6.30) 


where  P'  is  the  interface  pressure.  We  shall  consider  the 
situation  when  the  case  is  very  rigid  in  comparison  to  the 
thick -walled  cylinder,  i.e.,  we  must  consider  the  material 
of  the  thick-walled  cylinder  as  rather  compressible.  (See 
Section  8  for  a  discussion  of  compressibility  effects.)  The 
displacement  at  the  interface  will  be  of  second  order  as  com¬ 
pared  to  the  displacement  at  the  inner  radius  (in  the  applica¬ 
tion  to  a  specific  problem  one  must  verify  this  assumption) . 

We  may  thus  illustrate  one  of  the  methods  for  reducing  the 
algebraic  complexities  of  a  given  problem,  i.e.,  introducing 
\ra-rtous  boundary  conditions  at  different  levels  of  approxi¬ 
mation.  We  employ  the  following  boundary  conditions: 

At  p=l;  s^'^^=-P  where  P  =  (6.31) 

P  ° 


s 


(1) 

P 


=  0 


and  at 


p  =  =  ,  v<°>  .  0 


v'l'  .  w 


where 


w  = 


u 


a6' 


(6.32) 


F-153 


The  interface  pressure  P'  is  found  from  the  continuity  condition 


a  (b)  =  -  P' 
r 


1  .e . 


P  P 


=  -  P  ' 


r=b 


(6.33) 


The  above  boundary  conditions  when  applied  to  Eqs .  (6.20), 
(6.21),  and  (6.22)  give 


A 


(0)  ^ 


P _ 

1  +4^2- 


B 


(0)  _ 


c^? 

1  +  4X2" 


A 


(1) 


^6 


where 


X^-  cX 
1  +  4k 


2 


2 


2 

cuk, 

aP  .  ^ 

1 

c2 


(6.34) 


c  (1  +  4k2) 


^7  = 


uk,  ^ 

aP  . 

1 


-  c^X, 


1  +  4k2  -  c 
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1  1  2k  +  1)  4 

X  (r)  - - ^  (3k  +  12k  +  2k  +  h - ^ 

^  (1  +  4k2-  c)  ^  422  8k2  ^4 


(2k2-  8k2-  1) 

r 


(6.35) 


Xi  =  X^( 


r  =  a) 


c(4k2-  2k  2  -  1) 

^2  - - r2 

8k2(l  +  4k2-  c) 


-2  2 
-  v^)  b^P 


We  now  evaluate  P'  from  Eqs .  (6.30),  (6.32),  and  (6.33): 


P  ■  = 


-4k^k2CP.  +  X^(P.) 


(6.36) 


where 


^3""  -  2 

X^  =  - - ^ - 2  +  4k2cX,-(l  +  4k2)  (c  -1)X2 

1  +  4k 2“ 


kj^c  k^(l+4k2)  (c^-l)  (l-v2)b-Et  (l+4k2-c2)J 


(6.37) 
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2k  +  1 

X3  =  k3+  12k4+  lOk^^  1  - 


(6.37) 


Using  the  above  notation  we  find 


a  = 
r 


P  . 
1 


l+4k2-c' 


r,  2  ]  P .  “  P  ,  2  P  .  “ 

7  -  (^^^^2^  I  ^  -\r  ^ 


2  2 
P  ,  X^  2  P  . 


1  r 


u  = 


kj^d  +  4k2-  c  ) 


r 


-  r 


2  2 
P.  X,  Pi 

16  ,17 

+  - ^  r  +  - r- 


a 

r 


(4k2-  2X3-  DPd  ^^4 
8k2k^^(l  +  4X3-  c^) 


(6.38) 


Vertical  Gravity  Loading  of  a  Thick-walled  Cylinder 

Consider  now  the  deformation  of  a  vertical  case  bonded 
thick -walled  cylinder  subjected  to  gravity  loading.  We  shall 
assume  that  the  case  is  sufficiently  rigid  so  that  longitudinal 
case  motion  may  be  neglected.  The  classical  solution  C  8  □  of 
this  problem  yields  the  results  that  the  radial  displacement  u 
is  zero,  hence  is  zero  and  u  =  6  u^^^  .  From  this  result 

we  see  that  the  radial  motion  will  be  an  order  smaller  than 
the  vertical  motion,  i.e.,  u  =  6  u^^^  compared  to  w  =  w^^^+  6  w^^^  . 
Therefore,  we  need  to  include  only  the  first  order  terms  of  the 
radial  displacement.  The  solution  of  the  classical  problem 
serves  as  a  valuable  guide  to  the  relative  magnitude  of  various 
terms  occurring  in  the  second  order  solution.  The  set  of  govern- 
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ing  equations,  Eqs •  (3.13),  (3.14),  (3.15),  and  (4.1)  is: 


dw 
2  dr 


0 


1  dw 

2  dr 


0 


1 ,dW' 2 
2  Mr^ 


(6.39) 


(6.40) 


dx 

rz  .  1 

— —  +  —  T  +cg=0 
dr  r  rz 


(6.41) 


A  =  k^(e2  +  ^20^  +  1^36162  ^4®1  ^5®3^- 

The  deformed  boundaries  are  located  at  r  =  a  +  ul .  ..  and 

' inner  raaius 

r  =  b  +  ul  ,  ..  The  displaceirients  enter  into  the  bound- 

' outer  radius. 

ary  conditions  since  material  coordinates  were  selected  to  co¬ 
incide  with  the  cylindrical  coordinates  in  the  final  state. 
Inasm.uch  as  we  are  only  retaining  first  order  terms  of  u  (cor¬ 
responding  to  the  classical  solution)  we  consider  the  boundaries 
as  located  at  r  =  a  and  r  =  b  respectively.  From  Eq.  (6.42) 
we  find 
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+  k3e^ 


5' 


Kinematic  variables  needed  to  complete  the  formulation  of  the 
solution  are  recorded  below: 


6 


1 


du  ,  u  .  2 

dr  r  2Mr' 


6 


2 


4^dr^ 


2 


6 


3 


=  0 


11 


-  (1  +  2 


du> 


,  2(1  -  a  +  2  fi) 

r  dr 


G 


11 


=  1 


_u  _  du 
r  dr  • 
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Placing  the  above  results  into  Eq.  (1.14)  we  find 


a 

r 


2k, 


du 

dr 


+ 


(2k2  + 


+  (k. 


4  ^  Mr^ 


(6.43) 


=  k. 


(2k2  + 


1) 


du 

dr 


2k,,  - 
2  r 


+  (k. 


^  2 
4  ^  Mr^ 


(6.44) 


T 

rz 


k,  - 
1  dw 

2  dr  • 


(6.45) 


The  above  equations,  because  of  their  simplicity,  may  be 
integrated  directly  without  resorting  to  a  perturbation  solu¬ 
tion.  Identical  results  may  be  obtained  by  perturbation. 
Integration  of  Eq.  (6.41)  gives 


T 

rz 


+ 


A 

r 


and  applying  the  boundary  condition  =  0  we  find 


T 

rz 


(6.46) 


Substitution  of  the  above  expression  into  Eq.  (6.45)  and  inte¬ 
grating  we  obtain 

p  g  ,  2 

w  =  -  °  (a  Inr  -  ■^)  +  B 


Applying  the  boundary  condition  w(b)  =  0,  we  obtain 


w 


(6.47) 
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Substitution  of  the  above  results  into  Eqs .  (6.43),  (6.44),  and 

(6.40)  we  obtain 


d 

dr 


2  2 

i  f  ( ^  ’ 

r  dr  J 


2k2kJ 


'  k.  4  2  k^  ^4 

("2  4”^  ~  ^  ~r  r)+2(k^-  — )  (— 

r  r 


-  r) 


which  upon  integration  is 

2  2,  V  r  9  9 

,  .,1  ^o  j,l  ^5^  a  Inr  .  a  r,^, 

^  -  T-’L”  “  — (21nr 


-  D- 


8 


k^  4  ,  3 

,  o  /I  /a  Inr  .  r  . 

+  2(k2-  -,j-)  (y-  —  +  -g-) 


(6.48) 


Thus,  Eq.  (6.43)  becomes 


G  =  k, 
r  1 


(4k2+  1)A  + 

r  . 


2  2 
Po  g 


.  k.  2  _  2 

,1  5>  ,a _  ,  2,  r  ^ 

^2  “  4  ^-2"^  "  2  ^ 

2r 


1  •  2  2  z' 

,  n  2  ,,  _  Pq  /  ,i 

2a  (k2-  4  )j  2k  k  (  ^2 


4  ' 


2  2 

a  Inr  ,  a*"  ,  _  ,  ,  > 

-2 - 2 

r 


r 

8 


(6.49) 


k^  4  ,  2 

+  2(k  -  — )  (—  —  +  — ) 

+  4  M  2  2  8  V 


The  constants  A  and  B  may  be  evaluated  from  appropriate  bound¬ 
ary  conditions,  which,  for  a  rigid  case  are 


G  ( a )  -■  0 
r 

u(b)  =  0 


(6.50) 
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7 .  Incompressible  Re sponge. 

No  real  material  is  truly  incompressible-  Therefore,,  when¬ 
ever  we  represent  a  material  as  incompressible,  we  are  only 
approximating  its  true  behavior-  It  is  very  desirable  to 
utilize  such  an  approximation,  w'hen  justified  because  of  the 
resulting  substantial  reduction  in  algebraic  difficulties- 
The  assumption  of  incompressibility  is  very  often  made  in  finite 
elasticity  as  most  of  the  materials  capable  of  finite  elastic 
deformations  are  very  nearly  incompressible..  The  question  of 
whether  the  actual  stress  and  strain  state  is  well  approximated 
by  the  incompressible  state  (for  a  given  nearly  incompressible 
material)  will  depend  upon  the  type  of  boundary  conditions  (as 
shall  be  illustrated  later) -  We  must  avoid  those  problems 
that  approach  the  physically  contradictory  problem,  of 'enforcing 
displacement  boundary  conditions  which  prescribes  a  net  change 
in  volume  of  an  incompressible  material.  For  this  t^q^e  of 
problem  a  singularity  arises  and  thus  for  problems  of  this  t^q>9 
the  solution  will  be  very  sensitive  to  the  actual  amount  of 
compressibility  present  ,  A  further  consideration  of  this  prob¬ 
lem  will  be  presented  in  Section  8,  including  some  numerical 
indications  of  the  range  of  validity  of  such  a  theory. 


Uniaxial  Test 


Equations  (2.12),  (2,14),  and  (4.4)  become,  upon  speciali¬ 

zation  for  uniaxial  stress  field  in  an  incompressible  material, 


Oil  =  H 


2e, 


(k,.-  3)e_  +  2e,eT 

D  z  i  z 


2c.,Te2 


(7.1) 


°22=  0  =  H 


1  2  ^2 


8^-lJ 
(7.2) 
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and  from  Eq.  (4.9) 


*  2  12  2 


(7.3) 


Uniform  Temperature  Drop  of  a  Thick-vailed  Cylinder 


Noting  Eq.  (4.5)  we  may  write  Eq.  (2.13)  as 


t 


_ 1 _ 

1  +  °^ij 


In  a  manner  similar  to  the  derivation  given  in  Section  4,  we  find 


u  ,  1  ,u>  2  ,  _  u  du 


0^  =  H  +  k,  1  f  +  2  e  ^  +  (c,- 


^1  r  2'r 


r  dr  '  3  ^1'  r 


(7.4) 


0  -  0fl  =  k, 

r  6  1 


u  du^l,u,2  1/du.  ,  ,  du^ 

7  -  a?  *  -  2'd7'  <=3-  -  d7> 


The  incompressibility  condition  as  given  by  Eq.  (4.9)  becomes 


0  =  +  -  -  P^T  +  4(-)^  +  2  -  —  +  i(J^)^  -  p!  T^.  (7.5) 

dr  r  1  ^  r  r  dr  2  dr  '^2 


Applying  the  perturbation  scheme,  as  outlined  in  Section  5  we 


find  the  following  two  systems  of  equations  (where  H  =  k^^S  (h 

+  6h^,^^  +  .  .  .)  )  : 


(0) 
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First  system 


®p  e 


- - "  -  — -  +  —  - )  ^-  — - )^+(c  -  B  )T  °  (— - 

p  dp  2  ^  p  '  2^  dp  ^  ^3  ^  p 


dv 


(0) 


dp 


dv<">  ,  v<"> 

dp  p 


.  p  T*‘^>.  -  i(^)^-2  '''°*  'a''‘°’  -  i(avl^,2;  p*(r*(0))2 

P'‘  2'  p  '  p  dp  2'  dp  :'  ^^2'  •  '• 


The  solution  of  the  first  system  of  equations,  recalling  that 
we  are  considering  a  uniform  temperature  drop,  is  given  by 


V 


(0)  ,  „(0)  .1  p^T*p 

p  2 


<0)  ,  b(0)  ^  ^ 


(7.8) 


(0) 


JO)  _  (0)  _  ^ 

P  ® 


h(°)  = 


The  boundary  conditions  for  zero  pressure  at  the  inner  radius 
and  a  rigid  case  at  the  outer  radius  are 


at 


p=l  s^°)=0=s(^) 
^  p  p 


(7.9) 


and  at 


p  =  c 
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Thus  , 


^.(0)  _  _  pi) 


(0)  1 
"P  = 


(7.10) 


(0)  _ 


^iT  2 


^iT 

-^(1  -  c^). 


Noting  the  above  results,  Eq .  (4.8),  and  the  boundary  conditions 

(7.9)  we  may  integrate  Eqs .  7.7,  thus  obtaining 


*  2  2  1 
T  ^  c^(l  -  — ), 

_(1) _ £_Jp.  2  3c  ,.  T  I  4.  O  J.  R 

Sp  2  P  L  4  ^  p2^  ■  3^1’^  ^2 


*2  2 

(1)  (1)  T  ^c^  .2 

s'  '  -  Sq  =  - 2 -  j  Pg 

P  p  ‘- 


^1^  c^ 

^3^1  "2  2  ■  ^2 


(7.11) 


=  _ )  2  c  2  ^ 

^  2  ^  2  p  3 

P 


*  2 

PoT  c 


Lc  p 


Combining  the  above  two  systems  and  writing  the  results  in  terms 
of  the  original  variables  we  obtain 


^1\  b".  .  ,^1\2  b  .  b  b"  r  . 

u  =  — (r  -  — )  +  (— )  2  ^7 - 3"b 

r 


2  Lb 


r  b 


2  2  (7.12) 

^,k  Tc^  2  ^1^  ~2\r  2  2 

°r=  -1^ - - 2 - ^  1^1  L  4  ^  ^"3^1^  ^2 

r  V  c  j-  4 
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Comparing  the  above  results  with  Eqs  o-  (6.18)  and  (6.19)  we  see 
the  substantial  reduction  in  algebra  effected  by  the  assumption 
of  incompressibility.  The  validity  of  this  assumption  will  be 
discussed  in  Section  8. 


f 


Pressurization  of  a  Thick -walled  Cylinder 


From  Eq.  (7.8)  we  see  that  the  solution  to  the  first  system 


IS 


,(0)  A 


(0) 


3(0)  ,  b(0)  ^ 

P  2 


(7.13) 


Noting  these  results  the  solution  of  Eq .  (7.7)  is 

^(1)  ^  _  (A^^^  )  ^ 


2p 


(7.14) 


gd)  -  ,  A^^^  3  (A^°^)^ 

~  ^  2“2  4 

*'  P  P 


Considering  the  internally  pressurized  unbonded  cylinder  we  have 
for  boundary  conditions 


at 


p  =  1  s 


(0)  _ 


P  . 

_ 1 

k.  6 

j. 


-  P 
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i 


(7.15) 


and  at  P  =  c 


The  above  boundary  conditions  yield 

.(0)  _  c^P 

“  2  - 
c  -  1 


(0)  ^ 

c^-  1 


(1)  _ 


2—2 
3c  P 

2  2 
2(c  -  1) 


3c^(c^+  1)P^ 
2(c^-  1) ^ 


Thus  our  final  results  are 


2  2  2  2 
P  ^  ^  bp  0^2^,.  ^ 

0  T-"^  9  9  o|2(c+l)“  ~ 

k^(c^-  1)  ^  2(c^-  D^r^  r 


(7.16) 


2  2J 

c  -  1  r 


..2  2 
3c  P 


2  2 


,2^  2  ,2  2-) 
b  +  a  ,  b  a  I 


2k^(c"-  1) 
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Once  again  comparing  the  above  solution  with  Eq.  (6o29)  we 
see  the  substantial  reduction  of  labor  made  possible  by  the 
incompressibility  assumption. 


8 .  Near-Incompressible  Response. 


The  following  considerations  were  motivated  by  two  character¬ 
istics  of  the  incompressible  assumption,  as  indicated  in  the 
introductory  remarks  to  the  previous  section:  simplification 
in  the  mathematical  description  of  the  problem  and  introduction 
of  large  errors  for  certain  types  of  boundary  conditions.  We 
hope  to  achieve  two  goals  in  the  following  investigation:  to 
be  able  to  extend  this  simplification  of  description  to  a 
larger  class  of  problems  (i.e.,  to  those  materials  which  ex¬ 
hibit  compressibility)  by  introducing  a  corrective  term  that 
will  account  for  the  actual  compressibility  and  to  obtain  a 
numerical  indication  of  the  error  introduced  in  a  given  problem 
by  the  incompressibility  assumption.  We  shall  first  obtain  a 
series  representation  (by  means  of  perturbation)  of  the  classi¬ 
cal  field  equations,  where  the  first  approximation  is  the  set 
of  classical  incompressible  field  equations  and  subsequent  terms 
account  for  the  actual  compressibility  of  the  material.  Sub¬ 
sequently  we  shall  solve  a  uniform  temperature  drop  problem, 
first  with  boundary  conditions  that  exemplify  the  merits  of 
the  solution  method,  and  second  for  boundary  conditions  that 
will  cause  the  solution  method  to  break  down  for  certain  values 
of  V  and  c  (as  the  actual  state  wjll  not  be  near  the  incom¬ 
pressible  state) „  Lastly  we  shall  derive  the  governing  equa¬ 
tions  for  a  near-incompressible  second  order  elastic  theory. 

Writing  the  classical  stress  (x*)  and  strain  (e^)  tensors 

— 1  ^1  ^ 

in  terms  of  their  deviatoric  (s.  and  e.)  and  isotropic (0  and  0) 

1  1 

components  one  obtains 
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— i  ,0 

s  .  +  —  o  . 

D  3  3 


(8.1) 


i  c*  c  i 
e  .  +  "7  D  . 
D  3  3 


The  classical  constitutive  equations  may  be  written  as 


(8.2) 


s^  =  2ii.e^ 
3  3 


(8.3) 


e  =  3B(e  -  3aT^T). 


We  shall  now  define  a  parameter  e  as  follows 


^=1 


(8.4) 


Where  B  is  of  the  order  of  magnitude  of  (X ;  thus  e  is  small  since 
B  »  M-  for  a  nearly  incompressible  material.  For  classical 


elasticity  it  is  m.ost  convenient  to  let  B  =  u  then  e  = 
Thus  we  may  write 


^  t  =  3(1-2v) 
B  2(1  +  V) 


6  =  -  3aT^T) 


(8.5) 


Combining  Eqs .  (8.4),  (8.1),  and  (8.5)  we  obtain 


=  ^(T^  -  -I  5^)  +  —  65^  +  aT  T6^. 
3  2m.  '  3  3  3  Q-  3  0  3  * 


(8.6) 
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Solving  for  we  find 


=  2|1€^  +  f  6^  -  e  ^  06^  -  2p.aT  T6^ 

D  d3]  9B^ 

and  inverting  Eq.  (8.5)  we  obtain 


(8.7) 


6 


3aT  T. 
o 


(8.8) 


We  have  now  established  the  condition  for  a  perturbation  solution 
for  a  class  of  problems  determined  by  the  size  of  v  and  the  type 
of  boundary  conditions.  Expanding  our  dependent  variables  in 
series  in  e,  substituting  into  the  above  equations,  and  equating 
coefficients,  we  obtain  the  following  systems  of  constitutive 
equations 


^i(O) 

j 


i(0) 


+ 


3 


6^ 

J 


2i.iaT 

o  J 


(8.9) 


3aT 

o 


and  for  n  >  1 


6^  -  2UOT  ^ 

3  3  3  : .  “  O  ]  g-  : 


e  ^  3aT  T 
o 


,(n-l) 


3B 


(8.10) 


The  equilibrium  equations  may  likewise  be  written  in  series  form. 
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1  .e  .  , 


j  I  i 


=  0 


(8.11) 


i  (n) 


3  >  1 


+  pf!">  =  0 
^  3 


n  >  1 


Substitution  of  the  constitutive  equations  (8.9)  and  (8.10) 
into  the  above  equations,  we  obtain  the  following  displacement 
equations  of  equilibrium 


2„(0)  ^  1,1.1  (0)  ^  _(0),  ^  (0) 


y  u 


nF  :  M  +  aT  T 
^3  O 


=  0 


(8.12) 


where 


u"^  I  f  3aT  T 
1 1  o 


and  for 


j  '  ■  3  -|j 


9B 


)  +  aT  T  1  =  0 

0)3 


where 


u 


i 1 (n)_  6 


(n-1) 


(8.13) 


i  3B 


+  3aT  T 
o 


(n) 


The  solution  of  each  system  of  the  above  equations  is  equivalent 
to  the  solution  of  a  nonhomogeneous  incompressible  problem. 

We  shall  now  consider  the  uniform  temperature  drop  of  a 
thick-walled  cylinder  in  light  of  the  above  equations  intro¬ 
ducing  a  dimensionless  temperature  „(0)  _  ^  .  Solvina  the 

To 
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first  system  of  equations  we  obtain  (where  B  -  (i.) 


0  '  3a 

u  =  -  +  rAT 

r  2 


(0) 

=-2u  +  — —  +  iiaA'] 


(8.14) 


,(0)  .  ^(0)^ 


Noting  the  above  results ,  the  solution  to  the  second  system 
of  equations  becomes 

(1) 

^  =  — —  +  — r 


(8.15) 


""r  -  -  2i  2^3  ^9 

r 


Let  us  first  consider  the  specific  problem  where  we  have  no 
external  case;  thus,  the  boundary  conditions  become  (note 
that  no  restrictions  are  placed  on  volum.e  change) 


r  =  a 


=  0 

r  r 


and  at 


r  =  b 


-  0 


Using  the  above  boundary  conditions  we  find 
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(0)  3aAT 
u  =  - :r"  r 


,  (1)  _  cxATr  _  ,  1.(0) 
u  -  -  2  “  3^^ 

o  (0)  =  0. 

r  =  r 


Noting  Eq.  (8.16)  and  the  general  equations  (8.13)  for  the 

..  ^  (n)  1  (n-1)  ,  ,  .  j.  ^  tL 

term  we  see  that  u  ="T  ^  noting  that  e  =  ^  v;e 

j  B 

that 


u 


3aAT  , 

2^1.^ 


iL—  + 
3B 


(tL_)  2 


a 

r 


0. 


For  illustration  let  us  consider  the  exact  solution,  which 
be  written  as 


u 


3aAT 

2 


r  V 


1  +  ^ 
3B 


or  for  small 


tL_ 

3B 


u  = 


3aAT 


_ 

3B 


(kL_)  2 


(8.16) 


th 

n 

find 


(8 .17) 


may 


(8.18) 


(8.19) 
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Let  us  now  consider  the  range  of  validity  of  the  above  approxi¬ 
mation.  To  use  only  the  first  term  (i.e,,  assume  incompressi¬ 
bility)  let  us  make  ^  <  0.05 (which  is  equivalent  to  v  >  0.428) . 

LL  2 

To  use  only  the  first  two  terms  let  us  make  (^)  ^  0.05  which 

is  equivalent  to  v  ^  0.226) .  Thus  with  only  one  corrective 
term  to  the  incompressible  solution  we  may  consider  very  com¬ 
pressible  materials.  We  shall  now  consider  the  specific 
problem  where  the  thick-walled  cylinder  is  bonded  to  a  rigid 
case.  Thus  the  boundary  conditions  are 


at 


r  =  a 


and  at 


r  ---  b 


^  0 

r  r 


u(°^  ^  u'^)  ^  0 


(8.20) 


Note  that  we  now  have  a  boundary  condition  u(b)  -  0  that  tends 
to  specify  a  volume  change  that  is  physically  impossible  for 
as  a  — ^  0  the  condition  that  u(b)  =  0  means  that  the  volume 
must  remain  a  constant  whereas  a  change  in  temperature  demands 
a  volume  change,  thus  we  shall  find  the  solution  to  be  very 
sensitive  Lo  the  actual  amount  of  compressibility  as  a  — > 0 . 
Noting  the  above  boundary  condition  we  find  that 


u 


(0) 


3aAT  ,  b 

-  — 


(0)  .  -  c^) 

r  2 

r 


u 


(1)  _  oATd  +  3c^)  ,b^ 


~  r) 


(1) 


=  ouATd  +  Ic'^)  (c"^- 


2  b 


As  above  we  find  that 


(8.21) 
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u  = 


3aAT  J  u,,l  ,  _2,  ^  |ix,l 


b(i  +  c^)l  . 


(8.22) 


0^  =  3QViAT(^  -  c^)  I  1  -  +  c^)  +  .  .  .  I 


For  I ^(-7  +  c^)  |<1  the  above  series  may  be  summed  to  yield 


U  = 


3aAT(r  -  — ) 
_ ) _ r _ 

2li  ^  <^2) 


(8.23) 


0  = 


3a|xAT(^  -  c^) 

1  ^  ^  c2) 


For  l^(■^  +  c^)  1>_1  we  see  that  the  above  series  does  not  con¬ 
verge.  Letting  be  the  critical  value  of  v  that  determines 
the  boundary  of  the  region  of  convergence,  we  find  that  for 

c  =  2  V  =  .393 

c 

c  =  10  V  =  .495 

c 

We  shall  now  consider  the  range  of  validity  of  the  above 
approximation,  Eq.  (8.21) .  To  use  only  the  first  term  (i.e., 
assume  incompressibility)  let  us  make 

3(7  +  c^)  .05  then  c  =  2  v  >  .494 

c  =  10  V  >  .49975 
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To  use  only  the  first  two  terras  let  us  raake 


1  2  1  ^ 

-(-j  +  c  )  <  o05  then  c  =  2  v  ^  .4746 


c  =  10  V  >  .4989 


It  is  to  be  noted  that,  for  certain  problems,  although 
the  series  may  not  converge  for  v  it  is  possible  that  if 

the  series  may  be  summed  for  v  >v^  the  resulting  expression 
may  be  valid  for  v  (^s  was  the  case  above) ,  this  of  course 

would  need  to  be  investigated  for  each  individual  problem. 

Let  us  now  establish  a  near-incompressible  second  order 
elastic  theory.  We  shall  base  it  upon  the  ass'imption  that  the 
compressibility  effects  are  of  the  same  order  of  magnitude  as 
the  second  order  non-linear  effects.  For  illustrative  purposes 
we  shall  consider  the  governing  equations  for  the  pressurization 
of  a  thick-walled  cylinder 

Proceeding  as  before  we  can  separate  the  problem  into  two 
systems ,  i .e . , 


s  - 
P 


-I-  5s 


(8.24) 


We  shall  now  express  the  governing  equations  for  (the 

classical  equations)  as  was  done  for  near-incompressible  clas¬ 
sical  elasticity,  see  Eqs .  (8.9)  and  (8-10). 

Thus , 


3(0)  ^  ^(0)(0)  ^  ,3(0)  (1) 

P  P  P 


(8.25) 


where 
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Let  us  now  choose  B  such  that  e 


6 ,  whence 


3(0)  ^  ^(0)(0)  ^  53(0)  (1) 

P  P  P 


(8.26) 


Noting  these  expressions  for  the  first  system  variables  and 
referring  to  Eg .  (5.9)  we  may  write  the  equation  for  the 

second  system  as 


ds  .(i: 


(1)  (i: 

-  s' 

P  9 


p  ^  p 


2  , 


(8.27) 


Now  let  us  write  =  s^^^  +  5s^^'  where  s^^^  is 

P  P  P  P 

the  effect  if  the  material  were  incompressible  and  s^^^  is 
the  compressible  effect.  Thus, 


s  =  s  +  6s  +  5^3 

P  P  P  P 


(8.28) 


For  a  second  order  theory  we  may  neglect  obtain 

the  governing  equations  for  equations 

derived  in  incompressible  finite  elasticity  except  that  in 
the  constitutive  equations  is  no  longer  equal  to  1.  Hence, 


3  (1)  (0)^  ^(1)  (0)^ 

P  P 


(0^  ^^(0)(0)  ^(0)(0) 

2  c  ^  do  0 


(1)  (0)  (1)  (0)  v^^^  dv^^^ 

p  dp 


1  ,v(°)(°),2,  l.dv^^)  2 

2  ^  p  ^2^  dp  ’ 


(8.29) 
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dv(l)  ^ 


dp 


l,dvi^2  ,dvl^v 

2^  dp  ^  2^  p  ^  dp 


dSp  ^  3^(1)  (0),  3(1)  (0)  ^  ^^^(0)(0)  _  ^^(0)(0)^  2 


dp 


P  P 


dp 


(8, 


The  system  of  equations  governing  is  obtained  from 
the  second  term  equations  for  near-incompressible  classical 
elasticity,  Eq,  (8.10), 


(0)  (1)^  _  dv^*^^  \  ^{0)  (0) 

P  "  ■  dp  3 


(0)  (1)  (0)  (1)_ 

^p  ~  ^6  ~  p  ■  dp 


(8. 


v(0)(l)  ,  b.  ^10)  (0) 


+ 


dp 


3B 


^3  (0)  (1)  g  (0)  (1)_  ^  (0)  (1) 

— S -  +  ^ -  =  0 

dp  p 


As  both  second  order  terras,  we 

shall  combine  them,  letting 


s(l)=  S  s 

p  p  p  . 


(8 


(0) (0) 
~P 


29) 


30) 


.31) 
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Adding  the  system  of  equations  (8-29)  and  (8.30)  and  rearrang¬ 
ing  terms  slightly  we  obtain  the  following  governing  system  of 
equations  for  the  second  order  solution: 


o(0) (0) 

(Let  - X - 


) 


I 

P 


dp  ^  p 


b 

3B 


I  (i: 

P 


-d) 


V 


dp 


(8.32) 


dv 


(1) 


dp 


V 


(1) 


=  + 


k 


B 


ds 


(11 


dp 


_e _ = _ 2 _ 


p  p 


The  governing  equations  for  the  first 


(0) (0)  _  -  (0) 

—  b 

P  P 

term  are  identical  to  those  of  incompressible  elasticity  and 
are  given  by  Eq.  (7.6)  . 


Uniaxial  Test 


Because  of  the  dependence  of  the  near-incompressible  theory, 
as  developed  above,  upon  the  notion  of  perturbation  it  will  be 
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expedient  to  consider  the  uniaxial  test  in  the  same  manner.  The 
uniaxial  test  for  a  compressible  or  incompressible  solid  may 
be  similarly  treated. 

Let  ^  ^1^°^  ®1^"^  (8.33) 


where  is  the  deviation  from  classical  incompressibility,  etc, 


=  (  (0)  ^  (1) 
X  1  1 


(8.33; 


Using  Eqs .  (8.9)  ,  (8.10)  ,  (7.1)  and  (7. 2)  we  proceed  as  above 

and  obtain 


a 


1 


(0) 


(0) 


0 


1 


(1) 


+  |(K2-|  )(e 


(0) 

1 


2 


0 


+ 


2 


(8.34) 


Pressure  Loading  of  a  Thick-walled  Cylinder 

The  solution  of  the  system  of  Eqs.  (7.6)  and  (8.32)  v/ith 
the  boundary  condition  0^(a)  =  -  P,  0^ (b)  =  0  yields 
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p 


p 


u 


k^{c‘^-  1) 


r 


1 

B 


2(c^-  1) 


b  P 


'>  ,  2 
2k^"(c^ 


-  i)  r  ^ 


2 

3  (c  •  + 


2  2 
3c  P 


2  2 
2k3^(c^-l) 


2 

a 


2 


+ 


>.2^2-1 
b  a 


(8.35) 


It  will  be  noted  that  the  above  solution  retains  the  algebraic 
simplicity  of  the  incompressible  solution,  Eq.  (7.16)  .  The 
second  term  in  the  expression  for  u  is  the  corrective  term  for 
compressibility . 


9  .  An  Approximate  Solution  Scheme . 

As  pointed  cut  previously  in  the  Introduction,  the  per¬ 
turbation  solution  method  depends  upon  the  existence  of  the 
classical  solution,  not  upon  the  knowledge  of  this  solution. 

Thus  the  two  sets  of  equations  developed  by  the  perturbation 
method  govern  the  problem  whether  or  not  we  are  able  to  solve 
the  classical  problem.  V7e  might  use  some  approximate  solution 
scheme  to  solve  the  two  systems  of  equations  but  practically 
this  is  rather  poor,  because  the  nonhomogeneous  parts  of  the 
second  system  depend  upon  the  solution  of  the  first  system; 
thus  any  errors  in  the  solution  of  the  first  system  of  equations 
tend  to  be  magnified.  In  order  to  avoid  this  magnification  of 
error  it  is  necessary  to  slightly  modify  the  system  of  equations 
before  we  apply  an  approximate  solution  scheme  to  each. 

The  modified  system  of  equations  that  we  shall  develop 
will  not  only  allow  us  to  solve  approximately  each  system  of 
equations  without  reflecting  the  errors  of  the  solution  to  the 
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first  system  of  equations  into  the  second  system  of  equations 
but  will  actually  contain  in  the  second  solution  a  correction 
to  improve  the  approximate  solution  of  the  first  system. 

We  may  use  any  approximate  solution  method  applicable  in 
classical  elasticity  to  solve  each  of  the  systems  of  equations, 
e.g.,  minim’om  potential  energy,  collocation,  numerical  schemes, 
etc  .  ,  because  we  may  view  each  system  merely  as  a  mathematical 
problem  identical  to  some  classical  elastic  problem.  It  is 
apparent  that  we  may  use  any  approximate  method  that  is  valid 
for  classical  elasticity. 

We  shall  only  consider  the  form  of  the  equilibrium  equation 
for  a  thick-walled  cylinder  and  the  form  of  the  boundary 
condition.  We  will  not  derive  any  of  the  other  thick -walled 
cylinder  equations,  as  this  one  example  will  serve  to  illustrate 
the  method.  Although  at  this  point  we  will  solve  no  examples, 
we  will  point  to  two  previously  obtained  solutions  which  may 
be  viewed  in  this  light . 

Let  us  now  consider  the  derivation  of  the  equilibrium 
equation  for  a  thick-walled  cylinder.  From  Eq .  (5.6) 


ds 

_ £ 

dp 


-6 


P  J 


(9.1) 


Referring  toEq,  (5.7' 


s  ^  s  t  5s 

P  P  P 


(9.2) 


(0)  (1) 

V  -  V  -1-  ov 
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and  substituting  the  above  expressions  into  Eq.  (9.1)  we  obtain 


1!£. _ ^  l£ _ 


-t-6  — 


ds  (1)  s  (0)  ds 

p  .  p  0  ,  V  p 


(0)  s  s.^°^ 

d  v’  p _ 0 

dp  p 


+ .  .  .  —  0 


(9.31 


As  before  the  first  system  equilibrium,  equation  is 


ds  s  s 

_ £ _ +  _£ _ § _ 

dp  p 


(9.4) 


If  for  example.-  we  only  approximately  solve  the  problem,  we 
might  instead  of  satisfying  the  above  equation.,  have 


s  'O'-  s.'O) 

P  t- 


-  g  >  P 


(9.5] 


Assuming  that  the  error  function  g(p)  is  small  (compared  to 

and  Sg  )  we  inay  write  g(p)  -  £g(p)  where  g(p)is  of 

the  order  of  magnitude  of  s  and  and  e  «  1.  If  e  is 

p  u 

of  the  order  of  magnitude  of  5  we  shall  take  ^  -  5,  thus 
~  2 

gt.p)  -  &g  (  p)  (note  if  t.  -  0(6  )  then-  as  we  shall  see,  the 
second  system  of  equations  remains  unchanged)  or 


ds/°^ 

~~dr~  ^ 


(0)  ^  (0) 

■■  ®0 


=  6g(p) 


(9,6) 


Noting  the  above  results  Eq,  (9.3)  becomes 
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^(p) 


ds 


(1 


(1) 


(1) 


«a. 


(0)  ds 


(0) 


dv 


(0) 


dp 


dp 


dp 


_e _ i _ 


+  o  .  ,  .  =  0 

The  second  system  equilibrium  equation  is  now 


ds  s  (1)-  s 

p  ,  _e _ 0 


dp 


(0)  ds 


(0) 


dv 


(0) 


(0) 


-  s, 


(0) 


dp 


dp 


+  g(p) 


(9.7) 


A  similar  consideration  may  be  applied  to  the  remaining  field 
equations.  An  example  of  such  a  solution  (i.e.,  when  the  field 
equations  are  only  approximately  solved)  is  the  finite  near- 
incompressible  theory  of  the  previous  section,  for  there  we 
approximately  solve  the  first  system  by  an  incompressibility 
approximation,  introduce  an  error  function  into  the  second 
approximation  by  means  of  the  compressibility  terms  and  lastly 
approximately  solve  the  second  system 

Similarly  we  might  have  a  boundary  condition  of  the  form 


P 


^  P 

p=c 


from  Eq .  (9.2) 


(0) 


p=c 


+  6s 


(1) 


'p-c 


=  P 


(9,8) 


The  boundary  condition  of  the  first  system  of  equations  is 


s  ^  P 

p  ‘  p--^c 


(9.9) 
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Let  us  assume  chat  we  only  approximately  satisfy  this  bocmdary 
coadiiion^  i -e  .we  set 


s  ^0)  I  p  where  P  -  P  -  OP  (9  10) 

P  '  P=c 


and  P  IS  of  the  older  of  magnitude  of 
become  s 


Thus  Eqo  (9.8) 


5s 


p-c 


+ 


^  P  -  P  6P 


and  the  second  boundary  condition  becomes 


C 


(1) 

P 


'  p~-c 


--  P 


(9.11) 


Equation  (6  38)  is  a  solution  of  this  type.,  i.e.,-  we  solved  the 
first  system  using  the  approximation  that  the  case  was  rigid., 
then  we  corrected  the  error  m  the  second  approximation. 


10  Numerical  Examples. 

As  an  example  of  the  numerical  results  that  may  be  expected 

when  one  evaluates  the  analytical  solutions  presented  in  the 

previous  sections  we  shall  consider  the  pressurization  problem  for 

a  thick-walied  cylinder  bonded  to  an  elastic  case  (see  Section 

6  and  Fig.  1)  The  resulting  solution  merely  involves  algebraic 

operations  thus  the  results  may  be  obtained  extremely  rapidly 

★ 

by  means  of  an  electronic  computer. 


*  Sincere  appreciation  is  expressed  to  R..E.  Nickell  who  programmed 
the  solution  . 
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The  nonlinearities  in  a  finite  elastic  problem  are  due  to 
two  causes;  (1)  nonlinear  geometric  effects  and  (2)  nonlinear 
constitutive  equations „  The  nonlinear  effects  introduced  by 
the  constitutive  equations  depend  both  upon  the  magnitude  of 
the  strains  and  also  upon  the  relative  magnitudes  of  the  elas¬ 
tic  constants  that  appear  in  the  constitutive  equation,  whereas 
the  nonlinear  effects  introduced  by  geometry  depend  only  upon 
the  magnitude  of  the  strains.  Thus  one  must  determine  the 
range  of  validity  of  a  given  approximation  for  each  particular 
material  used.  For  our  material,  as  we  shall  see  later,  the 
magnitude  of  the  second  order  constants  '  '  ^1^4 

is  substantially  larger  than  the  magni^^ude  of  the  first  order 
constants  and  ^^^2^  '  would  expec*"  the  range  of 

validity  of  the  first  order  solution  to  be  rather  restricted. 

The  proper  way  to  judge  the  range  of  validity  for  a  given 
approximation  is  to  inspect  the  size  of  the  subsequent  term 
in  the  series  thus  as  we  have  obtained  the  second  order  solu¬ 
tion  we  are  able  to  investigate  the  range  of  validity  of  the 
first  order  solution.  Likewise  to  be  able  to  consider  the 
accuracy  of  our  second  order  solution  we  would  need  to  inspect 
the  third  order  solution;  as  this  has  not  been  done  it  may  be 
possible  that  some  of  the  results  presented  herein  for  large 
pressures  may  fall  beyond  the  domain  of  nhe  second  order  solution. 

In  deriving  the  solution  in  Section  6  the  following  as¬ 
sumptions  were  made  in  order  to  consider  the  case  as  rigid  in 
the  first  approximation,  (If  these  assumptions  were  not  true  we 
could  not  set  v^*^^  (c)  -  0)  ;  (1)  the  case  is  very  rigid  in  com¬ 
parison  to  the  thick-walled  cylinder  and  (2)  the  thick-walled 
cylinder  is  relatively  com.pressibie  .  In  order  to  satisfy  the 

above  assumptions  we  have  restricted  our  calculations  to  large 
— : 

E,  small  —  ,  small  -  k,,  and  small  -  '^2  ^  measure  of 

the  compressibility,  see  Eq.  (.4-2))- 
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As  the  finite  elastic  response  of  propellants  has  not 
been  suitably  characte’'ized  it  was  necessary  for  us  to  obtain 
the  elastic  constants  for  a  typical  propellant  by  fitting  the 
second  order  equations  governing  a  uniaxial  test  from  Section 
6  to  an  experimental  curve.  The  resulting  elastic  profierties 
should  be  viewed  as  very  tentative  as  the  method  of  curve 
fitting  was  not  entirely  satisfactory  and  as  there  were  some 
questions  as  to  the  accuracy  of  the  experimental  data.  De¬ 
pending  upon  how  we  choose  to  fit  the  uniaxial  expressions 
of  Section  6  to  the  experimental  data  we  could  obtain  a  sub¬ 
stantial  range  in  values  of  the  elastic  constants,  these  ranges 
are  indicated  in  Figures  7,  10,  11  and  14  by  the  vertical  dashed 
lines.  The  seemingly  best  fit  yielded  the  following  values 

=  -  558  psi 
k2  =  -  8.01 
k^  =  -  25.8 
k^  =  72.8 

k^  =  4.11 

The  pressurization  solution  as  presented  in  Section  6 
depends  upon  the  following  parameters  E,  v,  — ,  c,  k^^ , 
k^  and  k^.  We  selected  the  following  values  for  our  "standard” 
solution . 

E  =  30  X  10  psi 
“  =  0.3 

^  =  100 
c  =  2 

k^  =  -  558  psi  k^  =  -  25.8 

k2  =  -  8.01  k^  =  72.8 
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The  result:?  es  presented  in  Figutes  2-14  are  for  the  aboi/e 
parametric  ttalues  unless  the  values  of  the  parameter  are  speci¬ 
fically  indicated;  i  e..  in  Figure  5,  for  example-  we  are  study¬ 
ing  the  effect  upon  the  'tstandard"  solution  whep  E  varies  from 
the  -'’alue  given  above 

The  case  was  sri  stiff  edmpared  to  the  thick-walled  cylinder 
that  we  nearly  obtained  hydrostattic  compression  of  the  thick- 
walled  cylinder  as  may  l-i.  seen  in  Figure  3,  4.  9,  10  and  13 

where  we  see  tha the  str^cses  are  nearly  equal  to  the  applied 
pressure-  For  small  pressures  the  soliition  differs  only  slightly^ 
from  “he  first  order  solution  (shown  by  the  dotted  lines  in 
Figure  2)  but,  as  the  pressure  is  increased  the  nond  i hfear.it le s 
become  more  and  more  important,  thus  in  Figures  12  and  14  we 
see  that  for  sm.all  pressure  the  solution  is  nearly  independent 
of  the  second  order  constants.  Also  in  Figure  9-  whereas  fav 
low  pressures,  c^i'a)  i=  a  linear  function  of  the  first  order 
constant  k^,  v-’e  see  that  for  higher  pressures  it  becomes  a 
nonlinear  function  of  k^-  As  “he  strains  are  much  larger  at 
the  inner  surface  of  the  “hick- walled  cylinder  than  at  the  outer 
ive  found  T  .001)  we  should  expect  the  nonl  inearities  to 

be  far  more  oronounced  at  *.he  inner  surface  than  at  the  cu“.er  - 
This  pred..c';ion  is  readily  verified  by  comparing  Figures  3  and 
4  and  by  noting  from  Fig>.:re  13  that  c^(b)  is  essentially  in¬ 
dependent  of  '.he  second  order  constants  even  for  large  values 
of  che  applied  pressure 
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FIG. I  PRESSURIZATION  OF  A  TH  1C  K- WALLED  CYLI NDER 
BONDED  TO  AN  ELASTIC  CASE 
(  SEE  SECTIONS  6  AND  10) 
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FIG.  3  INNER  BORE  TANGENTIAL  STRESS  -  PRESSURE  AS  A  FUNCTION 
OF  CYLINDRICAL  RADII  RATIO 
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FIG. 6  INNER  BORE  DISPLACEMENT  -  PRESSURE  AS  A  FUNCTION 
OF  CASE  STIFFNESS  {  E  =  30  x  10®  ) 
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FIG.  9  INNER  BORE  TANGENTIAL  STRESS  —  ELASTIC 
MATERIAL  PARAMETER 


FIG. 10  CASE  PRESSURE -ELASTIC  MATERIAL  PARAMETER 
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FIG. 13  CASE  PRESSURE  -ELASTIC  MATERIAL  PARAMETER 


FIG.  14  INNER  BORE  DISPLACE MENT-ELASTIC  MATERIAL  PARAMETER 


PART  IV 


THERMAL  DEFORMATIONS  OF  VISCOELASTIC  MATERIALS 


by 
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INTRODUCTION 


It  is  well  known  that  the  response  of  stressed  viscoelastic 
materials  is  influenced  greatly  by  temperature  changes  in' the 
transition  range  between  the  glassy  and  rubbery  states.  Any 
meaningful  thermoviscoelastic  analysis  should  reflect  this 
behavior.  One  means  of  accounting  for  this  type  of  response 
for  a  selected  class  of  materials  is  the  use  of  the  time- 
temperature  equivalence  postulate:  a  change  in  temperature  is 
equivalent  to  a  shift  in  time.  If  the  changes  in  response 
can  be  specified  by  a  single  time-temperature  shift  function, 
the  material  has  been  classified  as  "thermorheologically 
simple"  by  Schwarzl  and  Staverman  Z  1  Zl.  In  this  part  a 
solution  method  fcr  a  class  of  problems  involving  thermo¬ 
rheologically  simple  materials  will  be  discussed. 
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GENERAL  THEORY 

i  Field  Equations  for  Thermorheologicallv  Simple  Viscoelastic 
Materia  Is . 

VJith  reference  to  an  orthogonal  curvilinear  coordinate 
system  the  linearized  equilibrium  equations  in  the  absence 
of  body  forces  and  inertia  terms  are 


T  (x, t) 

]  ,  1 


(1^1) 


12  3 

where  x  denotes  the  curvilinear  coordinate  triad,  (x  -x  ..  x  )  , 
while  t  denotes  time,  are  the  mixed  tensor  components  of 
stress  a  repeated  index  appearing  in  a  contra variant  and  co- 
variant  position  implies  summation  and  a  covariant  index 
preceded  by  a  comma  implies  covariant  differentiation  T  5  □. 
The  linearized  strain-displacement  relations  are 


(X  t)  ^  2^^! 


(1^2) 


where  and  u^  are  the  co'^ariant  components  of  the  linear 

strain  tensor  and  the  displacement  vector  respectively o  In 
the  subsequent  analysis  the  mixed  strain  tensor  will  be  needed. 
This  is  accomplished  in  the  usual  manner  by  raising  an  index 
to  obtain  the  associated  mixed  strain  tensor. 

Thus  , 


hi  ^ 

£  .  =  g  £  .  . 

3  ^  ID 


1,  k  ^  ki  - 

2  j  ^  j  1 


( 1 » 3 ) 
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^  1 

where  g  are  the  contra variant  components  of  the  metric  tensor 
and  those  of  the  displacement  vector,  respectively. 

As  is  customary  in  isotropic  viscoelastic  analysis  the 
stress  and  strain  tensors  are  decomposed  into  their  deviatoric 
and  spherical  components  for  convenience.  Accordingly, 


where 

and 


0 


i 

i 


-  e^  +  5^e 
3  3  3 


e 


l.i 

Ti 


(1.4) 


(1.5) 


In  the  above 


5^  is  the  Kronecker  delta, 
3 


defined  as 


.^i 

j 


J  1  .  i  =  j 

to  ,  i  D 


(1.6) 


Considering  first  the  constitutive  equations  in  the  absence 
of  thermal  effects,  it  is  known  that  the  linear  constitutive 
laws  admit  the  differential-operator  representation 

P^(D)s^(x,t)  =  Q^(D)ej(x,t) 

and  (1.7) 

P2 (D)a(x.t)  =  Q2(D)e (x,t) 
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where 


D  e: 


et 


M. 

1 

;  P^(D)  -  ^ 
n-0 


M. 

1 


>.(C) 


(m) 


m=0 


and 


(N  .  ) 


(M.  ) 


i  /  0  ,  0  (1-1,2) 


Thus  P  and  Q  are  polynomial  differential  time  operators  of 

^  A. 

degree  N  and  M  respectively  The  material  properties  are 

X  X  ^  \  /V 

introduced  through  the  p^'"^  and  coefficients.  The  use 

of  differential-operator  representation  is  practically  limited 
to  media  possessing  finite  and  discrete  relaxation  spectra 
and  retardation  times  For  this  reason  it  is  convenient 
to  consider  the  constitutive  laws  in  integral  form. 

First,  consider  a  mechanical  test  conducted  at  constant 
temperature  If  an  experiment  is  performed  in  which  a  constant 
strain  (e.g  a  constant  deviator  strain  is  inrroduced 

at  time  zero  and  the  material  is  assum.ed  undisturbed  for  t  <  0  , 
then  the  time  history  of  stress  can  be  determined  by  measure¬ 
ment  Considering  the  stress-time  history  for  the  de- 

viator  strain.,  the  deviator-stress  history  s^  may  be  expressed 
through  the  relation 


=  j'ti  =  e,0)^ 


(1 .8) 


F-Z04 


4 


where  Gj^(t)  is  defined  as  the  deviatoric  (shear)  relaxation 
function  and  is  the  constant  strain  introduced  at  t  =  0. 

( 0)  j 

Subsequently,  if  the  strain  is  a  prescribed  function  of  time, 
then  the  stress  history  may  be  determined  by  using  the 
Boltzmann  superposition  principle.  Thus,  for  example, 


Sj(t)  ^l^^(n)  ^(k)^ 

k=0 


(k+1)  e^^^ 


(1^9) 


where  e  ^  is  the  magnitude  of  the  strain  at  the  time  t,.,  .  . 

i,k)  ]  ^  (k) 

If  we  now  pass  to  the  limit  by  letting  tend  to 

zero,  the  the  sum  becomes  an  integral  and  the  relaxation  in¬ 
tegral  laws  in  the  absence  of  thermal  effects  are  given  by 


where  and  ,  (i  =  1/2)^  are  relaxation  moduli  and  creep 
compliances  respectively  (in  shear  and  dilatation) . 
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Equations  (1  10)  and  {1„11)  vary  slightly  from  the  integral 
laws  presented  in  Gross  IZ  3  □  in  that  instantaneous  elastic 
and  steady  creep  do  not  occur  explicitly.  However,  in  the 
above  form,  if  the  limits  are  taken  from  0  to  c'*'  then  the 
discontinuities  in  the  integrals  between  0  and  0^  and  t 
and  t  will  give  rise  to  the  two  additional  terms  included 
in  C  3  Z  In  evaluating  any  of  the  integrals  which  follows 
(unless  otherwise  indicated)  these  discontinuities  must  first 
be  removed  by  evaluating  the  integrals  from  0  to  o"*"  and  t 
to  t  ' 

The  above  constitutive  laws  were  presented  on  the  basis 
that  the  body  remained  isothermal  for  ail  time  Thus  the 
material  properties  ,■  p^'  '  and  q^‘  must  be  regarded 

as  having  been  determined  for  the  temperature  at  which  the 
material  is  being  stressed  Mechanical  properties  of  visco¬ 
elastic  materials  in  the  transition  range  between  the  glassy 
and  the  rubbery  state  show  marked  dependence  upon  the  tempera¬ 
ture  One  method  of  accounting  for  temperature  dependence  is 
through  the  use  of  the  time-temperature  equivalence  hypothesis 
in  which  a  "reduced  time"  is  introduced  to  account  for  both 
time  and  temperature  variations  To  exemplify  the  use  of  the 
"reduced  time  "  consider  the  variation  of  the  relaxation  moduli 
G^  with  the  temperature  Following  the  notation  of  Muki  and 
Sternberg  Z  6  Z  let  G^(t)  be  the  relaxation  modulus  at  the 
constant  base  temperature  We  desire  to  account  for  varia¬ 

tions  of  temperature  from  ,  say  for  any  uniform  temperature 
T  Le'^  G^(t  T)  be  the  relaxation  modulus  at  the  temperature 
T  ;  thus 

G  (t  T  )  =  G  (t)=  L  (log  t)  (1.12) 

l  O  11^ 
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The  postulate  of  a  single  time-temp'orature  equivalence  function 
(i,e.,  the  thermorheologically  simple  material)  no'*;  assumes  the 
form 


G,  (t,T)  = 


L^j^log 


t  +  log  0(T) 


=  G 


,  ,  t0(T)  1 
J 


(1..13) 


where  0(T)  is  defined  as  the  shift  function  For  uniform 
temperature,  the  product  t0(T)  is  defined  as  the  "reduced 
time"  4- 

Once  the  shift  function  0(T)  is  known,  G^(t,T)  may  be 
determ.ined  for  other  temperatures .. 

We  next  suppose  the  material  to  be  subnected  to  non-uniform 
temperature  T(x,t) .  In  extending  the  above  concept,  the  reduced 
time  must  be  generalized  consistent  with  the  postulated  time- 
temperature  equivalence  and  also  the  thermal  expansion  must 
be  included  in  the  constitutive  law  describing  the  dilatational 
behavior  of  the  material ,  Moreland  and  Lee  Z  4  □  stated  these 
m.odif icat ions  and  obtained  general  constitutive  laws  for  a 
thermorheologically  simple  material  as  follows: 


t 

n 


s^(x,t)=^  G^(c  -  e^(x  t')dt' 


(x,t)-J  -  4')^^e(x,t’)  -  a^e(x,t')Jdt 


where  the  reduced  time  is  now  determined  from 


(1.14) 


i  =  f(x,t)  =  /  b|T{x,t’)  idf,  =  f(x.t') 

q,  L  J  '  .  -  . 

while  the  "pseudo-temperature"  6(x,t)  is  defined  by 


(1  15) 
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T(x  t) 

0  (X  t)  =■  —  /  a(T  '  )dT  '  a 
'  a  j  '  o 

o  ^ 

o 


a(T  ) 
o 


(1  16) 


a(T)  IS  the  temperature-dependent  coefficient  of  thermal  ex¬ 
pansion  If  a  IS  temperature  independent,  then 

0(x  .t)  T(x  t)  -  T 

o 

where  T(x,t)  is  the  solution  of  the  Fourier  heat  conduction 
equation  The  creep  integral  laws  modified  for  the  effects 
of  temperature  are  given  by 


(x  t) 


/  s^(X;f)dt' 

^  1  ot  3 


(1.17) 


''  1 

e(x  t)  =  J2(^=  -  o(x,t')dt‘  -r  Q^e(x..  t) 


In  order  to  make  use  of  the  Laplace  transform  it  is 
convenient  Lo  temove  from  the  field  equations  the  explicit 
dependence  upon  the  physical  time  From  Eq  (1.15) ,  f(x  t] 
can  be  inverted  formally  with  respect  to  time  to  yield 


t  =  g(x . ^) 


(1.18) 


The  explicit  dependence  upon  time  t  in  any  function  of  space 
and  time  F(x  t)  is  now  removed  by  substituting  Eq  (1.18) 
for  t  ,■  thus 


F  ( x  ,  t )  =  F  x ,  g  ( X  ,  * 


(1.19) 
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In  order  to  avoid  any  ambiguity  we  will  define,  following 
E  6  □, 


^ (x, 4)  =  F (x,t)  ■  (1 .20) 

A 

It  must  be  emphasized  that  F(x,rJ  is  not  the  same  function 
as  F(x,t)  but  has  first  been  subjected  to  the  transformation 
given  by  Eq.  (1.18)  . 

Substiruting  the  results  of  Eq.  (1.20)  and  making  the 
appropriate  changes  in  variables  in  the  constitutive  equations 
leads  to  the  relaxation  integral  laws; 


(x , ^) 


G,  (^  - 


e  j  (x..  «  ' )  d^  ' 


(1.21) 


a(x,0  = 


r,  >  c 
G2  vs 


•)4- 

O  t! 


€  (x,  ^  ' )  -  o.  e  (x,  £  ' )  |d^ 


and  to  the  creep  integral  lav's 


£ 


A  i 
e  . 
: 


(X,cj 


Ai 
s  . 
1 


(x  ,  '  '  )  dP, 


,4 

e(x,£)  =  /  J^ii 

t3 


o  ' 


A  , 

0  (x 


a  0  (x . 
o 


(1.22) 


The  differential  operator  form  of  the  constitutive  equations 
modified  for  the  effects  of  temperature  and  consistent  with 
the  time-temperature  equivalence  hypothesis  may  be  determined 
most  easily  by  taking  the  Laplace  transform  with  respect  to 
the  reduced  time  in  Eqs .  (1,21)  and  (1.22).  Substituting 

the  relation  between  transforms  of  relaxation  and  creep  functions 
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and  the  transforms  of  the  corresponding  differential  operators, 
and  finally  inverting  the  resulting  transforms  results  in  the 
differential  operator  constitutive  laws.  These  results  are 
presented  in  IZ  4  □  and  □  6  □  and  are  not  repeated  here  since 
all  subsequent  discussion  is  based  on  integral  laws. 


2 .  Displacement  Equations  of  Equilibrium. 


The  field  equations  for  a  thermorheologically  simple 
material  were  presented  in  the  previous  section.  In  order  to 
determine  the  stresses  and  displacements  in  the  interior  of 
a  body  when  displacements  or  stresses  are  prescribed  on  its 
surface,  it  is  desirable,  when  possible,  to  reduce  the  number 
of  dependent  variables.  To  this  end,  the  strain-displacement 
relations  are  first  substituted  into  the  constitutive  equations 
yielding , 


Sj (x, t) 


'  1  21 


u 


ik 

g  u 


j.k. 


-i  ’k 
0  .u  , 

D  .k 


1 


dt 


c  ( x  ,  t ) 


t 


(2.1) 


Combining  the  deviatoric  and  spherical  components  of  stress 
to  obtain  the  components  of  the  stress  tensor  in  terms  of 
the  displacement  components,  we  obtain 


i 

T  . 


: 


d 


+ 


u 


'k- 

,kj 


dt 


St' 


dt ' 


(2.2) 


« 
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4 


Substituting  the  expression  for  stress  into  the  equilibrium 
equation  and  assuming  that  the  integration  and  differentiation 
may  be  interchanged,  yields  after  regrouping  terms. 


ot 


I  ^ 

‘■3  “j,k> 


(2.3) 


-6 


,02(4-^'); 


(a_«) 


o 


,dt 


-o 


l'=i 


(f-0-G2(— i 


i  d  t 


■(u-,)dt 


-2  '  G,  (4-^')-G,(»-e’)  1  .  (u-^  )dt'  =  0 

The  covariant  derivatives  of  the  material  properties  will  no 
longer  vanish  due  to  the  non-homogeneity  introduced  by  the 
variable  temperature  field;  thus,  the  last  two  integrals  in¬ 
clude  terms  which  do  not  exist  in  the  homogeneous  linear 
viscoelastic  analysis  which  has  been  presented  to  date  in  the 
literature . 

APPLICATIONS 

3 .  Specialization  for  Axisymmetric  Plane  Strain  of  Infinite 
Cyl  inder  s. 

For  axisymmetric  plane  strain,  the  only  non-zero  displacement 
component  is  the  radial  component  u^ .  Furthermore,  the  only 
variations  in  the  radial  displacement  will  be  in  the  radial 
coordinate  x^ .  Thus  two  of  the  displacement  equations  of 
equilibrium  are  satisfied  identically  and  the  third  is  given 
by 
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t: 


(3,1) 


The  e'/aluation  of  the  covariant  derivatives  yields  upon  re¬ 
grouping  and  expressing  in  terms  of  the  contravariant  dis¬ 
placement  component. 


^  ex' 


S t  'Sx 


S  1  .  1, 


I  2G,  (e-e')+G-(e-0  — - r(^")-  3  —  (3  =  2) 

L  1  ^  -lat-Sx^  x^  ^  ^t'  x^ 


-  ^  A  a^O(t')j)  df  =  0 


The  solution  for  u  proves  to  be  very  difficult  since  in 
general  the  variable  coefficients  are  dependent  upon  the  x^ 
coordinate  in  a  ■v’-ery  complex  manner.  For  this  reason,  we 
turn  our  attention  to  approximations  which  might  give  some 
significant  results.  The  analysis  to  follow  will  pertain  Lo 
instances  in  which  the  temperature  is  varying  slowly  enough 
that  it  can  be  assumed  to  be  uniform  throughout  the  entire 
cylinder.  This  forms  one  limit  case  to  the  analysis.  The 
other  limit,  that  of  the  temperature  varying  with  radius  but 
time  independent  has  been  investigated  previously  for  cylinders 
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by  Moreland  and  Lee  Cl  4  □.  The  elastic-viscoelastic  analogy 
is  extended  for  the  above  two  limit  cases  in  [I  8  □.  The 
intermediate  case  where  temperature  varies  in  both  space  and 
time,  while  it  may  be  the  most  important  part  of  any  analysis, 
remains  for  the  present  intractable. 


4 .  Slowly  Varying  Uniform  Temperature  Fields. 

For  slowly  varying  temperatures  independent  of  the  spatial 
coordinates,  the  reduced  time  also  becomes  independent  of  the 
spatial  coordinates  and,  consequently,  we  may  write  Eg  (3.1) 
in  the  simple  form 


rl 


4-  G2(?-r 


u^il  (x,t  '  )  >  dt  '  =  0  (4.1) 


For  which  a  solution  exists  when 


u  . ,  =  0 
,  il 


(4.2) 


The  evaluation  of  the  covariant  derivatives  leads  to 


du ^  ^  _  u ^ 

Sx^^x"^  x^5x^  x^x^ 


(4.3) 


In  the  above  instance,  the  contravariant  radial  displacement 
tensor  component  is  the  same  as  the  physical  component,  hence 
we  may  write  the  above  equation  in  the  more  familiar  notation 
of  u  and  r  (for  u‘  and  x'  respectively)  as 
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=  0 


(4  =  4) 


3r 


2 


,  j  Su 
r 


u 


2 

r 


for  which  the  general  integral  is 


u  ( r 


t)  - 


C^(t) 


+  Cjitli 


(4  =  5) 


5  Infinite  Cylinder  Rigidly  Encased. 


Considering  now  an  infinite  cylinder  with  a  stress-free 
inner  boundary  and  fixed  outer  boundary  (i=e.,  enclosed  by  a 
rigid  case)  where  a  and  b  are  the  inner  and  outer  radii  res¬ 
pectively  the  constants  of  integration  will  be  evaluated  from 


u  (b  .  t )  -  0 

=  a  (a  t)  =■  0 
1  r 


(5  =  1) 


Satisfying  the  first  boundary  condition  gives  from  Eq.  (4=5) 


C2ft)  - 


-  b"c^(t) 


(5  =  2) 


and  hence 


u^ (r , t) 


u(r  t)=  (t)  I  r-  — 


.=  2  2l 


(5  =  3) 
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Upon  noting  that  for  r  =  a. 


k  _  Su  ,  u  _  „  ,  , 

u  ,  —  's —  +  ~  —  2C-I  (t) 
,k  or  r  1 


(5.4) 


1  Ik  ou 

u  T  =  g  u,  ,  =  ^ — 
,1  ^  1 ,  k  <3  r 


C,  (t)  ,  1  +  ^ 
L  a 


The  second  boundary  condition  yields,  upon  using  Eq.  (2.2) , 


a^(a,t)  =  0  =  j  ^C^(t')  (1  +  ^)  -  |C^(t') 


(5.5) 


+  i  2Ci(f)-  3a^e(t')  I  dt 


t.  ,  ^ 

2G2(a-e')l  +  3b2G^(a-a')J  ^(c^(t')) 


(5.6) 


e(f))  dt'  = 


Subjecting  C-,  (t)  and  9(t)  to  the  transformation  Eq.  (1.18) 

+ 

and  taking  the  Laplace  transform  yields 


2  ^ 

3a  G*  a  9* 
_ 2  o _ 

O  ic  ★  0  ★ 

a  (G^  +  2G2) +  3b  G^ 


(5.  7) 


+  An  asterisk  denotes  the  Laplace  transform  of  the  function 
v/ith  respect  to  the  reduced  time. 
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If  the  ratio  of  radii  is  defined  as 


9 


c 


(5,8) 


then  after  representing  the  functional  dependence  of  the  material 
properties  by 


pR* (p) 


★ 


+  2G^) 


2  * 

+  3c 


(5,9) 


R(^)  may  be  determined  by  clearing  fractions  and  inverting 
using  the  convolution  integral-  Thus,  R(')  is  given  by 


d 


I  L 


(1  +  3c‘ 


)G^(“-e 


)+  2G,(e-f, ') 


G2(^) 


(5.10) 

Now  the  formal  inversion  of  the  problem  may  be  performed, 
yielding 

t 

C^(t)  =3^  R^“-^’)^(a^e(t' j)dt'  (5.11) 


Numerical  inversions  of  similar  functions  are  given  in  i_  2  □, 
[I  6  □,  and  Z  7  □.  Finally  we  may  write 


u  (r  ,  t) 


t 


(5.12) 
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where  R(C)  is  defined  by  Eq.  5.10. 

By  combining  Eq.  (5.7)  and  the  transform  of  Eq.  (5.3) 
and  clearing  fractions  before  inversion  we  may  write  the  solu¬ 
tion  in  a  different  form,  one  which  v/ill  not  require  the 
evaluation  of  PJ,i)  : 


The  above  expression  is  a  Volterra  integral  equation,  for 
which  numerical  solution  techniques  exist,  one  of  which  will 
be  discussed  subsequently. 

The  solution  of  the  corresponding  thermoelasticity  problem 
is 

,2  ^2  (1  +  v)a^e(t) 

u(r,t)  =  -  (---:---)  - - - ^ - r  (5.14) 

1  +  (1  -  2v)c^ 

Thus ,  the  solution  is  observed  to  be  dependent  only  upon 
Poisson's  ratio.  It  is  easily  verified  that  the  material 
properties  of  the  thermoviscoelastic  problems  also  occur  in 
combinations  such  that  the  solution  is  dependent  only  upon 
the  time  dependent  Poisson's  ratio.  Since  data  available  on 
the  time  and  temperature  dependence  of  Poisson ' s  ratio  are 
limited,  it  appears  to  be  preferable  to  express  the  solution 
in  terms  of  the  extension  modulus  E  and  the’  bulk  modulus  K, 
quantities  for  which  data  are  more  readily  available.  If 
it  is  assumed  that  the  volumetric  behavior  is  purely  elastic 
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and,  hance ,  time  independent,,  Eqo  (5.13)  may  be  modified  so 
that  the  material  properties  and  are  expressed  in  terms 
of  E  and  K,  the  extension  modulus  and  bulb  modulus  respectively. 
After  performing  this  modification  and  also  removing  the  dis¬ 
continuities  in  the  integrals  at  times  0  and  t,  the  time 
dependence  of  u(r.t)  is  determined  by  solving  the  non-homo- 
geneous  Volterra  equation  of  the  second  kihd: 


where  E„  is  the  initial  or  glassy  modulus .  A  common  technique 
for  solving  Volterra  equations  is  through  the  use  of  the  Laplace 
transform;  in  the  above  example  this  requires  a  functional 
knowledge  of  E  However,  if  a  numerical  scheme  of  integration 
is  introduced  the  measured  data  are  sufficient  to  determine 
the  behavior  of  the  system  Lee  and  Rogers  iZ  2  □  have  proposed 
a  finite  difference  solution  which  may  be  used=  The  time  in¬ 
terval  of  interest  is  divided  into  n  increments  t^ i  =  l,2,...,n  +  1 

with  t,  “  0  and  t  ,  -  t  (the  reduced  time  is  also  divided  into 
1  n-^l 

n  intervals  f..i-12  .,n+l  As  will  be  shown,  the 

1  '' 

increments  need  not  be  the  same  over  each  interval .  The  in¬ 
tegrals  with  limits  0^  to  t  are  also  separated  into  n  inter¬ 
vals 

J 

c 

The  solution  to  the  example  problem  now  takes  the  form 
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t 


n 


i-t-1 


(1  +  t„^T)  =  C  y  r  ^  1  E(|^^,-|')lu(r,f  )dt' 


2  ^  r  ’ 


'n+1^  3K  2_.  J  ‘  l_^^^n+l' 

i=l  t. 


n 


^i+1 


A.V 


"  9K  ^  J  Sf 

i=l  t . 

1 


"<W«' 


(5.16) 


a.  e  (t  ' )  dt ' 
o 


If  the  functions  u(r,t*)  and  6(t')  occurring  under  the  integrals 
are  approximated  by 


1  j  1 

u(r,t')  =  —  ,u(r,t^^,)  +u(r,t^)J 


2 


t.  <t'<t.  /CT-7X 

1  1+1  (5,17) 


e(f)  =  +  e(t.] 


the  integrals  may  be  evaluated,  and  lead  to  the  result 


c2  2  ^ 

3r^>"<'''''n+l'  “  3K  I  2  L"'=''h+l’'"  ^i+1' 

i=l 


7  v,2  2  I  , 

-  4  ■)  1  (1-  — )  a  0  (t  )  +  ^  i  0  (t 

'  9K^  o  ^  n+1^  2  oL  ^  i+1' 


2  '  r 


+  0(t. 


E(en+r  ?i+i)  - 


(9.18) 
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The  terms  in  this  approximation  occur  in  a  form  such  that,  the 
error  propagation  is  quickly  attenuated,,  Using  this  intuitive 
argument,  it  may  be  anticipated  that  the  above  representation 
will  be  stable o  The  above  simple  formulation  introduces  no 
complications  when  the  intervals  t.  t.  (or  £,  f.)  are 

varied  This  may  not  be  the  case  if  more  elaborate  difference 
schemes  are  introduced » 

The  fact  t'hat  an  initial  value  problem  has  now  replaced 
the  original  boundary  value  problem  enhances  the  solution  tech¬ 
nique  since  the  value  at  each  succeeding  time  interval  is 
dependent  only  on  the  preceding  times  and  not  on  later  ones 
as  might  be  the  case  in  other  boundary  value  problems  The 
solution  IS  now  in  a  form  for  which  the  digital  comiputer  may 
be  used  to  perform  the  final  numerical  steps  ,  Som.e  examples 
of  the  solution  method  are  discussed  2  71 . 


6  Numerical  Solutions  of  Infinite  Cylinder  Rigidly  Encased = 

A  numerical  analysis  has  been  performed  for  two  uniform 

temperature  fields-  The  cylinder  analyzed  has  a  radii  ratio 

c  =•  4  The  bulk  modulus  was  selected  as  ’’4  600  psi  the  coef- 

-  5  - 

ficient  of  thermal  expansion  a^-6xl0  /  F  and  the  extension 

relaxation  function  and  shift  function  as  shown  in  Fig  1. 

First  the  problem  in  which  the  temperature  is  suddenly 
dropped  80 'F  at  all  points  of  the  cylinder  is  investigated. 
Physically,  this  requires  the  cylinder  to  have  a  distributed 
sink  such  that  heat  may  be  instantaneously  dissipated  How¬ 
ever.  the  solution  to  this  hypothetical  problem  may  be  utilized 
for  the  solution  of  other  physically  important  problems..  The 
solution  has  been  carried  out  using  Eq  \5.18);  the  time  his¬ 
tory  of  The  inner  boundary  tangential  strain  —  is  shown  in 
Fig  2.  In  addition  the  method  of  solution  presented  by  Eqs , 

(5  9),.  (5  11).  and  (5.12)  was  carried  out.  After  expressing 
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Eq.  (5.9)  in  terras  of  the  extension  and  bulk  moduli,  the  first 
step  in  this  solution  is  to  perform  the  inversion.  This 
may  be  performed  by  expressing  the  modified  Eq.  (5.. 9)  as  a 
convolution  integral  and  using  the  finite  difference  technique 
of  numerical  integration.  The  functional  dependence  of  R(4) 
is  shown  in  Fig.  3.  For  the  constant  uniform  temperature  field 
Eq.  (5.12)  may  be  integrated  to  yield 


.  2_  2 

u  ( r  ,  t )  =  -  3  ( - ^)  R  (  fj  a  G 

'  r  "  o 


(6.1) 


where  6  represents  the  constant  uniform  temperature  change.. 

For  a  temperature  drop  of  80'f  and  the  properties  of  the 
cylinder  cited  previously,  the  inner  boundary  tangential  strain 
is  again  as  shown  in  Fig.  2.  From  Eq.  (5.1) ,  one  observes  that 
a  constant  uniform  temperature  drop  may  be  used  to  generate 
the  function  R(4)- 

The  second  example  investigated  is  the  slow  temperature 
decrease  of  the  rigidly  encased  cylinder  used  in  the  first 
example.  The  dependence  of  ^  upon  t  for  a  uniform  cooling  of 
2°F/100  min. was  determined  from  Eq .  (1.15)  and  is  shown  in 
Fig.  4.  The  solution  of  Eq-  (5.18)  for  this  temperature  de¬ 
crease  is  shown  in  Fig.  5,  The  initial  departure  of  the  strain 
from  a  straight  line  is  due  to  the  crude  time  intervals  selected 
for  desk  calculator  computation-  Using  the  kernel  function 
R(^)  in  Eq.  (5.12),  the  solution  was  repeated,  yielding 
again  the  results  shown  in  Fig.  5,  Once  the  function  R(;“) 
is  known  the  determination  of  the  circumferential  strain  his¬ 
tory  requires  the  evaluation  of  the  single  integral  which 
appears  in  Eq.  (5.12) .  Thus,  using  this  method  it  appears 
to  be  easier  to  obtain  solutions  for  various  uniform  tempera¬ 
ture  variations. 
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while  the  above  calculations  are  for  a  cylindrical  inner 
boundary,  appropriate  strain  concentration  factors  may  be  used 
to  approximate  the  maximum  strain  for  different  shaped  inner 
configurations,  utilizing  information  in  [I  6  □,  since  the  material 
is  homogeneous . 


7 .  Infinite  Cylinder  Bonded  to  a  Thin  Elastic  Case  . 

We  next  turn  our  attention  to  an  infinite  cylinder  bonded 

to  a  thin  elastic  case  Designating  the  displacement,  stresses, 

and  the  temperature  in  the  cylinder  with  subscript  I's  and 

those  of  the  case  by  II 's,  the  mechanical  properties  of  the 

elastic  case  are  specified  by  E.,..,.,  V-r-r/  a_^;  its  thickness 

11  11  11 

by  h,  where  it  is  assumed  that  h/b  «  1;  and  its  uniform  temp¬ 
erature  0jj(t).  The  temperature  of  the  case  is  allowed  to 
differ  from  that  of  the  cylinder  since  in  many  instances  the 
temperature  surrounding  the  system  may  drop  suddenly,  so  that 
initially  the  case  is  at  one  temperature  the  cylinder  at  es¬ 
sentially  another.  This  instance  may  prove  to  be  one  of 
particular  interest  in  studying  bond  failures  between  the  case 
and  cylinder. 

The  boundary  conditions  are  given  by  a  stress  free  inner 
boundary 


ari(a,t)  =  0 

and  the  continuity  conditions  at  the  interface 


(7.1) 


QriCb,!)  = 

u^{b,t)  =  u^j(b,t) 


(■’  .2) 
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The  general  integral  for  is  given,  as  in  the  previous 
section,  by  Eq .  (4.5) .  For  a  thin  case,  the  solution  for  the 
displacement  of  an  infinite  case  is 


u^^(b,u)  = 


^  F  '  h 


°rll  +  (l  +  v^^)ba^^6^^  (t) 


(7.3) 


Satisfying  the  boundary  conditions  in  an  analogous  manner  as 
presented  in  the  previous  section  and  expressing  the  solution 
in  terms  of  E^(t)  and  ,  the  displacement  at  the  inner  bound¬ 
ary  of  the  cylinder  is  determined  from 


162  r( 


bt 


(llVi^) 


(t) 


+  108(l-v^^)Kj 


r  s 


4,  ^ 


Uj(t  ') 


dt 


2h, 
b  ^ 


1,2  2‘ 
b  -a 


'II 


t 

n 


1+v 


II  't) 


S  :  '■  B  / 


E,(f 


))Ej(e-e'-e 


'')dt' 


Uj  (t 


dt 


=  -  81 


II 


b  '1  +  v 


II 


,2  2 

b  -a 


a 


II  II 


(t) 


+  18K^ 


Ej(e-e  ') 


(1-v 


II 


(7.4) 
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II 


V.2 

b  -a 


■z)  OL  6 
2’  II  II 
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(t-)  y  dt 


(continued^ 
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(7.4) 

continued 


■3  / 


^(Ej.(e"i)Ej.(e-e-e")<at")  |  6Kj^(i+v^^) 


■2 

^  V  T  _L-M  / 


b'l+v 


II 


II  D  -  a  ■* 


A  solution  to  this  equation  may  be  obtained  by  employing 
the  finite  difference  technique  of  the  preceding  section. 
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FIG.  I.  -  THERMOMECHANICAL  TIME  HISTORY 
FOR  VISCOELASTIC  MATERIAL  OF  EXAMPLE 
PROBLEMS  ,  REFERENCE  TEMPERATURE  77°F. 
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FIG.  3.  CYLINDER  FUNCTION  FOR 


REDUCED  '  TIME  VS.  PHYSICAL  TIME  FOR  UNIFORM 
COOLING  OF  2^F  MIN  AND  SHIFT  FUNCTION  IN  FIG.  I. 
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UNIFORM  COOLING  OF  A  THICK  WALL  CYLINDER 


^ COlPOIAIiOh 

Report  No.  0411-10F 


APPENDIX  G 


INVESTIGATION  OF  THE  FAILURE  OF  SOLID  FUELS 
UNDER  COMBINED  STRESSES 


by 


G.  S  Leon  and  F.  A.  McClintock 
Department  of  Mechanical  Engineering 
Massachusetts  Institute  of  Technology 


Investigation  of  the  Failure  of  Solid  Riels 


Under  Combined  Stresses 


I .  Introduction 

’"veryone  is  agreed  that  understanding  the  failure  of  rubber  filled 
with  .lard  particles,  specifically  solid  fuels,  is  important  for  rocket 
design,  .f.'vever,  rl:,  is  unll/.c-ly  tliat  anyone  at  this  stage  can  specifically 
Gtat^'  '.e  processes  occurring  during  deformation  and  vhat  particular  stage 
constitutes  *all'.:r^. 


1  .'ll’T: crate  to.ese  p>.  ints,  the  observed  behavior  of  a  tensile  specimen 

of  filled  nftber  cai:  b'^  used.  The  first  noticeable  change  iii  property  is  a 

grane.al  dccroas^:  in  t  vc  sui  'fi.ess  which  is  not  recoverable  unless  the  load 

1* 

as  r't’.oved  and  time  is  allm-ed  for  ~r.e  damage  to  heal.  It  is  possible, 
that,  m^tat  a  limiti.ng  \-alue  f  stiffness  mighm  be  considered  as  failure  if 
the  grain  is  expected  to  help  the  rocket  case  carry  the  internal  loads. 

Inis  decrease  i.n  stiffness  results  from  a  progressive  unbonding  of  the 
particles  and  the  rubber,  creaming  voids  in  the  roaterial.  This  process  is 
observeci  by  th'’  acco:,:pany ing  c  lange  in  density  of  the  material.  Possibly 
a  li:iici:'g  value  pur  city  or  increase  in  vol'a.me  mignt  be  considered  as 
a  failure,  for  inst.:..'.c"- ,  an  increase  in  perosity  would  increase  the  linear 
burning  rate  f  w  a  c.  ns ‘cant  '.n'lss  burning  rate.  Isnis  might  lead  to  failure 
if  a  local  bar.d  of  .cig.c  p  .sity  ;naterial  surrounded  by  bonded  material 
permittcii  burning  tO'  permcrate  into  th.is  band  at  a  faster  linear  rate, 
r.ie  voids  tend  tr.  aggiomorate  and  regions  of  fiighly  separated  material 
beco'me  evident  as  the  load  on  the  specimen  is  increased.  A  .maximum  load  is 


Superscripts  refer  to  references  at  the  back. 
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generally  observed  in  uniaxial  tension  which  must  correspond  to  an 
instability.  One  particular  cross-sectional  region  of  the  specimen 
imdergoes  very  great  local  deformations  and  finally  fractures.  This 
peak  load  can  certainly  be  considered  as  failure,  particularly  if  the 
surrounding  material  makes  the  region  unstable  so  that  fracture  follows 
vj-ithout  appreciable  change  in  macroscopic  deformation.  From  this 
discussion  ire  can  see  that  failure  may  mean  a  decrease  in  stiffbess, 
an  increase  in  volurae,  and  instability  and  localizaition  of  deformation 
or  complete  fracture . 

To  gain  insight  into  these  phenomena,  the  aim  of  this  inv-'Sti 
has  been  to  develop  a  model  analytically  v/hich  would  reproduce  the 
behavior  of  the  filled  rubber  in  terns  of  the  elastic  properties  of 

the  amount  of  filler  present.  Along  with  this,  experimental  work  is 
plaruied  to  help  in  the  evaluation  of  such  a  model.  It  is  hoped  that  even 
if  only  quslitatively,  the  model  may  point  cut  the  principal  variables 
and  if  possible  give  a  first  approxiration  of  behavior  of  the  composite 
mterials  in  terms  of  tiie  variables  Just  mentioned. 

The  advantage  of  having  such  a  model  can  be  illustrated  by  two  samples. 

As  a  guide  for  designing  composite  materials,  if  the  bond  strength  is 
high  v;e  can  expect  the  stiffness  to  be  maintained  up  to  high  -values  of 
stress  but  with  accompanying  small  fracture  strain  (based  on  gage  length) . 

elongation  is  desired  but  high  stiangth  is  not  essential,  then  a  lower 
value  of  bond  strength  would  be  desirable.  This  effect  can  be  seen 
from  the  data  presented  in  Tig.  of  Reference  1  which  is  shcivn  schematically 
in  fig.  1.  If  a  particular  grain  design  is  being  analyzed  and  the  stress 
and  strain  conditions  at  the  root  of  the  star  are  kne-^vn,  it  should  be  possible 
to  predict  the  order  of  magnitude  of  volume  increase  and  the  stability  of 
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the  region  for  crack  formation.  This  woul.d  certainly  be  irapcrtant  for 
proper  burning. 


In  the  sections  that  follow  the  current  state  of  the  analysis  in 
this  investigation  of  failure  is  presented  along  with  a  discussion  on 
the  work  that  is  necessary  for  its  development.  The  status  of  the 
experimented  work  is  also  summarized. 


Vo 


Fig.  1  Comparison  on  the  Effect  of  Filler 
Upon  the  Mechanical  Propept.ies  of 
a  Polyoirethane  Propellant" 


II  Summary  of  Analysis 

To  facilitate  the  presentation  -of  this  material,  the  resulting 
equations  and  general  approach  are  presented  in  this  section  and  the 
derivation  of  the  equations  is  paralleled  in  the  appendix.  This  will 
permit  understanding  of  the  discussion  which  follows  without  having  to 
be  familiar  with  the  detailed  analysis. 

This  summary  is  presented  in  sections  including  the  analysis  of 
stress  and  strain  befween  adjacent  particles,  the  combination  of 
particles  into  an  orderly  array,  consideration  of  the  disorder  of  the 
array  on  the  bulk  properties,  and  finally  the  effects  of  unbonding  on 
the  properties  during  a  tensile  test.  Similar  sections  in  the  Appendix 
can  be  referred  to  for  depth  in  detail. 


G-3 


A .  Conditions  Betwen  .Adjacent  Particles 

In  considering  the  'behavior  of  filled  polymers  it  •v.'as  first 
recognized  that  the  critical  regions  for  stiffness  and  failure  vere 
the  ligaments  of  binder  connecting  the  filler  particles  as  shorn  in 
rig-  2-  Regions  of  this  type  \reve  represented  by  two  spheres  connected 

by  the  rubber.  Since  the  critical  region 
lies  v/here  the  spheres  are  closest  to 
each  ether,  the  significant  terras  of  the 
expanded  expression  for  the  spherical 
surfaces  were  used.  The  resulting 
surface  is  a  paraboloid  cf  revolution  as 
shovn  schematically  in  .hg.  3-  T'ne 
stress  and  strain  conditions  in  this  region 
vere  analyzed  for  a  direct  separation  and 
for  a  shear  displacement  of  tlie  spheres. 

r  each  case,  upper  and  lower  bounds  on 
the  stifidiess  were  found  as  vrell  as  a 
simple  strengt:i-cf-materials  solution. 
Because  thes'*  solutions  are  close,  (see 
/r.'pcndi::,  ig.  A- 5,  pe.rticularly  as  t'ne 


Fig.  2  Schematic  of 
filled  polymer  s'ncwing 
ligaments 


Fig.  3  .'icdel  fco 
ligaments . 


initial  separation  of  the  spneres  appre aches  zero  where  t'ney  all  converge, 
the  use  of  the  sLmple  solution  i/as  jiistified.  This  is  particularly  true 
because  most  of  the  interest  is  in  highly  filled  materials  with  the 
particles  very  close  to  each  other. 
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7or  separation,  the  riost  signiTicant  stress  is  the  hydrostatic 
CO nponent  iilong  the  surface  of  the  sphere  which  at  the  center  is  given 
\yj  Eq.  1. 

This  relation  is  expressed  in  teiTOs  of  the  Young's  modulus 
of  the  hinder  (where  for  a  Poisson  ration  of  O.5,  3G  =  P) ;  the  relative 
displacement  2  Wo  and  the  separation  ratio  f  =  2h^/D.  This  last  term  is 
important  because  It  peiuiits  rc.la.ting  initial  separation  to  volume 
density  fur  any  given  ariningement  of  spheres. 


o 
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To  compute  the  Young's  modulus  of  a  simple  cubic  array  of 
hard  spheres  bonded  to  a  rubbery  matrix,  the  strain  energy  contribution 
for  the  different  ligaments  -was  added  to  a  nominal  strain  energy 
contribution  for  the  interstitial  matrix  for  tension  along  a  cube 
axis.  This  yielded  the  following  expression: 


Sir 


L-jjttf'  f*  m. 


The  second  term  in  Eq.  2  relates  to  the  interstitial  volinne  and  is  very 
small  for  small  values  of  relative  separation,  f,  or  for  highly  filled 
rubbers . 


A  similar  expression  for  the  face  centered  cubic  array  is 
given  by  Eq.  3  where  the  interstitial  contribution  is  neglected: 


Nxmerical  comparison  of  the  two  expressions  seems  to  indicate 
similar  stiffnesses  for  the  two  arrays.  In  is  only  in  comparing  the 
shear  moduli  for  the  tvro  arrays  and,  particularly,  the  averaged  moduli 
that  the  differences  become  apparent. 

Similar  approaches  were  used  for  determining  the  shear  moduli 
in  the  cube  orientation  for  the  two  arrays.  The  simple  cubic  array 


where  again  the  second  term  is  for  the  interstitial  volume.  Since  the 
only  contribution  to  resisting  shearing  of  the  cube  from  the  ligaments  is 
from  the  shear  of  the  ligaments  since  the  ligaments  are  relatively  soft 
in  shear,  the  shear  modulus  in  the  simple  cubic  array  is  very  small  compared 
to  the  Young's  modulus. 
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This  is  not  the  case  for  the  shear  modulus  of  the  face- 


centered  array  in  the  cube  orientation  where  shear  of  the  cube  involves 
separation  as  well  as  shear  of  the  ligaments.  The  resulting  shear 
modulus  for  this  denser  array  is  given  below,  again  not  including  the 
interstitial  contribution  which  is  negligible; 

C .  Randomness  of  Orientation  of  the  Array  of  Particles-  Average 
Elastic  Constants. 

The  values  obtained  in  the  previous  section  apply  only  to  the 
bonded  material  (superscript  b)  and,  since  the  spheres  are  rigid  and 
the  binder  has  a  Poisson  ratio  of  1/2,  the  ?  o  ^  s  Son  ratio  of  the  composite 
must  also  be  l/2-  However,  the  material  is  not  isotropic  since  the 
required  conditions  for  isotropy,  Oc.  ~  is  not  satisfied 

by  either  array. 

For  both  arjrays  the  material  has  cubic  symmetry  for  the 
elastic  properties  (superscript  c  referring  to  the  cube  axes)  but  if 
oriented  in  any  airection  other  than  a  cube  axis,  a  different  set  of 
elastic  constants  would  have  to  be  specified.  The  elastic  constents 
in  any  direction  relative  to  the  cube  axes  can  be  found  by  a  simple 
transformation  procedure.  The  variation  in  E  is  shown  in  Fig.  4. 

From  this  it  is  apparent  that  the  f.c.c.  array  is  very  close  to  being 
isotropic . 


(5) 
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Fig-  4  Variation  of  Elastic  Constants 
With  Orientation  as  Shewn  for  f  =  .01 


In  a  large  piece  of  material  we  cannot  expect  the  spheres  to 
take  up  an  orderly  array.  More  likely  there  will  be  variations  in  the 
spacing.  Even  if  the  spacing  were  fairly  uniform,  regions  would  be  found 
in  which  the  clustered  spheres  would  form  cubic  arrays  oriented  in  every 
possible  way.  To  find  elastic  constants  for  such  a  material  req_uires 
an  averaging  of  the  elastic  constants  for  all  orientations  of  the  cube. 

An  exact  solution  to  this  problem  is  practically  not  possible,  but  upper 
and  lower  bounds  can  be  foand.  The  upper  bound  requires  that  all  the 
elements  undergo  the  same  strain  while  the  lower  bound  requires  all 
elements  to  have  the  same  stress.  Strain  energy  obtained  in  each  case 
is  used  to  find  the  bounds  of  the  average  elastic  constants.  Naturally, 
each  case  violates  either  continuity  of  equilibrium  and  therefore  is  only 
approximate . 

Solution  of  this  problem  for  both  arrays,  since  they  both  have 
cubic  symmetry,  yields; 


—  O-  ^ 00  /.  3  O  Cr^ 


^6 


o.4ooGj~-h  o.  zoo  si 


(6) 

(7) 
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The  more  closely  the  material  satisfies  the  conditions  of  isotropy, 
the  closer  will  he  the  bounds  as  shown  in  Fig.  5* 


The  density  can  be  expressed  in  terms  of  the  volume  ratio  for 
either  packing; 


V  spheres 

V  total 


=  0.524 


(  1  +  f)3 

0.740 
(1  +  f)^ 


simple  cubic 

face  centered  cubic 


This  relation  can  be  used  to  compare  the  averaged  Young's  modulus 
as  found  from  the  cube  constants  and  the  bounding  relations  (Eq..  6  and  7) 
in  terms  of  the  volume  density.  A  better  comparison  is  in  terms  of  the 
relative  volume  density,  that  is  the  ratio  of  the  actual  to  the 
maximum  density  for  a  given  packing,  which  is  the  same  for  both 


(6) 


packings . 


V  spheres _  _  1 

V  spheres  max.  ^  l~I~f)3 

Figure  6  shows  the  results  of  these  calculations  and  indicates 


(9) 


a  very  good  agreement  for  the  face-centered  cubic  array  with  experimental 
evidence  obtained  at  Aerojet  General  Corporation. 


alolioii^h  the  analysis  is  presented  here  as  a  matter  of  record,  it  is  not 
no\T  considered  as  important  as  the  effect  of  variability  in  particle 
spacinv,  for  vliich  an  analysis  has  not  yet  been  carried  out. 

Consider  first  ■'./hat  the  stiffness  of  the  separated  material  -i/ill 
be.  Hie  first  region  to  separate  ■'./ill  be  vhere  the  surfaces  of  the 
spheres  are  closest  together,  \A.ere  the  hydrostatic  tension  is  greatest. 
Once  separated,  the  level  of  hydrostatic  stress  can  no  longer  be 
i.iaintained.  and  further  peeling  bach  can  be  expected.  A  -partial  bonding 
betveen  the  sphere  and  the  latri::  ’'ill  exist  for  sone  tiiie  but  the  mater¬ 
ial  ’,'ill  be  veah  since  the  hydrostatic 


i 


Fig.  7-  Sche:.iatic  of 
Single  Cell  of  Deformed 
Material  After  Separation 
of  the  Spheres  and  Large 
Strains  Along  the  Cube 
I'CilS. 


stress  ‘..hich  gave  the  high  stiffness 
before  se-paration  no  longer  exists.  In 
the  limit,  ca.iplete  separation  can  be 
expected  as  indicated  in  Fig.  For  a.n 
appro;:;! 'lation  the  sphere  can  be  ass’umed 
to  be  ca.-.plctely  ■.mbonded  as  soon  as 
the  bonding  strength  is  e::ceeded  and  the 
resultiiv  stiffness  to  be  that  of  the  un¬ 
bonded  j;a.tri;:.  fliis  is  hard  to  evaluate 
because  of  the  interference  between  the 
matri;:  and  spheres.  If  the  interference 
of  the  spheres  is  neglected  then  the 
stiffness  is  that  of  a  foam  -w'hich  can  be 
estii-iated  as  sho-..'n  in  the  Appendi;c. 

■rne  elastic  constants  cca'iiputed  for 
the  foam  practically  satisfy  the  condition 
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of  isotropy  and  also  penait  dian^es  in  vol'Jiae.  These  constants 
’.rere  used  for  the  separated  regions  in  caaputing  the  net  moduli 
for  the  partly  separated  mterial  , 


Refering  j to  Fir.  6,  the  x  direction  can  he  considered  as  being 
the  specimen  direction  '.diich  can  tale  ar^r  riossihle  orientation  ivith 
respect  to  the  cube  directions  of  the  sub-regions  within  the  specimen. 
For  eacli  orientation  of  the  cubes,  the  elastic  constants  will  have  a 
different  value  v’-hich  can  be  enprcsseu  in  temas  of  the  cube  constants 
already  rnntioned .  Ilo-.rever,  it  is  only  necessary  to  consider  a 
stereo^raphic  triaiigle  sucl:  as  the  one  indicated  since,  from  cubic 

3  ..etip',  the  elastic  constants  would 
e/SeptmftJ  repeat  in  eacIi  triangle. 


Of'ien  to  C/ons 
"Sps/c  Ji/Hfnelry 


For  eitl;er  the  upper  or  lower  bo’jnd 
sol'-.tior.  (i.e.,  specifying  a  ‘imiform 
strain  or  stress  field)  those  regions 
in  '..iiich  the  cube  axis  coincides  ’.nth 
the  ::  ar.is  '.fill  be  the  first  to  separate. 
As  the  stress  or  strain  is  increased, 
regions  oriented  ■..-ithin  an  arc  forj.ied 
by  the  angle  (j>  *  ’./ill  separate  s’uccess- 


-  -  Aepresent^t-on  or 
Orientation  of  Loadin.^  A::is 
.Jitii  Respect  to  Cube  Arces 
Indicatin';  Regions  of 


Syiit.'ietr’:’  an.,  aeixxratea 
material. 


i'.'ely.  Hie  e;rtent  of  the  separated  re¬ 
gion  as  designated  by  the  angle  is  related 
directly  to  the  mcroscopic  stress  or 
strain  thro-ogb  the  Ec.  1  sho'..’n  in  the 
Apprendi;:. 

To  find  the  cru’rcnt  elastic  constants,  it  is  necossany  to  find  the 


G-12 


strain  enerr;!’'  at  the  given  loading  for  Doth  the  separated  and  "bonded 
regions.  This  strain  energy  gives  the  elastic  constants  directly  and 
frai:i  the  lover  bound  also  gives  an  e::presDion  for  the  volDC-ie  change. 

Tne  eqijations  vhich  result  fror.  this  calculation  are  of  the  forra 
given  here  for  the  approxh-iate  upper  hound  solution: 

-  3f£c-  £c. 

(10) 

As  long  as  no  bonds  have  brohen,  cos^*  =  1,  and 

— b  j 

the  value  of  the  bonded  upper  bound  Sjj.  The  angle  is  related  to 
the  bonding  strength  C,  the  imcroscopic  hydrostatic  stress  ,  the 

modulus  of  the  binder  E,  the  macroscopic  strain  and  a  function  of 
the  separation  ratio  K,  by 

As  sho'.m  in  the  Appendi;:,  EidEiu:  the  hydrostatic  stress  at  the 

ligaments  (see  Eq.  l).  'wlien  this  hydrostatic  stress  is  equal  to  the 
bonding  strength  (C-  then  separation  starts  (cosJ^‘«'  =  l). 

This  also  gives  the  macroscopic  strain  which  separation  starts. 

The  angle  can  then  be  fo’ond  for  successively  greater  values  of 
and  the  current  value  of  the  i.ioduJLu3  E^^  fo'ond  from  Eq.  10  as  a 
function  of  the  strain.  To  plot  the  stress -strain  c-arve_,  the  stress  is 
found  frcm  the  product  of  the  strain  and  modulus  for  successive  values 
of  f. 


A  similar  method  is  used  for  the  lower  boimd  solution, 


The  stress-strain  relationship  for  the  siiiple  cubic  array  pre¬ 
dicted  by  these  relations  for  a  tension  test  \jlth  gradual  separation 
is  shovm  in  Fig.  9*  As  this  figure  shows,  the  upper  and  lower  bounds 
cross  over  after  initial  separation.  The  reason  for  this,  as  explained 
in  the  Appendix,  is  that  for  the  same  stress  or  strain  a  different 
amoxmt  of  unbondlng  exists  in  the  two  solutions.  Therefore,  the 
materials  are  not  the  same,  and  the  solutions  are  not  true  upper  and 
lower  bo'onds  but  only  approximate  solutions. 


(C~ 

Fig.  9“  Stress-Strain  Curves  Predictec  by  Analysis  for  a  Simple 
Cubic  Array  Material  in  a  Tension  Test. 

Besides  the  low  initial  modulus  predicted  by  the  simple  cubic 
array  in  these  C’urves  (  see  Fig.  c  )  the  peai-cs  from  the  upper  bound 
solution  oceux  at  stresses  and  strains  that  are  mucli  too  low  compared 
to  the  experimental  evidence,  nominal  values  of  the  bonding  strength, 

C,  and  the  Young's  modulus' of  the  binder,  E,  can  be  used  to  compare 
these  peaks  with  those  shovm  in  Fig.  1.  Even  if  it  is  argued  that 
the  bonding  strengths  are  much  greater  on  the  small  scale  of  separation 
found  in  the  material  than  is  nonaally  used  for  evaluating  bond  stregths, 
the  difference  cannot  be  f’jliy  accounted  for.  The  pealis  in  these  curves 
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correspond  to  the  strain  at  v/hi'Cii  the  initial  separation  occurs,  ^•Aiich 
is  certainly  not  true  experimentally. 

Inspection  of  the  face-centered  cubic  model  indicated  that  it 
would  give  an  even  more  unrealistic  res'olt.  the  reason  for  this  is 

that  this  dense  array  is  more  nearly  isotropic  and  the  strength  of  the 
sub-regions  -rould  have  a  much  smaller  dependence  on  orientation. 

A  more  realistic  approach  for  analysing  the  progressive  un¬ 
bonding  must  be  based  on  recognition  that  the  spacing  of  the  parti¬ 
cles  is  not  uniform  but  varies  according  to  some  distribution  about 
the  laean  value.  In  this  manner,  with  the  face-centered  cubic  array, 
the  strength  of  the  sub-regions  vrould  depend  on  the  density  of  the 
cluster  of  particles  in  the  region.  The  orientation  of  the  sub- 
regions  ^rouJ-d  be  secondary.  It  ’.rould  further  have  to  be  recognized 
that,  when  a  sub-region  becomes  unbonded,  the  probability  of  propa¬ 
gation  of  the  unbonding  is  dependent  on  whether  there  are  relatively 

strong  or  weak  sub-regions  in  the  vicinity.  Analysis  in  this  direc- 

2 

tion  might  be  based  on  the  model  proposed  by  Hashim  . 

E.  Development  of  Sheets  of  unbonded  Material 

\'Je  no’.-.'-  turn  to  the  next  larger  scale  of  phenomena,  assuming 
that  considerations  of  the  preceding  sections  have  led  to  a  stress- 
strain  behavior  vrhich  for  the  uiniaxial  case  can  be  idealized  as  shoim  in 
Fig.  10.  Consider  t’.-.'o  extreme  nodes  of  elastic  behavior,  one  'irith 
complete  bonding  betvreen  the  filler  and  matrix  and  the  other  with  no 
bonding.  Between  these  two  extremes,  there  may  be  intermediate  forms 
of  behavior,  with  unbonding  in  only  one  or  two  of  the  principal  direc¬ 
tions.  In  this  section  we  urLll  consider  conditions  for  the  localiza¬ 
tion  of  separated  regions  in  thin  sheets  within  a  grain. 
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For  the  model  sho™  in  Fig.  10, 


in  compression,  or  with  small 
amounts  of  tension,  a  modulus 
would  have  a  relatively  high 
■'/alue,E  .  At  a  critical  value  of 
the  stress,  Y,  sspai’ation  would 
occur,  resulting  in  a  very  large 
increase  in  strain.  Subsequently 


Fig.  10-  Uniaxial  Stress-Strain 

Curve  for  a  Filled  Elastomer  the  mod'jlus  would  be  much  reduced, 

having  a  \n.lue  E  .  The  follovri.ng 

three-dimensional  formulation  arose  out  of  a  suggestion  by  Dr.  Paul  J. 
Blatz.  Although  they  may  not  be  exactly  the  formulation  he  proposed, 
they  coincide  for  Y=0,  corresponding  to  separ'.tion  at  zero  stress. 

The  principal  stresses  are  taken  to  be  in  the  order 


\7hen  all  normal  components  are  less  than  Y,  the  usual  isotropic 
elastic  equations  hold  ’.■/ith  a  m.odulus  of  elasticity  E^,  and  Poisson's 
ratio  '.'Jhen  just  one  principal  stress  component  exceeds  the 

critical  value,  there  •■m.ll  be  a  reduced  modulus  in  the  direction  of 
maximum  normal  stress.  In  addition,  the  terms  involving  one  stressed 
and  one  transverse  direction  ■'.■d.ll  have  intermediate  values: 

.  (1 

dzz  -  -  -h  Sii.  ~  ^3  I  -for  <7^,^  / ^  ^  (Tjj 

£-i  B'c  I 

£■33  =  -  V  J 

£i  ^c. 

If  two  principal  stresses  ex.ceed  the  critical  strength,  a  similar  set 
of  equations  vri.ll  hold: 
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<5//  - 

£c 

‘^zL  -  —  Vg  <77/  .f.  (Tlz  _  Vi  (Tjj 

ei 

^33  '  -  34^  '  V/  (/33  y.  O33 

£^i 

Finally^  vhen  all  three  normal  coraponents  exceed  the  critical  strcn^tl^, 
the  r£.terial  is  again  isotropic  'iriLth  Young's  modulus  S  and  Poisson's 
ratio  'J  . 

VJhen  a  small  region  in  such  a  solid  first  "begins  to  un'bond,  the 
state  of  stress  and  strain  vri.ll  be  caaplicated  in  its  neighborhood. 

It  seeras  reasonable  to  suppose,  hovrever,  that  the  region  of  unbonding 
v/ould  spread  in  a  direction  normal  to  the  nasciraum  principal  stress. 

If  so,  a  thin  sheet  v/ill  develop  across  v/hich  certain  of  the  components 
of  stress  and  strain  can  be  discontinuous  but  others  must  be  continuous. 
In  particular,  the  normal  component  of  stress,  must  be  continuous. 

If  the  state  of  stress  is  relatively  constant  over  large  areas  of  the 
zone,  then  to  prvent  the  develop.ient  of  large  shear  strain  it  is 
necessary  that  the  tvro  lateral  components  of  normal  strain  be  conti¬ 
nuous.  Using  the  superscript  s  to  denote  conditions  in  the  sheet, 
these  tvvo  requirements  :7iay  be  suiTuaarized  as: 

J  /.  ^33  ~  ^33  • 

We  nov  inquire  vfhat  restrictions  these  conditions  impose  on 

the  transversestress  components  in  the  deformation  sheet,  0]^^  and 
(T .  Me  first  postulate  that  unbonding  has  ocurred  only  on  one 
plane  in  the  sheet  ,  so  that  Eq.  I3  holds.  Equating  the  transverse 
normal  strains  vriLthin  and  vrlthout  the  sheet,  ve  obtain  for  ^2  *^3  ^ 
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Taking  account  of  tlie  fact  that  CT,  ^  ^  ^  "tiie  transverse  normal 

component  of  stress  to  be  less  than  Y  it  is  necessarj'"  that 

oTj 

'  /  -)/c  / 

• 

Siioilar  equations  './ill  be  obto.inec  for  the  other  transverse  component  of 
stress.  Since  the  inteniefiate  :;oc'.vJLus  of  elasticity, E_.  ,  is  likely  to 
be  i.iucli  less  than  the  bonded  modulus  ,  in  mxuiy  cases  a  compressive 
transverse  stress  '.rill  be  required  to  prevent  'cnbondin^.  In  any  event, 
the  transverse  stress  on  unbondirr;  u'iU  be  less  than,  the  normal  compo¬ 
nent  of  stress  for  umbondinq  in  the  first  direction,  Ihe  situation  is 
illustrated  in  Fig.  11  .  If  the  transverse  stress  is  greater 

than  the  ’.■alue  given  by  Eq.  I7,  then  the  ne;h;  stage  of  unbonding  will 
occur,  provided  that  is  greater  thtoi  1.  In  this  case,  the  inter¬ 

mediate  equations  for  partial  unbonding  are  not  needed  and  there  is  an 


abrupt  transition  from  bonded  to  completely-  unbonded  isotropic  behavior. 


in  a  Deformation  Sheet  Filled  Elastaaer  After  Unbonding 
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Applying  these  results  to  the  tensile  test,  then,  one  would 
expect  uiihondinc  to  occur  in  a  tliin  sheet,  'ulthin  \fhich  coinplete 
•anbonci:x2  occlu's  as  soon  as  the  sheet  forms.  As  the  yield  sheet 
thielons,  the  transverse  stress  in  it  will  crop, which  mii^t  lead 
one  to  suspect  a  rehondiny.  In  an  actual  riaterial,  ho^rever,  the 
clos'Lire  does  not  lead  to  rehondiriy  ’until  a  considerable  passage  of 
thue  has  allo’.red  the  bonds  to  reheal,  so  that,  on  decrease  of  stress, 
a  path  corresponding  to  that  sho’.ai  in  Fig.  12  is  folloAred. 

III.  Uroerinental 

-  - 

Hie  importance  of  hydrostatic  stress  on  the  properties  of 
filler  poly.iers  has  been  I'ell  established  by  the  worii  of  Mr.  G,  Surland 
at  Aerojet  General  Corporation  on  tensile  specimens  under  hydrostatic 
pressru'e.  Data  on  the  on  the  effect  of  shear  and  hydrostatic  stress 
•.’ould  adc  considerably  to  tlie  understanding  of  fract’ure.  The  tensile 
hydrostatic  loading  is  particularly  luportant  because  under  saue 
ca.’.bined  loadings  the  hydrostatic  ea.ponent  can  be  in  tension  and  of 
a  veig/  significant  magnitude.  V/ith  this  in  riind,  and  also  to  be 
able  to  confiia.i  the  theoretical  considerations  with  i.iore  tiian  simple 
tension  data,  a  test  rig  u-as  built  to  investigate  the  effect  of  these 
coubined  loadings. 

Hne  eouip-ient  v.^s  designed  to  be  able  to  superimpose  hydrostatic 
stress  (tension  and  co;  pression)  on  distortion  strains  (shear).  Eiis  is 
done  by  t'.ristin^  a  solid  eylindricol  specimen  i  inches  in  diaw.eter  and 
2  inches  long.  At  the  same  thic,  the  sgieciir.sn  ean  be  subjected  to  a 
hydrostatic  pressuure  of  up  to  ICO  psi  or  a  hydrostatic  tension  of  up 
to  100  psi.  Hne  hydrostatic  tension  is  obtained  by  spinning  the 
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Figure  12 
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speciiDen  about  its  a:cis  -wlille  holding  its  length  constant.  The 
relatively  high  bulk  modulus  of  the  material,  prior  to  large  amounts 
of  -unbonding,  is  directly  responsible  for  this  stress  condition  as 
can  be  found  in  Tiiaoshenlco  and  Goodier“'  , 

Holds  for  making  the  cylindrical  spechnens  as  well  as  tension 
specimens  ,  for  caaparison  of  results,  have  been  prepared.  No  re¬ 
sults  can  be  reported  because  of  difficulty  encountered  in  mixing 
and  preparation  of  adequate  inert  speciiaens. 

IV.  Results  and  Discussion 

In  this  investigation  a  model  •■ra.s  developed  for  interpre¬ 
ting  test  data  on  solid  fuels  lAiicli  eo'olu  ultimately  relate  uniaxial 
and  combined  load  behavior  and  •'.Thich  wo'uld  be  ’usef’ul  for  application 
to  design  problems.  The  model  was  built  up  of  the  principal  consti¬ 
tuent  variables  such  as  binder  elastic  properties,  bond  strengths, 
and  filJ.er  densities.  This  approach  i/as  used  in  order  to  learn  which’, 
factors  determine  the  behavior. 

The  first  step  in  the  investigation  was  to  develop  the  conditions 
existing  in  a  region  between  a  pair  of  adjacent  particles.  The  results 
of  this  analysis,  summarized  above,  indicate  a  very  great  magnification 
of  the  naainal  stress  in  the  ligaaent  regions,  Tlris  predicts  that  the 
bond  strength  will  be  overcome,  in  regions  where  the  particles  are  very 
close  together,  at  very  low  values  of  stress  and  strain.  Due  to  the 
relative  incompressibility  of  the  material,  the  model  also  predicts 
that  a  macroscopic  hydrostatic  pressure  has  an  effect  equivalent  to 
greater  bond  strengths.  This  implies  that  greater  tensile  loads  and 
strains  are  possible  prior  to  fracture  when  testing  under  pressure 
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^diich  is  directly  supported  by  experimental  results. 

Putting  these  results  together  by  grouping  particles  into 
orderly  arrays,  the  elastic  constants  for  the  composite  material  were 
determined.  Using  the  face-centered  cubic  array,  vdiich  gives  densi¬ 
ties  similar  to  those  found  in  random  packings,  the  dependence  of  the 
Yoving's  modul-as  on  the  volume  fraction  of  filler  \ras  found  to  corres¬ 
pond  very  well  •vri.th  available  data. 

From  these  considerations  it  ■^ra.s  possible  to  develop  the  condi¬ 
tions  for  separation  of  a  hanogeneous  region.  Uy  considerir^  the  face- 
centered  cubic  array  as  being  fully  isotropic,  the  limiting  maximum 
principal  strain  that  results  in  unbonding  is  given  very  closely  by: 

^  iJe,  (1.8) 

'  -5rnT) 

Using  this  relation  in  conjiAnction  u-ith  Eq.  1  ,  modified  for  the  f.c.c. 
array  as  mentioned  in  the  Appendix,  the  tension  across  the  ligaiTient 
is  given  by: 


Since  the  macroscopic  hydrostatic  stress  adds  directly  to  this, 
due  to  incompressibility,  i^ien  the  sum  of  these  exceeds  the  bonding 
strength,  C  ,  separation  takes  place. 

-P  -h  (TJ  (Tt  -f- Os  —  C  (20) 

3 

Using  the  stress-strain  relations  for  the  incompressible  material, 

(S'/  —  j.  c7/  _  / (77 ■t(n "fOs  ^ 

^  ^  z.  (21) 

and  combining  v/ith  the  previous  relations,  the  locus  for  separation 
of  a  hanogeneous  region  is  found: 
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^"el^’L  /Y/TefFJ^'  )  ffEX^Y'^-sfrJj  ^  (22) 

This  locnis  is  symmetrical  about  the  principal  stress  (Jirections 
and  can  be  represented  by  a  pyramid  as  shovm  in  Fig,  I3  •  The  shape 
of  the  pyramid  shows  the  dependence  of  the  strength  on  the  hydrostatic 
pressure.  The  location  of  the  apex  is  controlled  by  the  bond  strength. 
It  is  interesting  to  note  that  this  figure  is  analogous  to  that  given 

Q 

by  Dr.  P.  Blatz''  except  that  for  an  incompressible  material  the  apex  of 
his'  surface  is  infinitely  hi^.  Furthermore,  the  dependence  of  the 
fracture  strain  is  here  given  in  terms  of  other  material  properties. 


Fig.  13-  Locus  of  Principal  Stresses  for  Separation  of  a  Uniform 
Region  of  Face-Gtentered  Cubic  Material. 

Extension  of  this  analysis  to  regimes  of  progressive  unbonding, 
to  predict  load  deflection  and  volume  change  phenomena,  did  not  give 
satisfactory  resiolts.  This  portion  of  the  analysis,  particularly 
when  modified  for  combined  stresses,  is  the  most  important  and  also 

I 


I 
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the  most  challenging.  It  is  felt  that  the  huilding  "blocks  are  now 
available  and  that  a  realistic  model  of  this  beha-'/ior  can  now  be 
described  analytically.  A  first  step  in  this  direction  would  be 
to  take  into  account  variations  in  particle  spacing  and  the  slatisti- 
cal  distribution  of  strength.  This  approach  should  explain  the  stabi¬ 
lity  of  the  first  regions  to  unbond,  determining  whether  the  -unbonding 
becomeis  localized  or  spreads  imifoirnly  over  the  part. 

The  experimental  results,  idien  obtained,  -vrill  add  significantly 
to  the  linited  information  now  available  on  the  behavior  of  these 
materials  under  caabined  loads.  Such  datJi  must  be  available  to  develop 
a  theory  of  failure. 

In  the  coLurse  of  this  investigation  the  importance  of  size  effects 
in  testing  these  materials  beca!'.ie  increasingly  apparent.  This  is  illus¬ 
trated  in  the  following  arguaents.  They  point  out  the  need  for  having 
large  enough  specimens  to  be  able  to  e::tend  the  data  obtained  frem 
them  to  actual  motor  design. 

It  must  be  recognized  that  the  material  is  nen-homogeneous  in 
the  strength  of  sub-regions  '.rithin  it.  If  the  specimen  is  small  in 
any  of  its  dimensions  compared  to  any  of  these  regions,  different 
properties  vail  be  measured  for  the  material.  Any  weak  sub  region 
idiich  is  first  to  unbond  during  loading  ^d.ll  concentrate  its  share 
of  the  load  on  adjacent  regions.  The  ditribution  of  this  load  and 
the  likelihood  of  propagation  ■'.rill  depend  on  the  extent  of  material 
around  the  unbonded  zone.  His  is  due  not  only  to  'the  existence  of 
boundaries  but  also  due  to  the  statistical  distribution  of  the  strength 
of  adjacent  regions.  Thus, tension  tests  on  sheets  would  sho'vr  different 
results  from  tests  on  a  thicker  block  of  material. 

The  Importance  of  this  size  effect  would  be  particularly  apparent 
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in  notch  sensitivity  exi^eriinents.  If  the  test  part  is  small  and  the 
stress  gradients  large  compared  to  the  size  of  •the  suh-regions,  signi¬ 
ficant  scatter  can  be  expected.  !I3ais  would  be  attributable  in  large 
part  to  the  lad:  of  adeqmte  statistical  sampling  of  strengths  in  the 
hi^  stress  region  of  the  notch.  The  results  of  sudi  tests  could  not 
properly  be  extended  to  the  design  of  the  root  of  a  star  in  an  actual 
rocket  motor  where  the  size  would  be  much  greater. 

Another  important  and  related  size  effect  can  be  deduced  from 
the  analysis  presented  in  Section  II-S  of  this  reporct.  As  is  shown  by 
those  results,  the  formation  of  bands  of  unbonded  laaterial  across  a 
tensile  speciiuen  depend  on  the  restraint  of  the  bonded  regions  next 
to  the  discontinuity.  If  the  la.teral  dimensions  of  tlie  specimen  are 
not  large  compared  with  the  thiclness  of  the  discontinuity  then  the 
restraints  irLLl  be  different  and  complete  unbonding  :d.ll  not  take 
place.  The  resulting  stress-strain  curves  :/ould  indicate  different 
mechanical  properties. 

These  effects  are  important  for  interpretation  and  application 
of  test  results.  It  is  strongly  recommended  that  these  effects  be 
be  considered  in  the  planning  of  tests  and  evaluation  of  data.  It  is 
further  recommended  that  analj'tical  and  statistical  studies  be  con¬ 
tinued  to  better  understand  these  size  effects. 

V.  Conclusions 

1. )  The  modulus  of  a  filled  rubber;;,'-  material  was  estimated  undei'  the 
foUoi'nLng  assumptions: 

a)  Closely  spaced  spherical  particles, 

b)  Simple  cubic  or  face-centered  cubic  array, 

c)  Incompressible  matrix  and  rigid  particles, 

d)  Isotropic  small-strain  elastic  behavior  of  the  matrix. 


G-24 


fO 


2, )  It  ■'ras  foiuid  that: 

a)  Tlie  sii-iple  cuhic  array  too  high  ccaapliaiices  for  the  given 

density, 

h)  Hie  face-centered  cubic  array  gave  nearly  isotropic  behavior  of 
reasonable  elastic  conpliance, 

c)  Hie  locus  of  fracture  initiation  \f or  the  face- centered  cubic 
array  talies  the  p:,a'ai, tidal  font  shotm  in  Fig.  13, 

d)  A  iiodel  to  predict  stress-strain  behavior  during  unbonding 
gave  an  abrupt  drop  in  the  stress  at  verj’'  SLiall  values  of  strain, 

e)  Statistical  variability  in  particle  spacing  uill  lead  to  a 
rounding  out  of  the  stress-strain  carve  on  unbonding, 

f )  Hie  statistical  variability  :..ust  be  considered  in  predicting 
the  perioritance  of  large  parts  fro'.i  snail  caiponents,  and 
especially  in  predicting  notch  sensitivity.  ' 

.  )  liqieriuental  apparat'os  to  study  the  effect  of  hydrostatic  pressure 
has  been  built. 

^1-. )  Hie  fon.iation  of  sheets  of  unbonded  imteriai  often  leads  to 
sHrultancous  unbonding  in  all  three  principal  directions,  as 
indicated  in  Fig.  12. 
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VI.  AFK-]irDlA 


xVie  j  iv?!'.  i(  i-'.l  ste  .5s  anu  rea5on;aij  useo  in  tlio  am'.ly3is  arc  pre¬ 
sented  here  pii.dlelinj  the  material  in  the  3aj  mary.  Bits  is  done  to 
I'.ahe  it  easier  to  loot  in  ('et.vil  at  ajiy  ste'p  mentioned  in  the  3n.'i:::ary. 
A.  Ccn  iitious  3eta-een  Au,j a c ent  Par  b .1  cle s  : 


I.  E::  press  ion  for  Sohere  Sr.rface.  In  cylindrlco.1  coordinates  the 


zH 


(A-i) 


ex'^ression  lor  cro  surface  Ox 


the  sphere  sho'.m  in  Fip.  (A-1) 


(A-I) 


Tne  first  significant  terms 


of  this  fjnction  are: 


jr' 

D 


(A-2) 


fnis  expression  is  much  easier  to  use  and  for  small  values  of  the  ' 
radius,  in  t':e  rejion  of  p^rimary  importance,-  the  deviation  fra:i  the 
sphere  is  small .  At  a  radius  of  D/fVf  the  error  is  about  15', j  in 

h  fer  small  values  of  h  • 

—  -o 

II.  Solution  for  Stresses  and  Strain  Energ;;,'-  due  to  Separation  of 
'xiTO  Spheres. 


1.  Approximate  Sol'ation:  As  the  spheres  are  separated,  be- 


I  izM 


ca-use  the  matrix  is  incanpresslble. 


material  must  flow  in  froin  the 


sides  to  maintain  constant  volume. 


Fig.  (A-2) 
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If  the  spheres  are  close  together,  for  a  small  aisplacement  of  the 
spheres,  large  displacements  u  can  he  expected.  In  fact  to  a  first 
approximation,  displacements  w  of  the  matrix  can  he  neglected  in 
considering  the  stress  and  strains  resulting. 

Following  this  argument,  a  displacement  field  can  he  found  such 


as: 

which  satisfies  continuity  on  the  gross  scale  (i.e.,  for  an  annulus 
of  height  h,  using  the  £  =  0  plane  as  reference).  This  displace¬ 


ment  field  gives  rise  to  a  shear  stress  ‘Vrt  found  from 

r.j  g(^  +  (k-h) 

If  the  spheres  are  close  togetfier  and  the  region  of  hipest 

stress  is  near  the  center,  the  derivative  is  negligible  and 

dr 

equilihrium  is  satisfied  hy  introducing  a  hydrostatic  stress  so  that; 

i.  .  3Gu.Ti  .  -  E  tJ*  .  /-  (A-5) 

■  'fiiff  4f'J»  * 

■jne  variation  of  this  presstire  with  the  radius  is  implicit  through 


h.  For  small  '/alues  of  the  separation  ratio,  f,  the  pressure  drops 
extremely  fast  as  shown  in  Fig.  (A-3).  Because  of  this  rapid  drop. 


Fig.  (A-3) 


as  long  as  the  separation  ratio  is 
low,  the  pressure  at  the  center  is 
quite  insensitive  to  the  pressure 
at  large  radii  or  in  the  inter¬ 
stitial  region.  For  this  reason 
the  pressure  at  r  =  D/2V^  iras 
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3rrGa, 


taken  as  zero  for  the  sliaple  cubic  array  to  evaluate  the  constant  in 


Eq.  (A- 5)  giving: 


A  =- 


Ecj.  D  rj. 


A’  '  (h,  ^  ] 


(A-6) 


A  similar  expression  results  for  the  face- centered  cubic  array  taking  the 
pressure  equal  to  zero  at  r  =  h/l.  In  the  following,  the  development 
used  applies  to  the  simple  cubic  array  but  is  directly  analogous  to 
that  for  the  denser  packing. 

Particularly,  at  the  center  vhei-e  h  =  h^,  we  have  Eq.  1  of  the  Summary: 


■t  -  __  1 

^  ‘  zv  L  rri  +  4f)'J 


ZV  L  P(i  +  4f)  J 

Since  this  is  a.n  approximate  solution,  its  validity  can  be 


(A-7) 


checked  by  canparing  the  strain  energ;;,'  in  the  ligaa.ient  with  'upper  and 
lower  bounds  of  this  enei'gy.  lie  strain  energy  given  by  this  ap- 


T)ro;':ii'.’.ate  solution  is: 


I  'zwrdrdzlr'e) 

■  7r£u,‘D'r  h°  -if.  r£.o.‘T)  r  -  zin  /• 

/6  ^0  -J  Bf  L 

A  plot  of  this  function  (Fig.  A-1)  sho'.:s  that  the  strain  energy 

levels  off  veip'  ouicily  for  small 

m  , _ _  ,  __  . 

"  separation  ratios.  Hie  energy  is, 

[  therefore,  dependent  on  what  is 

10  .  j  . 

/  —  occi-irring  in  the  ligament. 


(A-8) 


Fig.  (A-1) 


Considering  that  the  srfnere 


S'uriace  flares  out  ven/  ruicily 


rter  r  =  the  strain  energy 


beyond  this  radius  can  be  neglected 


as  long  as  the  senaration  ratio  f 


Ls  small.  Hils  gives: 


approx  =  J£_LJ4o — 2 - 


(A-9) 
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2.  Bounds  on  Strain  Energy  of  Separation; 

(3) 

Tiinoshenico  and  Goodier  S'ive  the  expressions  for  strain  energy  in 
terns  of  the  stress  or  strain  which,  when  Poissons  ratio  is  l/2,  reduce  to 


(A-10) 


(A-n) 


An  upper  hound  on  the  strain  energy  of  an  exact  solution  can  he 
found  if  a  strain  or  displacei.ient  solution  is  Ino'.m  which  satisfies 
the  boundary''  displacement  and  continuity  conditions  hut  not  neces¬ 
sarily  equilihriuj.i.  Similarly  a  lower  boijnd  requires  only  that  a 

(li) 

stress  solution  satisfying  equrliorm.  he  juiov/n. 

A  displacement  field  satisfying  continuity  and  a  stress  field 

satisfying  equilibrium,  in  cylindrical  coordinates  as  indicated  in 


Fig.  (A-1),  are; 


4k  L  ihJJ 

^  *  0 

6J  .  ^  2Z^.  3hoZ^  ] 

Zh"  L  h  J 


(A-12) 


Ofi  s  Zrp  •  O 


\f±-' _ 7, 

(h.  ^  '  z^hUhhJ 

s  O 


(A-13) 


The  relations  for  equilibrium  and  continuity  can  he  found  in 
-1.^  0^+-!  5^5;  6)^  Using  Eqs.  (A-12)  and 


any  advanced  hook  in  elasticity 
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(A-I3)  with  (A-IO)  and  (A-ll)  the  hounds  on  the  strain  energy  can 


he  found  as : 


diS.E.)  2.7rrdzdr 

dV 


(A-14) 


IsfL'  lol-  mj  * '  itw/  J 

JL  (u^fj  Ilf/  //W  ih4fJ  iH4fJ  JJ 


(A-15) 


^rrrdzdr 

i  M  dV 

=  TT^"  ^  J.  A  f/idl]  -  -i/lftML  } 

\df(i*<f)^  40  320 ft 4  4f)'  J 

A  coirpai'ison  of  the  strain  eneri:/  fraa  Eqs.  (A-9)>  and  (A-1A),  and 

(A-I5)  is^aown  in  Fig.  (A-5).  As  can  he  seen,  the  appro: ilamte 


U^f>cr  hound 


hound 


Afef^roxifnof^ 


00  i\ _ L_ 

O  ' Of  Od 

Fig.  (A-p) 


solution  is  close  to  the  exact  solu¬ 
tion  (someiiaere  between  upper  and 
lower  ho-onds )  for  sinall  \-alues  of  f 
(high  packing  densities).  In  fact 
X  not  only  do  the  strain  energies  con- 


TCrge,  hut  a  comparison  of  the  solu¬ 


tions  shows  then  to  he  identical  in 


the  linit  as  f  approaclies  zero.  For 
larger  values  of  f,  the  strain  energy 


is  siTiall  and  the  contribution  of  interstitial  vol'umes  becomes  signi¬ 
ficant  in  e^nluating  the  ove:rall  stiffness  of  the  material.  At  any 
rate,  the  convergence  of  the  solutions  as  shoim  in  Fig.  (A-5)  justifies 
the  use  of  the  appror-ciiaate  relations. 

Analogous  results  are  obtained  for  the  face- centered  array  where 


the  integration  is  carried  out  to  r  =  D/4. 
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cv  *  0  . 


(A-19) 


> 


0-,  =  I  r.r .  0 


The  strain  energy  for  these  two  solutions  is: 


up 


(A-20) 


(A-21) 


A  coiripa.rison  of  the  approximate  solution  and  the  hounds  on  the  exact 
solution  are  sho’.m  in  Table  (A-7).  Again  the  solutions  converge  as  f 
becomes  small.  Similar  expressions  and  comparisons  apply  to  the 
face-centered  array  v/here  the  integration  is  carried  out  to  r  =  D/4  only. 

Table  (A-T) 


3  £jus 
£6.*  Z> 

£  D 

3  f5.£.]/kmiex 
£  iJ  D 

0.  0/ 

5.24. 

5 .17 

s.n 

o.oz 

4  .  /6  . 

4.13 

4. 06 

o.oe 

2.  62. 

2.60 

2.57 

0, 10 

/.9S. 

1.93 

/.96 

0.  20 

1.33. 

1.24 

/.  27 

0.50 

o.ess 

0.  644 

0.636 

LOO 

0.923 

0.3S5 

0.350 
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B.  Elastic  Constants  for  Arrays  of  Particles: 


I.  Simule  Cubic  Array. 


The  local  stress  solutions  can  be  caabined  to  five  the  elastic 


constants  for  a  slnple  cubic  array  of  spheres. 


1.  Younas  Modulus: 


PiCferrinf  to  Fig.  (A-o), 
if  a  tensile  stress^  O’  ^  is 
applied  there  ■'^rill  be  a 
resultinf  strain  (S// "  “2^11 
-  satisfying  con¬ 


stant  volune  such  that: 


Vq- 

Fig.  {k-b) 


where 


is  the  cubic  constant  for  the  bonded  i.iaterial.  Also  we 


have  the  strain  energy’’  in  the  unit  cube: 


(A-22) 


(A-23) 


However,  since : 


(A-24) 


this  strain  energy  can  be  vrritten  as: 


(A-25) 


'This  energy  r;iust  equal  the  strain  energy  ■:;’ithin  the  elemental 
cube.  In  the  vertical  direction  there  are  four  ligair.ents  stretched 
by  an  aino:.mt  2l(T^  and  Eq.  (A-8)  is  used  for  their  contribution. 
•However,  this  equation  is  for  only  half  of  the  ligament  (the  bottaa 
half  is  the  sane  by  si/mmetry)  and  the  four  ligaments  are  shared  by 
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adjoining  elesnental  cubes  so  that  erfectively  only  one  li{jai.!ent 
feels  the  full  extension  in  the  ^jnit  cube.  Irf  the  horizontal  direc¬ 


tion,  the  strains  are  half  as  ^‘reat  and  by  a  shr^ilar  arjunent  only 
tuo  whole  lisar.ients  belong  to  tlie  cuoe.  The  total  strain  energjA  in 
the  ligaments  is,  therefore: 

To  this  should  be  added  the  contribution  of  the  Kiaterial  in  the 
interstitial  voluce.  Since  fiis  energy  is  negligible  for  a  close 
spacing  of  spheres,  all  t;.at  is  recuirec  is  an  appro:ci:.:ate  ten. 

'i/hid'i  will  satisfg^  the  Ijjiiting  conditions  as  tlie  voIlkc  density  of 
spheres  goes  to  zero.  This  can  be  done  as  indicated  in  Fig.  (A-9) 
by  breahing  the  interstitial  vol'Ji.-.e  up  into  sections  and  attributing 

to  each  section  the  naainal 


-V/ 


defori.-iation  of  tlie  unit  cube. 
For  e;:ai.iple,  region  'A"  is 
assur.ed  to  have  a  unifonu 
strain  equal  to  the  r.iacro- 
scopic  strain  of  the  'unit 
cube.  For  the  four  regions 
”3''  and  "C  "'  since  their  con¬ 
tribution  is  negligible  for  botii  liMiting  conditions,  a  rough  esti¬ 
mate  was  made,  the  detail'  of  i.iiich  are  not  significant  enougli  to 
describe.  Hie  expressions  derived  for  these  regions  are: 


I 
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(A-26) 


(A-2T) 


Inspection  of  this  equation  shows  that  as  f  beccmes  very  large 
(low  volume  density)  only  the  contribution  of  "A"  is  significant  and 
that  the  equation  becomes  identical  to  Eq.  (A-25)  res’olting  in 
=  E  as  would  be  expected. 

Equating  the  strain  energies  from  Eq.  (A-25)  and  the  sum  of 
Eqs.  (A-26)  and  (A-27)  permits  solving  for  the  elastic  modulus  of 
the  filled  rubber  in  the  cube  direction  giving  Eq.  2  of  the  Summary. 


,  lAlfo-imf) 


(Z) 

(A-28) 


2.  Shear  Modulus; 

To  find  the  shear  modulus,  ,  for  the  simple  cubic  array  in 
the  cube  orientation  the  procedure  followed  is  essentially  the 
same  as  for  the  Young's  modulus!.  A  macroscopic  shear  stress  ^ 
is  considered  acting  on  the  elemental  cube  giving  rise  to  a  shear 
strain  if  •  The  strain  energy  is  expressed  by: 


Referring  to  Fig.  (A-9)  the  relationship  between 


and  SI 


is  evident; 


(  A- 30) 
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Eq.  (A~29)  can  then  be  written 


as: 

S.E-sCC^D^'n-f)  .  (  A- 31) 


Hiat  the  spheres  do  not  rotate  in  pure  shear  can  be  demonstrated 
by  considering  equilibrium. 

Bie  strain  energy  internal  to  the  unit  cube  consists  of  the 
contribution  of  the  ligaments  and  of  the  interstitial  volume.  There 
are  two  ligaiaents  per-unit  cube  and  using  Eq.  (A-IT)  idiich  gives 
the  strain  energy  for  half  a  ligament  in  shear: 


(A- 32) 


'Ihe  contributions  of  the  interstitial  volume  was  estimated  by 
approximating  the  shape  of  this  voluiue  as  indicated  in  Fig.  .(A-10). 
This  approximate  shape  was  ass’^-imed  to  -undergo  a  deformation  as  shown 
in  the  figure  and  strain  energy  calculated  accordingly,  giving: 


Fig.  (A-11) 
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Sianming  the  contrihutions  of  Eqs.  (A-31)^  (A-32),  and  (A- 33)  permits 
solving  for  the  shear  modulus  and  results  in  Eq.  k  of  the  Summary. 


values  of  f,  vhen  the  elastic  constants  are  essentially  those  of  the 
matrix,  is  the  condition  of  isotropy,  =•.?  C/^  satisfied  for  the  simple 
cubic  array. 

II.  Face- Centered  Cabic  Array. 

The  method  used  for  calculating  the  elastic  constants  of  the 
face- centered  cubic  array,  though  based  on  the  local  stress  and 
strain  conditions  between  adjacent  particles,  is  slightly  different 
than  that  described  for  the  simple  cubic  array.  The  ligaments 
between  nearest  neignbors  were  treated  as  springs  able  to  resist 
separation  and  shear  of  the  particles. 

From  the  strain  energj’-  solution  for  the  ligament  the  stiffness 
of  the  springs  can  be  obtained. 

.  Finally,  the  Young's  and  shear  moduli  for  the  cube  can  then  be 
expressed  in  terms  of  all  the  springs  between  nearest  neighbors, 

|ig. .  (A-12  ) .  Although  the  strain  energy  contribution  of  the  interstitial 

volume  is  not  included  because  it  is  small,  its  presence  is  accounted 
for  by  restricting  the  deformation  of  the  cube  to  give  no  volume 
changes.  Kiis  means  that  the  resulting  elastic  constants  do  not  reduce 
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to  the  matrix  constants  for  low  volume  density  of  filler  hut  this 


restriction  is  not  important  in  the  range  of  volume  fractions  of  interest. 


Ey  applying  mechanics  to  the  cube 
system  the  Young's  and  shear  moduli 
in  terms  of  the  equivalent  linear* 
and  shear  springs  of  the  ligament, 
and  K^,  is  given  oy: 
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SinJ-larly  for  the  equivalent  spring  in  shear;  from  Eq.  (A-I7) 


modified  for  a  ligament  of  radius,  r  =  D/4: 

Substitution  of  these  expressions  in  (A- 35)  (A-36)  27CC'CLl.'bS  1.31 

Eq.s«  3  5  of  the  Summary. 

^6  _  ^fr  TT _ *7  y  t4f{l*sOAi( ~Jl 


(3) 

(A-40) 


s‘-  -§{bmZr„,«I 


(5) 

(A-4i) 


It  is  interesting  to  note  that  the  anisotropy  of  this  array 
is  small  and  for  a  value  of  the  separation  ratio  close  to  f  =  0,2 


satisfies  the  condition  for  isotropy  E'^  - 
C«  Randomness  of  Orientation  of  the  Array  of  Particles 


Average  Elastic  Constants 

Since  both  arrays  eire  anisotropic  and  in  the  large  scale  all 
possible  orientations  of  the  cube  array  would  occur,  it  is  necessary 
to  find  an  average  value  for  the  elastic  constants.  In  the  averaging 
process  the  material  becomes  isotropic. 
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I.  General  Transfonaations 

Tne  general  equations!  of  elasticity  ean  be  expressed  in  teiTT.s  of 
either  influence  eoeeficients  or  stiffness  coefficients 

(called  elastic  moduli  and  elastic  coefficients  respectively  by 


Jae3;er^  ^ )  vhere  the  subscript  notation  is  that  used  by  Hill 


'h'r  Wt  1  1  (6) 


and  shnilar  to  that  used  by  Soholnilioff , 


.-.o  (?) 


(A-42 ) 


(A-if3) 


lie  tensor  transformation  r>les  apply  to  the  constants  as  well 
as  to  the  stresses  and  stro-ins.  iilius,  for  exaiaple, 

(A-44) 

end  =  (fcj  (A-45) 

■.‘here  the  "l"'s  are  the  direction  cosines  between  the  subscripted  coordinates. 

With  cubic  spraietry  only  three  independent  constants  exist  and 
Poissons  ratio  V  =  l/h.  Usinp  the  sibscripts  1,  2,  3  to  refer  to  the 
cube  axes,  these  are  related  to  the  general  constants  by. 


^  _  /  _  cr  ^  /- 

^////  ^ 
c 

'5’^//  -  -  =■  ^J3//~  -^/ZZ  y 

qk  ^ 


(A-h6) 


r‘‘  -  (/-vjat 

////  -  ; - i-; - — 

Czzn  =  V  £i 


(A-47) 


In  any  coordinate  orientation  i,  j,  k,  the  elastic  constants  can  be 
found  in  terms  of  the  cube  values  through  the  transformation  of  Eq.  (A-4A). 


G-40 


Hie  general  transforaiatioii  can  be  vritten  in  the  for.a: 


4J.  ~S/22~  2S/2n 

(5) 


(A-48) 


vhere  the  Kronecker  delta  is  used, 
nodiilus  in  any  orientation  is ; 


Specifically,  the  Yo'ang's 


If  the  riaterial  is  isotropic  t'len  is  equal,  to 


(A-49) 


zero  and  the  constant  is  inde;?enuent  of  orientation. 

II.  Loifer  Bo'und 

To  find  the  lo'.rer  bomid  of  the  elastic  constants, '  it  is  assumed 

( 

that  regions  of  cubic  nateriai  exist  in  a  tensile  specimen  in  all 
orientations  '.:1th  equal  probability.  All  the  regions  are  ass'uiaed 
to  have  the  scu.ie  macroscopic  stress  ^KK,  even  thougli  they  uill  deform 
by  different  aio.mts  and  violate  continuity  'orless  the  nateriai  is 
isooropic.  Hie  strain  eners'  os  any  vol'jme.  is: 


<g/ (S-  _  X  =  -f- 


(A-50) 


<^JI  ^XA  •=  ^xx  -^xxxy 

Fig.  (A-13)  sh-ovs  a  unit  cube  -at  a  general  orientation  v/lth  res- 

of  cubic  sjcanetrj',  it  is  possible 

—  ^ 

to  get  all  val’j.es  of 
orientations  of  the  aieis  x  within 
the  stereographic  triangle  "abc”. 
Hie  other  triangles  merely  repeat 
the  sane  values  since  the  1,  2,  and 
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3  axes  are  interchangeable. 

Using  spherical  coordinates 
as  indicated  in  Fig.  (A-14),  the 
elemental  surface  of  a  unit 
sphere  is: 

,  (A-51) 

The  average  strain  energy  per 
unit  vo3.UDie  for  all  possible 


orientations  can  therefore  be  expressed  as: 

St4r/tice  /hnea.  e/ S’^Mere. 

Using  the  transformation  from  direction  cosines  ho  spherical 


(A- 52) 


coordinates 


,(8) 


^/x  -  ^ 

^zx  -  C/1 6 


(A-53) 


and  fran  (A-49),  (A-50),  and  (A-52)  the  average  strain  encrgj''  is  found: 


This  strain  energy  can  be  written  in  terms  of  the  average  coef¬ 
ficient,  f  with  the  lower  bound  subscript. 


S.ar.  =  S,,f,  L.s. 

z 

Finally,  equating  the  last  two  expressions  and  integrating: 


(A-55) 
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(A-56) 


"  -§r  (^Swt  -  S^zn) 

Substituting  according  to  (A-46)  and  recognizing  that  the  material 
is  incompressible: 


O.4eot!c  t  O.zoo^i 


U) 

(A- 57) 


III.  Upper  Bound 

A  similar  procedure  is  followed  to  find  an  upper  bound  for  the 
elastic  constants.  In  this  case  every  cubic  region  is  assumed  to 
undergo  the  same  macroscopic  strain  and,  because  of  the  different 
orientations  the  stresses  are  not  in  equilibrium.  For  the  bonded 
material,  with  a  Poisson  ratio  of  V  =  l/2  the  strain  in  tension  is 

.  Biis  gives  rise  to  three  stresses  according 

to  Eq.  (A-43). 


'  ^^///  ^ 


(A-58) 


The  strain  energy  unit  volume  is: 

^ {S-^}  ~  f  ^  (Tyy  Cyy 

~  (A-59) 

/  4^(' ^///  ^  ) y. 

Substitution  for  the  stiffness  coefficients  in  terms  of  the  cube 
stiffnesses  as  in  equation  4la  and  some  algebra  reduces  this 
expression  to: 
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>.  ^0f^■^^^  ^  (A-60) 


Usin3  the  relation  t^iven  in  Eq.  (A-I7)  and  averaging  for  all 
orientations  of  the  tension  axis  as  was  done  for  the  lower  hound 
gives  the  average  strain  energy  per  unit  volume  for  the  ilpper  hound, 
avg.  S.  E.  per  unit  volume  = 


(A- 61) 


'This  strain  energy  must  equai,  the  macroscopic  \^ue  in  terms  of  the 
average  (upper  ho-ond)  rioduJLus. 

3.Br.=  bA  Etg  . 

2. 

From  these  last  two  equations  and  noting  that  the  material  is  in- 
campressihle.  Eq.  of  the  Suimriary  is  obtained 

~  i-  ^‘SoCt  0  (A-63) 

A  comparison  of  the  upper  and  lower  ho-ond  values  of  the  modulus 
is  shovm  in  Fig.  S  of  the  S'ommary. 

D.  Effect  of  Seijaration  on  tlie  Elastic  Properties  During  a  Tension 
Test  in  Terms  of  the  Sii.rnle  Cubic  Array. 

I.  Conditions  for  Unbonding 

For  -the  partic’.iar  case  of  simple  tension,  the  change  in  the 
elastic  cons-tants  can  be  estimated  as  the  stress  or  strain  conditions 
exceed  the  bond  strength  of  -the  filler  particles  and  matrix.  Eq.  (A-j) 
gives  the  hydros-tapic  stress  between  two  spheres  in  term..::  of 
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th.e  se-'^c'-i’c-tion  )  ■'.rhlci:  In  tvn'n  is  rclc.ted  to  tlie  strain  in  the 
o 

cube  n:;is.  Since  the  bon'ea  mtcrial  is  assumed  incoiapressible  the 

(3)  ■ 

strain  in  the  cube  direction  is  by  ; 


^  3cr/,  _  3(<j:i-(r) 

*^-#7  -  —Twr 


(a-64) 


where  is  the  i.iacroscopic  reduced  stress  and  (T"  is  the  macroscopic 

hydrostatic  stress.  If  all  eleients  arc  assumed  to  have  the  same 
stress,  y  as  for  the  lov'er  boiind  solution,  the  stress  in  the  cube 


orientation  is: 


ct'--  X  -  15'  . 


(a-65) 


Tiiese  expressions,  alonp  with  Eq.  (A-Y)  give  the  h;ydrostatic 

stress  in  the  ligaments  in  teres  of  the  uniaicial  stress  at  any 

\ 

orientation  to  the  cule  a;:i3.. 


(A-ot) 


If  C  is  the  bonding  streiigth  and  a  superimposed  hydrostatic 
stress,  ^  external,  is  peri-iitted,  the  stress  in  the  ligament  will 


produce  separation  wl-en: 


— yC7  -  C  — 


(A- 67) 


Referring  to  Fig.  (A-I5),  the  direction  cosine,  ,  is  equal  to  . 


■Biis  cosine  can  be  solved  from  Eqs.  (A-65)  and  (A-67). 

l! .jL 


(A- 68) 
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Inspection  of  this  equation  reveals 
that  as  is  increased  from  zero, 
cos  d  has  no  meaning  until  (Tmt  reaches 


the  value  for  initial  separation: 


I'ij.  (A-I5) 


— Zfw 

At  this  point,  cos  if)  =  1,  so  that  the 
first  elements  to  separate  are 
orientated  to  coincide  vith  the  ten¬ 


sion  axis.  As  the  stress  is  increased 


further,  ^  increases  inuicating  the  region  separated  as  in  Fig.  (A-I5). 
Only  the  stereOoraphic  triangle  ’’aoc"  needs  to  he  considered  since 
the  other  nuo  axes  are  only  repititions  of  this  orientation.  As 
hecomes  veiy  large,  cos  ^  approaches  a  value  of  l/y5'«'Aich  is  the 


direction  of  the  cube  diagonal. 


Lenents  oriented  in  this  direction 


relative  to  the  tension  axis  separate  v/hen  3(C  -  It 

should  also  he  noted  that  since  K  (Eq,  (A-66)j  is  a  f-onction  of  the 
separation  ratio,  the  macroscopic  stress,  Cr]<,K ,  at  which  the  bonding 
strength  is  overcome,  depends  on  the  volume  density  of  filler. 

If  the  Jiacroscopic  strains  are  specified  for  simple  tension, 
as  in  the  upper  bound  solutions,  then  the  strains  at  which  the  bonds 
are  broi:en  can  be  exxjressed  in  temas  of  the  strains.  For  a  strain 

by  the  transfor.aation  r'lLes: 


Cf//- 


.  ^  «  t-  f I  i 


~i)  -  ^  ^ 


(A-70) 
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From  Eqs.  (A-64)  and  (A-t)  the  hydrostatic  pressure  in  the  ligament 
can  be  '^Tritten  in  terms  of  the  strain. 


-  -  ^ AC'  ^*-/)  • 


(A-71) 


When  this  pressure  exceeds  the  bonding  strength,  separation  of  the 

/* 

material  starts  and  the  cos  p  can  be  found  in  terms  of  the  strain 

J (A-T2) 

y  3  ^  /C  £jfA 

Inspection  of  this  relation  shows  that  as  the  strain  is  increased 
the  material  remains  bonded  ijntil: 


K  B' 


(A-73) 


jihe  first  regions  to  separate  are  oriented  with  the  tension  axis. 

As  the  strain  is  increased,  the  angle  <p  increases  indicating  the 
material  separated, 

II  Elastic  Constants  in  Unbonded  Material 

After  the  ligament  separates  frcm  the  spheres,  the  material 
in  that  region  is  relatively  weak  but  can  still  carry  seme  load.. 

To  obtain  a  modulvis  for  the  material  having  some  separated  regions 
it  is  necessary  to  average  with  the  modulus  of  both  the  bonded  and 
unbonded  material.  Right  after  separation  at  the  ligaments  the 
spheres  undoubtedly  have  a  partial  bond  and  this  would  show  up  as 
anisotropy  in  a  tensile  specimen  in  the  direction  at  right  angles 
to  the  tension  axis.  However,  the  stiffness  of  the  separated  material 
will  be  very  much,  smaller  and.  eventually,  as  the  strains  increase. 
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the  particles  can  be  considered  as  totally  unbonded.  For  this  reason 
it  Is  easier  to  estljnate  elastic  constants  assuming  total  separation 
of  the  spheres  and  to  assume  that  this  value  obtains  as  soon  as  the 
ligament  bond  is  broken. 

The  estimate  used  for  the  elastic  constants  'vri.th  no  bonds 
neglects  the  interference  of  the  spheres  so  that,  in  a  sense,  it  is 
an  estimate  for  the  constants  of  a  foam,  ibis  estimate  was  made 


by  first  taking  the  matrix  volume  per  unit  cube  and  considering  a 
similar  though  simpler  shape  as  sho’.m  in  figure  l4a  ^Thich  has  the 
same  vol-ome.  The  material  in  this  shape  is  broken  up  into  sections 


as  shoim  in 


Fig.  (A-17).  Under 
a  tensile  load,  it 
was  required  that  the 
load  carried  by  sec¬ 
tions  I  and  II  be 
equal  to  that  in  III, 


(A-16) 


that  the  strains  of  I  and  II  be  the  same 
in  the  tensile  direction,  that  the  de¬ 
formation  across  I  and  II  in  the  2  or  3 
direction  be  the  same  as  in  element  III 
(that  faces  remain  plane),  and  that  the 
net  force  on  the  sides  be  zero.  Sections 
II  are  permitted  to  contract  ■'.fithout  res- 


2 


traint  as  indicated  in  the  figure. 


(A-17) 
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Solution  of  this  model  invol-ves  simple  mechanics  and  gives  the 


follcnving  constants  with  the  superscript  "u"  for  unbonded: 

_ _ 7 

£’(  4zi30f/Ms.z4]  J 

Const 4.0S^I*/)^S.  ^4]  } 

The  ratio  of  these  constants  gives  the  Poisson  ratio  which  varies 
from  1/2  for  very  light  packing  to  about  .35  for  high  volume  den¬ 
sities. 

For  the  shear  stiffness,  the  volume  shown  in  figure  l4a  was 
assmed  to  undergo  a  uniform  shear  strain,  therefore  estimating  the 
modulus  on  the  basis  of  volime. 


O 

'^/in 


(a-76) 


These  constants  practically  satisfy  the  condition  for  isotropy, 
but  for  any  other  orientation  the  constants  can  be  found  as  described 
previoiusly.  Particularly,  the  average  values  can  be  found  from 


Eqs.  (A-56)  or  (A-6I). 

Ill  Approximate  "Lower  Boimd”  Solution 

To  find  approximate  solutions  to  the  stress-strain  behavior 
during  a  tensile  test,  two  conditions  were  \ised.  First,  it  was 
assumed  that  all  the  elements  had  the  same  stress  and  that  as  the 
stress  increased  regions  would  separate.  getting  the  strain 
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enerj;',  the  ciu’i'cnt  stiffness  could  he  iound.  In  the  second  case  It 
'.ras  assuied  tli;-Lt  all  the  eleif.ents  ha,.*  the  sai.ie  strain,  lliese 
solutions  are  not  true  upper  Mnd  lo'/er  hounds  after  the  naterial 
starts  to  mihond  since  the  Material  in  chatn^ing  in  natune  and  at 
tl'iO  scane  stress  or  strain  the  t.:o  solutions  nay  not  have  epual  a- 


nounts  of  luioonded  !iaterial. 


leferrins  to  i*'i£ 


the  lii:iit  of  separated 


resions,  the  strain  cnerj;;;,’-  for  a  'onifom  stress,  0^^  is  ; 


in  the  cube  orientation,  the  cvirrent  elastic  constant  .S///,?  can 


he  fo'ond. 


•  (A-78) 

This  integra,tion,  if  carried  heyond  =  45°  rnvist  change  the  upper 
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limit  on  j/  f roii  ^  to  ctn  ^(cos0)  since  only  one  triangle  is  being 
used  as  indicated  in  Fig.  (A-16). 

Integration  giA'-es: 

'5///  LB  -  LB  ~  ^  f^nu  ~Si>i  /~L^  ^  ) 

“jf / ^  (A-79 ) 

Hie  value  oi  cos  (f)  '  is  found  from  Eg.  (A-63)  so  that  for  each  value 

of  stress  the  current  modulus  1/3, is  obtained  in  terms  of 

the  voline  density  (or  f ),  the  elastic  constant  of  the  binder  E, 

and  the  bonding  strength  C.  'Ine  strain  corresponding  to  the  stress  ^;{ 

can  also  be  foimcl  and  the  stress-strain  rurA-e  plotted. 

IV  Volirie  Cnnn^e 

rroi;.  this  enalysis,  the  change  in  A-olume  can  also  be  estimated. 

For  ani^  eler.ent  at  axp/  orientation  the  strain  at  right  angles  to 
the  tension  avis  is: 


—  — -iffrv 

(7^x 


j 


■2~e 


AA 


(A- 80) 


Iiie  aA'erage  of  and  can  then  be  sA-eraged  for  all  orientations 

and  fro;,;  this  total  average  strain  and  the  stress,  ,  the  coefficient 


77KXLD  can  oe  ro'’iiL,  roi"  any  a;.iounr  01  mioonarng. 


~S„ii  zSxi/^f-8'^S'cjo^/c£rJ^-7c/f^^ • 


Since  the  Arolijj.ie  cliange  is  equal  to  the  suia  of  the  three  principal 
strains : 


,(A-8l) 


y-  (  -^JCxKxLg  ^  ^‘/KALgJ (A-82  ) 


r 


^yyXALB/'Jjix 
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(a-83) 


Sul  g"'  ituting  j-'roia  (A-78)  anc,  (A-Gi) 


^/Azy^y/z  • 


Th:  /;  vclujiie  change  is  dependent  on  the  stress,  'bonding  strength, 


vr'  .  ujiie  density  of  spheres,  and  elastic  nodulus  of  tl.e  binder. 

V.  Appronithate  "Upper  Sound"  Solution 

The  other  solution,  in  ’.,hich  the  strains  arc  3j.j0cified,  is  es- 


uatially  the  sac.ie.  Tlie  e::})res3ion  arrived  at  is: 


'  l-hen  integrated,  the  relationship  is  that  given  in  the  Siaotary: 

E^s  - 

2-  f  ^ 

Fro;;.  Sq.  \.^-'[?..)  the  ncduius  can  be  found  in  tenriS  of  the 

strain  from  tiiis  the  sires'^ -strain  C’orve  can  be  built  up. 


(A-8Ii) 


(A-S5) 

00) 
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